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= for any thing in Preiſe of the  Mitbod er Flies; 
Dighity and Rank among the Mathematical 
on would > as needs us ud deſtribe tbe Excellency 
| of bripbi bun. Mur above the twinkling Light of the Stars; 
fmce amy one who is acquainted» with $; . wilt . 
. allow it to be a" Method” of Calculation incomparably 
ſaperior to all other Methods that\ ever werb known or 
found" out; and beyond” which” nothing further is to be 
hoped or expetled. It lends its Aid and Aance 2 all 
the other 2 Sciences, and that in their 
greateſt Wants and Diſtreſſes: It opens and diſcovers 10 
us the Secrets and Receſſes 'of Nature, which have 41. 
ways before been locted up in Obſcurity-and Darkneſs.” To . 
this ol the noble and valuable Diſroveries of the laſt and 
preſent Age are entirriy owing. : And ly this Method 
Sir Iſaac Newton; tbe worthy Inventor, determined and 
ſettled ube Syſtem" of the whole\ viſible World. _ | 
. The Uſe and Application of FLox10Ns are excetdingly.' 
extenſive; for example, in Trigonometry,” it teaches the 
Computation of Sines, Tangents and Secants; in Arith- 
metic, the Calculation of Logarithms ; in Geometry, 
drawing" Tangents to Curves, finding their Curvatures, 
their Lengths aud\Quadratures, the Surfaces and Solidi- 
ties f Bodies; in Mechanics and Philoſophy, tbe In- 
veſtigation of | the Centers of Gravity and Oſcillation, 
the Vibration of Pendulums, the Laws of Centripetal 
Forces, the Times, Velocities, and Spaces deſcribed by 
Bodies atted upon by any Forces, the Motions und Re- 
finances of Bodies in Mediums, &c. Theſe art ſome off 
the numberleſs Inftances, wherein Fluxious are applied 
with ſuch wonderful Succeſs. And though ſome few of 
theſe may be (and actually bave been) hammer'd out with - 
great Labour and Difficulty by other Methods ; yet the | 
Proceſs of none of tbem can in the leaſt be compared with 
| nn and l Elegance, witb which . 
_ the 
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The PREFACE. 
the Method of Fluxions performs all theſe 7. bings, in 
ſhirt; the" Methed of” Fluxions is * capable of, 75 


TuchDiieuttiel as raiſe the Wender and Surpriſe bf ol 
Mankind, and which would in vain be attempted by any 


other Method. wbatſoever. * So that it is juſtly eſfteemeg 
the greateſt Hor of Genius, and the nobel T bought that 

ever entered thi buman Mind. | 
* The Method of Fluxians is founded upon this moſh 
and obvious Printiple, viz. that any Quantity may . 


"be ſuppoſed to be generated by continual Increaſe, after. 
- the ſame Manner that Space is deſcribed by local Motion. 


The great and noble Inventor tells us, that in this Me- 
thed he conſiders Things as generated by continual 
Increaſe, after the Manner of a Space which a Thing: 
or Point in Motion deſcribes. Now the Conception 
of this is excetding eaſy and natural; for ue every Day 
ſee” with our own Eyes, all Kinds of Lines and Figures 
deſcribed by the Motion of Bodies: This Principle then 
will be eafily, admitted. And further, ſince we alſo ſee . 
by Experience, that theſe very Lines and Figures are de- 
ſcribed, ſome with greater Degrees of Velocity, ſome with \ 
leſs, ſome with Motions continually accelerated or retarded, 
and ſome with uniform Motions : We ſhall eafi ly under - 
and, that any one of theſe Lines or Spaces has in every 
Point of its Deſcription a certain Degree of Increaſe © 
determinate in itſelf, and peculiar to that Paint, and + 
which is the ſame with the Velocity of the Thing that 
deſcribes it. And to determine this Velocity, or this' De- 
gree of Increaſe, in any given Point of the generated 
Quantity, is the ſame Thing as finding the Fluxion of a 
propoſed variable Quantity, and is the Foundation of all 
the Arithmetic of Fluxions. And to determine this truly 
is of the greateſt Conſequence for eſtabliſhing the Theory. 
Many Diſputes and Objeftions have, been advanced 
againſt the Truth of the Method of Fluxions ; and amongſt 
thefe Diſputants, as it commonly happens, thoſe bave been 
the moſt inveterate, who underſtood the leaſt of the Matter. 
To'anſwer all the Cavils that have been offered will be 
2 tle C onſequence in any thing, and of none at all for 
ſettling 


RACE 
fertling ie trus Nation of - Fluxjons. . Therefore, due 
of that. I ſhall; by following Nature as cloſely as N con, 
endeavour lo give the unprejudiced Reader a'clear and 
true Idea: thereaf , and then per 
judge for himpeif, whether the Principles of this noble Art 
be capable of  Demon/tration' or not. In order to this," 
let us aſſume what has beex. before laid down, that any 
generated, flowing Quantity is analogous 4% Line de- 
ſcribed ly a maving Paint, and that the Velocity of this 
Peoint in any Place repreſents the Fluxion of that Quanti- 
ty in the correſpondent. Place of the Fluent; now I ſhalt 
confidet the Generation ef this Line, inſtead of the Fluent, 
as. being more eaſily u . N 

I i ibe general Practice in Me 


aà given Time. For Velociiy being that by ie A Body 
is carried through a given Space in a given Time, there-- 
fore Velocity muſt be looked: upon as: the proper efficient- 
Gauſfe of. the Space deſcribed; and the: Space deſcribed the 
adequate: Effet? of that Cauſe. Now ſuppoſe a. right 
Line deſcribed with any Sort of Velocity, accelerated, or 
retarded, at Pleaſure, and that we would enquire what is 
the Velocity it in any given Place. If us tale a fmalt 
Part of the' Line, whith the moving Point deſcribes juſt 
' | before it arrines at that Place, and call it an "Intrement, 
and ſuppoſe. it ſo be deſcribed in a very ſmall given Time; 
then thts Increment will nearly meaſure the Velocity-of the 
deſcribing. Point at the Place propeſed, and is ſufficient to 
give a vulgar: Notion of the. Degree of Velocity'required. 
Noto if this right Line was deſcribed uniformly, - this 
would accurately. meaſure the Velocity. Bus ſince that 
Increment is deſcribed with à Velocity, by Suppoforion, . 
continually variable, therefore this Notion we have here 


obtained is to he corrected; the firſ® Notions we get of 


any Subject are. generally. incorre, and demand @ nicer 
View, and a more accurate and philoſophical Examina 
tion,. before we can acquire Notions that are perfett and 
adequate. Here then it will be very evident, if we tale 
fill a leſſer and a leſſer Increment, by which- the Veloerty- 
IT | i 


haps be toi be able to- 


chanics, . 1 meaſure 925 
the Velocity of a Body by the Space uniformly deferibed in 


> 


” 
* 
% 
= 
— 1 d 
: 
o : 
. 
- — 

- 


4 


The PREFACE. 


is meaſured, as the Point ftill draws nearer the propoſed 
Place; we 'approach nearer and nearer. to a uniform. 

| Velocity, till the Difference be leſs\ than any- aſſignable : 
And this Increment will differ from the true us Meaſure of 
the Velocity, by leſs than am given Difference And as 

this Increment continually diminiſhes, till at laſt it vaniſb, 

it approaches continually to that Meaſure, till the. Differ- 

ence vaniſhes with it. 

Now although by diminiſhing the Increment at Pleaſure. 
we can approach within amy Degree of Exadtneſi to the 
V. 75 required, yet fince no Increment can be taten 
| but it is ſtill further divifible ad infinitum ;- 
= fence the Velocity is by Suppoſition continually variable, 
it is plain, there can be no two Points of this Fucrement | 
in both which the Velocity is accurately the ſame. It is 
| therefore moſt manifeſt, that the Velocity here i. rg 
after. is peculiar to one only indiviſble Point; and that 
Point is the Place where the Increment ends, or vaniſhes. 
into nothing. Here then we ſee plainly, that the V elocity 
in any given Point of the Line deſcribed (or, which is 
the ſame Thing, that the Fluxion in any given Point of 
a generated Quantity) bas a certain, fred, determinate 
Value, proper to that Point of it alone: And this fur- 
-niſhes the Mind with that accurate abſtraf? Idea, which 
we ought to form of this Velocity or Flurion. And bere 

we may obſerve, that this Degree of Velocity (or Flurion) 
we have here been conſidering, and which continues but a 
Moment, differs from the ſame Degree of Velocity (or 
Fluxion) which continues for any given Time, and by, 
which a given Space is adtualiy deſcribed ;, theſe, I ſay,. 
differ no otherwiſe than as a Cauſe in Powe differs 
from @ Cauſe in Act. 

Here a metaphyſical Diſputant may demand, how it 
comes to paſs, that any Velocity which continues for ne 
Time at all, can poſſibly deſcribe any Space at all; ur 
whether its Effect be abſolutely nothing, or an infi nitely 
, ſmall Quantity, or | what it is. Here then it is, that 
our Reaſon is at a Stand, and the human Faculties are 
8 confounded, loft, and bewildered. Mie are — 3 

an 
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and perplexed ly endeavouring to examine into the Nature 
of we do not know what, nor whether it is ſomethi 
or nothing : And at beſt is ſome ſuch ſubtile, fleeting 5 
Thing, as the Mind can lay. no Hold on, nor form a, '\ © 
Idea of. | Now whether ſuch ſubtile Queſtions will be ever 
determined, or not, yet there is one Refuge for us, viz. 
that it is nothing at all to our Purpoſe what: they are: 
And therefore we may ſafely leave theſe deep Speculations . | 
to thoſe that bave more Bufine/s with them. The M. 
thod of Fluxions has no Dependence on theſe myſterious S 
Diſquifttions.” What T apprehend the Method of Flurions 
to be concerned in, is, not what any ſingle abſtract Velo- 
city can deſcribe or generate of. uſelf, but what. a canti- ' 
nual and ſucceſſively variable Velocity can produce in the 
whole. And here I think no Reaſon can be aſſigned, why 
a variable Cauſe ſhould nat produce a variable Effet, as ; 
well as a permanent Cauſe a permanent and - conſtant 1 
Effet. For fince every Effect has à co-inſtantaneous h | 
Exiſtence with its efficient Cauſe, and is always per- 
fettly connected with it; all the Difference can only be 
this, that the. continual Variation of the Effe muſt- | 
always depend on, and be proportional to, the continua! vn 
Variation of the Cauſe that produces it. And this will | 1 
always be true, though we have no Ideas at all of the 1 
perpetually ariſing Increments, or their Magnitude in | 
. their- naſcent or evaneſcent . Slate, that have ſo much, 
and to ſo little Purpoſe, confounded and puzzled the 
mathematical World. And whether we can or we cannot 
' conceive the formal Nature or Manner of exiſting of a | 
Thing juſt ariſing out of nothing, or beginning to be; or ; 
whether a naſcent or evaneſcent Quantity be any thing or 
nothing ;, yet the Truth of the Method of Fluxions will 
ſtand juſt as it did. But theſe ſort of Diſputes have 
been artfully. introduced for no other Purpoſe but to in- 
volve the Subject in Obſcurity, to darken the Reader's 
Judgment, and thereby to miſlead and divert bim from 
purſuing the principal Buſineſs in Hand, that is, from 
conſidering the proper Evidence on which alone this 
Doctrine is founded; by inſinuating, that the Knowledge 
| 0 
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tion of Fluxions: When, it is evident, all that” the 


lite ; and will ſhew, that what has been ſaid before, con- 


nd 
| Let a heavy Body deſcend through a perpendicular Height 


Second of Time, the Body has acquired 4 Velocity of 


e 
of ubaſe Things is eſſential to the very Nature and Pounda- 


Auen of Fluxions does. or ever did propoſe, being either 


#0 determine the Velocity (or Fluxion) wherewith a gene- 
rated 


Quantity increaſes in am given Point; or elſe to 
ſum up all that bas been deſcribed or generated by ſuch 
continually variable Fluxion, during any given Time, or 


to um given Point of the Fluent or generated Quanti 
| Thee two Things alone are the two Baſes on which r 


noble Structure (the Method of Flaxions) is to be ereod. 


| All metaphyjical Speculations, of what Nature ſoever, 


ing uo Buſineſs here. | | | 
.. 1 ſhell now bring an Iuſtunce or two out of the Pbæno- 
mena of Nature, which will help the Reader: Notions a 


cerning the Nature and Idea of Fluxions, is really true, 
agreeable to the Nature and Conſtitution of Things. 


of 164; Feet in one Second of Time, according to the 
-Gallilean. Hypotbefis of Gravity; then at the End of this 


gal Feet in a Second; which therefore is accurately 
Now tate any Point A in the right Line, at 


any gives Diſtance from the Place the Body fell from, 


and the Velocity which the falling Body has in the Point 
A may be moſt accurately computed. But take any Point 
above A, though at ever ſo ſinall a Diſtance, if it be 
diftant at all from A, and the Velocity in that Point 


«vill always be ſomething leſs than in the Point A. And 
in lite manner the Velocity at any Point below A, though . 


| tely near it, will be ſomething greater tban in A; 
and therefore it is plain, that to the Point A, there be- 
longs a certain determined Degree of Velocity, which be- 


langs to no other Point in the whole Line, and this is ac- 


eurattly the Fluxion of that right Line in the Point A; 


and is the Velocity with which the Body would proceed, 


if the Force of Gravity ſhould be ſuppoſed immediately to 
_ceafe when the Body arrives at A, and to att no longer. 


"Iu 


' Hill tt all he run out. Therefore it is plain, there can ve 


hy ien „ 


ſs Tube, open at both Ends, wr 
I? of different Diameters in different 
5 let ii yy immer ed in a running Stream 9 clear 
that the Wie may flow freely through it, and 
ays 1 the Tube, Then it is evident, that in different 
725 of the Tube, the Velocity of the Water will be re. 
. Hprocally as the Squares of the Diameters of ibe Tube, 
5 Theſe Places, and will therefore be different. 7 berefors 
F you mark am Place in the Side of the Tube, and ſup= © 
poſe a Plans to paſs through the. Tube perpendicular to 
the Axis, or to the Motion of the Water, thin the Wa- 
ter will always paſs through this" Seftion with a certain 
determinate Velocity. But ſuppoſe another Fenin to be 
drdwn, though ever ſo near the former, then (by reaſon 
| of the ſuppoſed different Dianiters) the Water flows 
through” this with @ Velocity different from that it Ad, 
the former: And therefore that given gelerminate V elo- C5 
city belongs only to one Angle, _ indivifible Point, ar | 
'Seffion of the Tube, and this is the» Fluxion of the Space 
which "the Fluid deſcribes at that Section; and is that 
uniform Velocity with, which-the Fluid would continue 
to move, if te Diameter continued the ſame through the 
ſucceeding Part of the Tube. Something like this n 
be obſerved in 4 River, for there the Velocity is greate 
where the Dimenſions are leaſt,” and leſs where theſe are 
Freun. | 
Again, let a' bollow Colinder be filled with Water, | 
and les ib flow freely out through a Hole at the Bottom \ 
ü. is well known, that the Velocity of the effluent | s 
Mater dependi. on the Height of the Water within the G- 
| Under ; and therefore, ſince the Surface of the incumbent - 
Water continually deſcends without any the leaſt Stop, 
the Velocity of the effluent Stream will continually decreaſe, 


FI nn 4 a6 Py "I 


10 two Moments of Time, ſucceeding each other ever ſo 

nearly, wherein the Velocity of the running Water is pre- 

ey the ſame. And therefore the Velocity that the 
ent Water has at any given Point of Time, belongs 


© My to that one e particular, e Moment of Ti _ 
a 


1 The. PREFACE. TER 
; and no ar. And this is accurately the Huxion o the 
Fluid flowing out at that Moment of Time. Now if 
preciſely at that Moment you begin and continue to pour 
mot Water into the Cylinder, ſo that the Surface of the 
Mater may deſcend no lower, but keep its Place; then 
+< Fluent Water will alſo retain its Velocity, and con- 
tinue to be the Fluxion of the Fluid as before. Now 
J Theſe are the genuine  Effe1s and Operations of Nature 
itſelf; and do, in à manner viſibly, confirm the Truth 

of what has been ſaid of the Nature of FlLuxiox. 

From theſe Examples, and many more that might be 
produced, it is clear to ne, that it is an eſſential Pro- 
perty of. the Fluxion of a generated Quantity, that it 
does not retain am one determined Value for the leaſt, 
Space of Time whatever ;. but at the Moment it arrives 
at. that Value, the ſame Moment it leaves it again; ſo © 
that is only. paſſes gradually and ſucceſſively through all 
the indefinite Degrees contained between the two. extreme 
Values which. are the Limits thereof, during the Gene- 
ration of the Fluent : That is, in caſe the Fluxion be 
variable at all; but if it is invariable, the extreme 
Values, and all the intermediate Degrees are but one and 
the ſame Value, And therefore, although any determi- 
nate Degree of Fluxion does not continue at all; yet every 
Fluent has (intrinſically) in itſelf, ſome determinate De- 

Free of ** at ny determinate, indivt i/ible Moment 
ine. 

I being now, 7 ſuppoſe, made evident, that every 
7 "Quantity has every where à certain Rate of - 

. increaſing (called 11, Fluxion) whoſe abſtraf? Value is 

. - determinate in ſelf, at any determinate Point of that 
| Quantity : Therefore to find out its Value, or ifs Ratio 
0 any other Fluxion, is a Problem ſtrifily geometrical. 

"It remains to enquire in general ' bow we muſt. compute 

this Value. And here the only, or at ledſt the moſt na- 
tural Way is, to get the Proportion of the Increments 

generated by the Fluxions in all Suppoſitions of Magni- 
 Fude f theſe Increments, and from thence collect the 
Ratio Ap fer begin with, Wi Ben * Fluxions and 
Moments 


r. 


wennn 
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by proper Symbols ; it will be eaſy by the binonual Thea-- 


rem. 10 find the chntemporary Increment of. a compound 4 


Quantity; for that toill be expreſſed. in the Form of 4 
Series. Now although it is evident, that this Incre- 
ment of the compound Quantity is not accurately the 
Fluxion of it in am determinate Point, becauſe that 


very Increment is generated by a Fluxion continually va- 


riable'; yet it is as evident that it continually approaches 


ta_ it, & continually. diminiſhing the TIncrements of the 


ſimple 2yantities. Here then will be bad in genera/ "the 


Ratio of the Fluxion 'of a fimple Quantity to the . 


Flurion of that compound Quantity,” and in the lows 
Terms, and that" as near the Truth as we pleaſe, bi 
we. ſuppoſe ſome, though very ſmall,” Increment a 

deſcribed. But ſince ib Ratio of theſe” Flilddons is re- 
quired for, and belongs only to, ſome. ou in be Paint 


" 


| of 'the Fluent, that is, in the very Beginning of the _ 


ncrement, or when there is no Tucrement at all gene- 


Moments of the fimple "literal Quantities" are defigntd. 
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ratet; therefore in this particular Caſe muking the 8 


Values of the fimple Iucrements nothing, © which btforz 


was expreſſed in general, and then all the Terms wheres. . | 
they are found will vaniſb, and what is "left ill accu. 


rately ſhow the Relation of tbe Fluxions, for that Jingle 


indiviſible Point 'where the Increment is ſuppoſed firſt 


10 commence, or was required. For this abſtract Value 
of the Fluxion belongs to no more Points than one of the 
Fluent ; and therefore of Conſequence the Moments mu 
be made to vaniſh, after we have ſeen” by the continual 
Diminution thereof, whither the Ratio tends, and bat 
it continually converges to; which will be as viſiblè to 
every. Body as the very Characters it is written in. "An 
if any one ſhould doubt of the Truth of this, I ſhould for 


ever deſpair of convincing him of any Thing at all. The 


Increments bere muſt neceſſarily be made uſe of, not to 


_ determine their Magnitude, as ſome have abſurdly ima- 


ined, but as a Medium in our Reaſoning, to diſcover the 
Quantity of the Cauſe that produces them, they being 


the continual Effetts of the Fluxions ;, and how can” we - 
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Adenin t 
12 115 are. proportional to their Efe 


?H that it does or pd rene. For that 


FAY except by thoſe that can deny any Thing. T bis Way 


7 72 and Method of Demonſtr ajzon then muſt 


exceedingly elear and convincing to a hai are duly . 


qualified to examine and confider it, and 12 With 8 
5 No unaccountable Obſtinacy, 2& invincible Pr ve 72 
reſolve to weld to_no Reaſon at all, though Leid 
u em. as clear as the Sun, 

And here, ﬀ may. be worth, Sebi that 1 wm 


| Fr orgs "of tb 29 Lemouſtration, the Terms which. da- 


the Boer emen: of. the e em pound antity, 
| 3 74 ariſe. from, and was go by by the Va- 
75 0 the Fluxion of that compound Buantity ; and 
rema 225 Quantities alone are thoſe ee by 

jy Haube 


The deer, * licity of this Method of De. 


Manon is no mal ol Aron ment for its Truth and 
; 75 75 155 lip fe Truth is its great Beauty, 
; by his 175 bere proves itſelf to be the genuine 
Op grin of Nature and Truth, But if any Perſons 
11] 873 aſſent. ie tbe Truth of theſe. Princidles, 1 would 
bave them ſuſpend their Judęments, leſt they make it ap- 


4 on”; that they have no Judgment, at all. In the mean 
tet them. compare the R ſults and Concluſions ob- 


3 by the Mei bed of Fluxions with, ihe like Conclu- 
Hons ubtained by other A ee * Principles. or Methods 
7 Calculation; and I, theſe. efults continually agrees 


if is a convincing Proof (at eat à poſteriori) har 
the, 77 from tobence they. ate deduced mit bs 


"ora true. But if any. Perſon that plainly diſcovers. 


cquainted with mathematical Principles, ſhall, 

at 0, mag verſion to theſe Sciences, cavil and &ſpute 

Again the « Principles bere laid dawn, and which be 

| "under tand. nothing of and endeavaur ja put the Yu 
"on Juch a footing, as neither himſelf nor any. Rody el 
can underſtand am Thing aur it, H. running. the. / 


Towne Mit into the dark : I think it can be of no Co 
= > „ Sequence 


11 Force or Efficacy of a Cauſe, without con- 


24 can never he. 
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fende at all 30 trouble. Man's ſelf with this: Sw 
AN. : Machematigians. - norance, Malice, or Frau- 
ate can deſerve no Notice. | 
thus much 1 choos'd to ſay bere by M. ay of Fre- 
oh, rather than in the Book itſelf, ( which. 1. would 
er with needleſs Diſputes) concerning the Na- 
rinciples. of Fluxions ; 4 Thi | 
and rendered difficult, more by the i. 
that have been dragged into it by the 
Science, than from the —— F the. 7. bing 
ul uf 7 be divine Newton. (whoſe Warks will laſt as 
$5 the Fun and Moon) clearly ſaw that this Matter 
not at all require to be built upon any me 
9 ag be, by expreſſing tbe femple.: Moments by 
general Characters, did thence der ive, by infinite Series, 
the 1 Pr s of ous. Jp uantit ies; from whence be 
Proportion of Ns tons: for. any indetermined 
5 of: Wa: Moments, from wich general Propore 
be at laſt gains their. Proporticm for that particular 
ſt where the Moments firſt begin, or at laſt vaniſh into 
nothing... And thus he has gives a ration ex- 
tremely ral and compleat in it ſelf, | 
| If Ari and Sciences of ma 16404 Years finding 
receive daily Improvements pug A 1ditions, it cannot be 
ſuppoſed that this moſt ſublime Ar t of all, found out but 
Yeſterday, can be arrived at Perfection all on a 
If this Art be fo exceedingly uſeful and valuable, it 
certainly deſerves the Pains and / ſttention of the learned 
Mathematicians. And the World muſt expe, that the 
Beauty of this Method will exci.'e them to lend all their 
Aſfitance towards the Advanceme. ut of ſo noble à Branch 
f Learning, whether it be in im vg the Theory, or 
facilitating the Practice. Ther fore 1 bape I ſhall be 
" excuſed at leaſt, if, amang others, I endeauour to con- 
tribute à little towards this great End. ; 
De fallowing Baok is divided into three Sections: 1 
the. firſt are laid down ſuch univerſal Propoſitions, as.are 
be Foundation of all that Dotirin e. The ſecond Sefiox 


e theſe Principles to the Solution of tht wal ber-, 


* 


not 
ture 


to be underſtood, 


tricate Dt 


rl Problems, or thaſe of maſt. freiutat Uſe in the NM. 


thematicks : And bert many of the” Problems ſo often 


done by others, are reſolved by Methods entirely new, 
and, I think, more imple ; and therefore will by many 


Perſons be mort eafily apprebended in this Form. And. 


becauſe the Reſolution of phyſical Problems has been li- 


He touched on by others, I have added the third Section, 


4vhere you bade the Inveſtigation of ſome of the chief 


phyſical Problems in the Pbænomena of Nature. And 


In this Section, it may perbaps pleaſe a Reader of the 


1} 


Principia (be greateſt human Production that ever ap- 


peared in the World) to ſee many of the Author's ſubtle 


Problems reſolved by his own Analyſis. 


* 


I is not in the leaſt pretended that all Things Bere 
freated of are new; for 1 have collected many Things 


_ which 1 thought. material for forming this Doctrine into 


u regular Sem; and what was wanting I endeavoured 
to ſupply as well as I could; not that "I take it to be 
perfect: For there are many Deſiderata ftill wanting to 


. rompleat. the Science. Becauſe the Method of finding Flu- 


ents by the Tables is exceeding compendious and uſeful, and 
bas yet been but very flightly paſſed over by the Writers on 
this Subjects: I have been at the Pains (which was not 


. little) to compoſe a now Table, whoſe Uſe will appear 


pon trial to be far more eaſy and intelligible than amy 


, extant ; and no leſs extenſive. And for the Explana- 
tion and Uſe of it, I bave given à vaſt Variety of Ex- 


amples throughout the whole Book: Yet I have nat 


"omitted the moſt general known Rules for finding the 
_ Fluents by infinite Series; and have inſerted the general 


Forms of them in the Table. In the Uſe of which Table 
There is not the leaſt Difficulty, there being nothing re- 
quired but a bare Subſtitution of Quantities. But as to 
'the Reſolution of Problems by infinite Series, I have 
been more ſparing of that, becauſe it has been well pro- 
ſecuted by others. I am not ignorant, that (by the: Me- 
Thod" of  Tranſmutation of Fluxions) this Table might 
have been further extended, and other more compoundea 
Forms might bave been inſerted. But, confidering how 
pe EN | | ſeldom 
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eldom theſe come in Uſe, I thought it needleſs to carry 
1 any e 1 have all along, in my. Calculations, 
u/ed diſtin Characters for the Fluxions and Moments, 
nce they ought not to be confounded together. And in 


moſs Problems (except ſuch where the Reaſoning. is ſo © 
obvious as not to need it) I have uſed both of them; © 


beginning firſt with the Moments, and ſubſtituting at laſt 
the Fluxions for the evantſcent, Moments which are pro- 
tional thereto: - "the | 


In all theſe Me, I have defigned)y been very ſhort, 


For . the general Rules and Methods of Operation being 


laid down in as few Words as poſſible, the Examples 


will explain their Meaning and Uſe, In the mathema- 
tical. Sciences I have taken general Methods to be beſt ; 
and they that deal in'the detail of Things, and ſpin them 
out to an unneceſſary Length, making thereby a 
ſhow of Words only, do certainly miſpend the Time of 
their Readers: Since one great End tid be aimed at in 
the Sciences, is to abridge and reduce them to the moſt 
general and conciſe Rules. 120 

As I am not conſcious of any Faults I have committed 
in this Treatiſe, ſo 1 hope they are but few. But in 
ſuch a vaſt Variety of Things of the moſt intricate Na- 
ture, it is haydly poſſible but ſome will eſcape. There» 
fore I muſt beg of the courteous and good natur d Reader 
(for whom alone it was written) that be will rather 
kindly inform me of ny Errors and Defet#s, than cen- 
ſure and condemn the Book. For as Truth is what 1 


ſtk, I ſhall with Pleaſure retraft or correft any Thing .' 


I bave written, when it appears inconſiſtent with that 
or the Reaſon of Things. . "= A. 

Lafily, let me acquaint the' Reader, that it is indiſpen- 
ably required, that be perfefily underſtand Arithmetic, 
Geometry, and Algebra in all their Parts and Improve- 
ments,” ibe Methods of Series, Doctrine of Proportions, 
Nature of Logarithms, Mechanics, and Laws of Mo- 
tion, &c. all which are to be learned from theſe particular 
Sciences to which they belong. For. I am clearly per- 


ſuaded, that it is the beſt Method to treat every Science 
, 788  diftint * 


? : Ss * - 
* 


. „* 


be ret 


Wm and entire by itjelf,. without the Mixtart Ny y. 
_ ©» " ferpoſition of any Thing foreipn to the Subject. £59 
SER.» "_— in this Treatiſe I have delivered Lale "but 
the pure Doctrine of Fluxions alone. It would Jo Fur 
Toft Labour for any Perſon unacquainted with theſe Fre- 
cognita, fo ſpend any. Time in reading this Bont; of 
Indeed to attempt to read any ſuth like Treatiſe with any 
Tolerable Judgment. The Conſequence would be, that 
either the Author or the Difficulty of the Subject muſt be 
blamed, as is always the Caſe ; but. never the Reader. 
' But then if be comes thus prepared, this will | make 
rey Thing eaſy and. pleaſant, and he will then find 
few Difficulties here, but what be will eaſily 2. 

\ M which 1 ſubmit to the 8 * f arten 

de A | % B91 


ll <p .. 
5 rations: and Additions in ſeveral Parts of the Book, 
| = which are 100 tedious to mention: But the Additions of 
1 principal Note are theſe, in Sect. I. ſeveral more Euam- 
| | files of transforming Fluxions are added to Prop. 9. as 
aſſ more Examples of | finding Fluents," to Prop. 10. 
There is alſo ſome farther Eepleation of the Up of the 
Table, likewiſe Ex. 10 and 11 1% Prop. 19, are en- 
larged, and more added. In Sec. L Prab. 1. 
is enlayged,” amd two more Problems added at ibe End. 
Likewiſe I bave added a new Problem at tbe Beginnihg 
of bell. III. and ſeveral more phyſical Problemr%ar 7 
End of it, oP two new Ne Te, Se 
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nd i lente Se, equal or in a 
en Ratio; their contemporary Fluents will be. 
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PROP. III. To find the. Fluxion & Quantities 
PROP. IV, V, VI, VII, VIII. ſeveral Theorems 
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That any Puantity may ee to be gee 
 .nerated h continu reaſes | 
ER FE Quantities are conſider'd, not as 
. compoſed of an infinite Number of con- 


ſtituent Parts, but as deſcribed by a con- 
tinued Motion; Thus a Line is deſcribed 


. 


conceiv'd to be generated by the Motion of one Side 
along the other; and Time proceeds by a regular 
Flux. And all other Quantities may (by Analogy) 
be conceived to be generated after the ſame Manger, 


DEFINITIONS. 


Ide, zn. Definition I. 

e generated by a continual Increaſe are 
called Fluents or Flowing 2uantities. Thoſe Quanti- 
ties that always retain the ſame Value are called yiver, 
conſtant, ſtanding, or invariable Quantities i” and thofe 
. R B , 


by the Motion of a Point; and a Rectangle may be 


that 


6 


| | 

Die DocTrINE 
that are continually changing their Value are called 
variable or indetermin'd Quantities. 
Thus in a Circle the Diameter is a conſtant Quan- 
tity ; and the verſed Sine and correſpondent Sine are 
variable Quantities : Alſo in a Parabola, the Latus 
EKectum is a conſtant Quantity, and the Abſciſa and 
,correſpondent Ordinate are variable Quantities. - 


L an ; Def. Jl 


The Velocity of the Increaſe of any generated Quan- 
tity, or the Degree of Quickneſs (or Slowneſs) where- 
with the new Parts of it continually ariſe, is called its 


Fluxion. 1 EEG, 
Thus when a Line is generated by the Motion of a 
Point, the Line itſelf is the Fluent, and the Velocity 
of the moving Point is ſtrictly its Fluxion. But Ve- 
locity is never properly aſcribed to any Thing but 
local Motion, and is uſed in this Definition, rather to 
deſcribe what is meant by the Word Fluxion, than to 
define it. Velocity is the ſame in a particular Senſe 
in Relation to the Space deſcribed, as Fluxion is in 
a general Senſe in Relation to the Fluent generated 
thereby. Velocity is allow'd by all to bea ſimple 
Idea, and ſo is Fluxion too. When a Man conſiders 
the Generation of ſeveral Quantities, after this Manner, 
he will find fome to increaſe faſter, others lower; and 
conſequently that there are comparative Velocities (or 
Fluxions) of Increaſe during their Generation: And 
thus he will by Degrees get the Idea of a Fluxion; 
but without ſuch attentive Conſideration, he will never 
be the wiſer for all the Words in the World. 


Def. III. 


The indefinitely fmall Portions of the Fluent which 
are generated in any indefinitely ſmall Portions of Time 
are called Moments or Increments. Or if the Fluent 
decreaſes, the Portions continually deſtroy'd are called 


Decrements, 
Theſe 


* 


* 


/ FLUXTONS. 

Theſe Moments are the immediate Effects of the 
Fluxions, and are thoſe Quantities by the continual 
Acceſſion of which the Fluent increaſes and grows big- 
ger and bigger: That is, any Moment conſider'd alone 
is the adequate Effect of ſome ſingle determinate Fluxion 
which is (conſider'd as) its generating Cauſe. There- 
fore the Moments and Fluxions ought not to be con- 
founded together, ſince the Moments (being generated 
by the Fluxions) are as different from the Fluxions, 


as any Effect is different from its Cauſe, _ 


Def. IV. pt Rs £ 
The Velocity, Variation, or Quickneſs of Increaſe 
(or Decreaſe) of any Fluxion is called the /econd Fluxion; 
likewiſe the Variation or Quickneſs of Iucreaſe of the 
ſecond Fluxion is called the third Fluxion, &c. 8 
As in the Generation of any Fluent, the different 
Parts of it may be generated faſter or ſlower, that is, 
its Fluxion at different Times may be unequal; ſo 
there muſt be Degrees of Variation by which it is con- 
tinually changing, that is, it muſt have a ſecond Fluxi- 
on. And in like Manner this ſecond Fluxion may 
alſo be continually variable, and therefore muſt have 
a certain Degree of Variation in every Point, or a third 
Fluxion. And fo on. 


Dei, V. 


Contemporary Fluents are thoſe which are ſuppoſed 
to be generated together or in equal Times; or which 
begin together and end together. 


Def, VI. | 
In any Fluxionary Equation, a Quantity of the firft 


Order is that which has only one firſt Fluxion in it; a 


Quantity of the ſecond Order has either one ſecond 
Fluxion or two firſt Fluxions : Quantities of the third 
Order, are third Fluxions, product of three firſt Fluxi- 
ons, product of a firſt and ſecond Fluxion, &c. 

B 2 NoTATION. 


8 


of # and y, or the ſecond Fluxions of x and ye thus 


fe DoctRINE. 
e Oo, 11: EO BA» s. N Ned 
1. The: firſt Letters of the Alphabet, a, J, c, Sc. 
are generally put for ſtanding Quantities; and the laſt 
*, M 2, Cc. for variable or flowing Quantities. 
2. If x or y be put for any fluent or variable Quan- 
tity, then the ſame Letter with a Point over it x, 2 
denotes the Fluxion of x or y reſpectively ; and t 
ſame Letters twice pointed & and y, are the Fluxions 


x and y are the third Fluxions of x and y: Likewiſe 


x and 5 denote the fourth Fluxions of x and y, Sc. 


alſo the Fluxion of aorbiso. 
84 Again, & denotes the Moment or Increment of 


x, and y the Moment or Increment of y; likewiſe x and y 
denote the Moments of the Moments, or the ſecond 


Moments of x and y, Sc. | 


4. To the common Algebraic Characters already 
receiv*d I add this Q, which ſignifies a general Pro- 


portion ; thus, A CC = ſignifies that A is in a con- 
ſtant Ratio o that is (if a, i, c, d be other Values 


of theſe Quantities) A: P * a: 5 and thus every 


general Proportion is to be underſtood. 


AXIOM. a 
Quantities, which in any finite Time continually 
converge to Equality, and before the End of that Time, 


approach nearer to one another than by any given 


Difference, do at laſt become equal. 

If any ſhould think this not clear enough to paſs for 
an Axiom, he may conſider it thus; let D be their ulti- 
mate Difference, therefore they cannot approach nearer 
to Equality, than by that given Difference D, contrary 


to the Hypotheſis; which Suppoſition is abſurd in all 
8 


Caſes except when P is nothing. ECT. 


g * 
£ 


* 
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aan. | 
The fundamental Principles and Opera- 


tions of FTUux TON s. 


PRO FP. A &; 


The Fluxion of any Fluent or generated Quantity 
is equal to the Sum of the Fluxions of all the 


Roots or Sides, each multi "py ly'd continually by . 


the Index of its Power, an h, the given TROY 
divided by the ſaid Root or Side. 


at oh deb ted 


Lr the Fluent be bx ”; ; nowits Fluxionmuſt 

be a Thing real anddeterminatein itſelf, other- 
wiſe we are ſeeking that which has no Exiſtence, By 
the Notation, * and y are the Fluxions of x and y; 


and will produce Effects, that is, will generate Mo- | 


ments proportional to themſelves whilſt they retain 
their Values, which therefore may be expreſſed by 
„ "i 

2. Now by the Poſtulatum, theſe Moments will 
increaſe the Quantities x, y, which therefore will be- 
come xe, and y-+opy. 


3. Therefore the Fluent * ) will now become 
b x x03 coi” x.JÞ JN =bx: x" o + 


Px 29 „Sc. X: I 'of +9 © oy, Se. 
where P, 9 are Siven Quantities, OY 
4. The 


6 
” if © 


the Deer 
4. The laſt Quantity being actually multiply'd, and 


v ſubſtracted from it; we ſhall have ur 5 b 


m 1 —2 2 2 


+ br y of + bpx" yo xt + bgx yz oy + 
Im- 1 5 J* +, Sc. for the Moment of bx” ra 


5 Therefore the Moment laſt found being divided 
by the indefinite Quantity o, will give the F luxion of 


by equal to bmx" u + bi" + 


br 24 + bax"y cy + Une 8 2 
+, Sc. and this is the Fluxion (or Velocity) where- 
with the foregoing Moment is (or may be) uniformly 
generated. SD 


6. But ſince the (Velocity or) Fluxion is required 
wherewith that Moment firſt ariſes, in this Caſe the 
Moments ox and oy will alſo be juſt ariſing and there- 
fore nothing, and conſequently o will be nothing, and 
therefore all the Terms wherein it is found will be 
nothing: | | 


7. Therefore the Fluxion of zu y at that Moment 
of Time is accurately bmx" 5 + bur y . 
Q. E. D. 511 
| Otherwiſe thus. 


1. Let x and y be very ſmall Increments uniformly 
generated by x and y, in a very ſmall Time. 


2. The Quantities x, y, bx then at the End of 
ntl | | — 2 
that Time are become x+x, 5+3, and 4 Xx+x „ 

: 
3+3 and the Increments generated in that 
„„ 55 


gect. I. , F LUXIONSõò. 
Time are x, 9 "and z Js PT. bux" yo + 


M— a—1” 


box” 55" x I box). Vir + banix* 5 Ny 
= M by Sabiitution, where note P, 7 are 32755 
Quantities. | 


1 


3. Now ſince 4 57: * 7 = = == » becauſe, the 
Effects of like Cauſes are Rage Z therefore ex- 
punge ) out of the Value of M, and we ſhall have 
the Increment of to the Increment of by” £4 as x to 


M | 
M or as 110-3 that k. a8 # to l ** 4 
* 


8 y =; + bps” . + in, p Mel þ 
9 Ox 2 +, P , &e. by Subſt 


ion. (paring? P for the two firſt Terms, and Qs, 
. for the re | 


4. But # is the A of x, therefore P+Qs i is 


i, Fluxion of Ir *. But fince this laſt Fluxion P+Qs 
is not that with which the Increment begins to be ge- 
nerated, which we ſeek : It is evident that by dimi- 
niſhing the Time, or which-is the ſame thing, dimi- 


niſhing 4 the F Joxion PQ continually converges 
to that Fluxion (or Min 2 wherewith the. Increment 


firſt ariſes, and before x be diminiſh'd to nothing, is 
nearer to it than by any given Difference; and therefore 


by the Axiom when x is nothing, and nn 
Q nothing, then P or mx * 4 + Bur y TY 


will be the Fluxion of bx" 3”. Ia like Manner it 
may be demonſtrated for any other Quantity. Q. E. D. 


Cor. 1. 


-. 
Set oth Baer acre a ene ů re eres — 


„ Wie 'DocTrine 
Con. 1. A Fluent can have but 275 F luxion : * 
che Fluxion of æ can only be &; of avi, aa, c. 
Con. 2. When the Fluxion o any Quantity is the 
Lame with a propoſed Fluxiĩon, chen that "RARER 
its Fluent, . 
Sc cHOLI UM. 


As Clear ad erden as this Propoſition i is, 15 it 
has. been cenſut'd as falſe and errondous; though the 


Perſons that object againſt its Truth were never able 


to tell us What che Error is, nor Whether the Flux ion 
of any Quantity is greater or leſſer than is aſſign d by 


this ropoſition. 


For a further Ittuſteatiori, let us ſuppoſe that wand 
, are N diminiſhed by the very ſmall Incre- 


ments x and y. Then be reaſoning* as before, we mall 
get the Fluxion r xp NA le une 


e — 5 | 2 2 gp 
&c. = . -G. &c. Now by continually diminiſh 


E 
ing a it is manifeſt that P—Qsz, Ge. will differ from 
the Fluxion the Moment firſt arĩſes with, by a Quan 


ty leſs than any afignable before x 75 reduced to 
— þ 
Now when We ſee that whilſt —＋ convergegto 5 
that at the ſame time P+Qs, Sc. converges to that 
˖ 


Fluxion the Moment ariſes with, and differs in Exceſs 
from it by leſs than any given Difference, and ſtill dif- 


beit the leſs, the leſs x is taken ; and when „is infi- 
nitely ſmall, that Difference is infinitely ſmall 1 in Exe 


m__ And ſeeing alſo chat whilſt æ 4 converges to- 
wards 


8 


Sense g- 


%. 


ward *, likewiſe P—Qsz, Se. approaches to the 
Fluxion the Moment vaniſhes with (or the ſucceeding 
Moment begins with, being the ſame the other con- 
verg d to) and differs in Defe# from it, by leſs than 
any given Deference, and ſtill differs the leſs as 
+ is leſs, and when & is infinitely diminiſh- d, that 
Difference is infinitely ſmall in Defe#. If any one 
after all this ſhould contend, that when x is quite 
vaniſh'd and become nothing, that the Fluxion of 
* is not accurately P or bnx"—"9"# +bnx"y—y 3 
I think...no, man ought to give himſelf any Concera 
at all for ſuch, an Adverſary, or take any further 
Pains for his Conviction, | "2 


. 


» — 


PROP. II. 


If two Fluents or variable Quantities be equal to 
each other, or in a given Ratio; their Fluxions 
. will be. equal, or in the ſame given Ratio. 

And if tuo fluxionary Quantities are equal or in 
a given Ratio; their contemporary Fluents will 
be equal or in the ſame given Ratio. 


For ſince the Quantities always continue equal, or 
in a given Ratio; the continually ariſing Increments, 
and therefore the Fluxions proportional thereto, will 
neceſſarily . be equal or in the /ame given Ratio. 
And vice versd, the Fluxions or generating Cauſes 
being always equal or in a given Ratio; their Effects 
or contemporary Fluents will therefore be equal, or 
in the ſame given Ratio. * E. D. oy 

: OR, 


Die Doerraine + 


gs. Dee r e 
and rheir Graple Flucats unequal. For (by this Prop. 
only the contemporary Fluents can be equal. And 


com 

. A Fluxion may have an inkoite Nuniber 

of Phun: thus the Fluent of # is x, @ +, 5+ x, 
Ar, wt, h t, Ke. 

Con. 3 If any Fluxion be equal ne 
to ſome other Fluxion, in ſome particular Caſe; then 
the one may be ſubſtituted for the other in any fluxio- 
nary Equation,. and their Fluents wil be eq at in that 
particular Caſe, { or nearly ſo. 

Cor. 4. If le be any Relation whatſoever be- 
tween the Moments of ſeveral Quantities in their na · 
ſcent or evaneſcent State; the ſame Relation there is 
alſo between the Fluxions of theſe Quantities. ' 

Cor, 5. And therefore in any Equation between the 
Moments conſider'd as ariſing, the Fluxions may be 
ſubſtituted in their Room ; and the — | 


10 


"PROP: Fre 
Given an Eo quation containing che Relation g " the 


flowing 7 3 £0 determine the Relation 
of ny Fluxions, | 


SOLUTION. 


r. If any Term contains only one variable Quan- 
tity ; multiply its Index, the Fluxion of the Root, its 
Power whoſe Index is leſſened by t, and the Coeffi- 
cient of the Term continually, tor the Fluxion of 
that Term: 

2. If any Term involves ſeveral flowing Quantitics, 


obſerve what Power of any ne Quantity is _—_ 
tain' 


13 


ea. I. f,F.LUXIONS. 
tain'd in that Term, and multiply the Fluxion of that 
Power (found by Art. 1.) by all the other Quanti- 
ties in the Term; do the ſame for all the variable 


Quantities ; the Sum of all cheſe Produtts is the 


Flyxion of that Term, 
3. the ſame Operation for all the Terms 
in the Equation z and the Sum of all gives an Equa- 
tion containing. the Fluxions required; 

4. Ia exponential Equations, or thoſe-whoſe Ex- 


Fon Logs variable; let X, Y, Z, Ss. be the hyper- 


lic ithms of x, y, 2, &c. then. multiply the 
dex of any Quantity into the Logarithm of that 
2 and you'll have a logarithmic Equation, 
whoſe Fluxion is to be found by the foregoing Rules: 
Then expunge the — Fluxions x, V, or Z, 


by ſubſtituting their equals = 2.2, . —; the Res- 


ſon. of which will appear "hereafter 6 Prob. 1I. 


Sect. II. 
5. Sometimes it may be convenient to divide the 


tion given, by ſome of the indetermin'd Quan- 
tities contained in moſt of the Terms; or ts ſubſti- 
tute ſingle Letters for compound Quantities. 


EXAMPLE I. 
Let y=a+x — 2z—b — ds z then the Fluxion i is 
J=#—Z—d&x. | 
Ex. 2. 


Let x=2y?, then the Fluxion of this Equation i is 
* =3aY'y. 
Ex. 3 


Let y=ax*, the Fluxion is y=2axx. Or in par- 
ticular Numbers, let g, t, then y=20x. 
Now if #=1, then y=20. If x=2, 3, 4s Oc. 
then y 40, 60, 80, Fc. 

Ex. 4. 


Let z=120bx", the Fluxion is 1 ig x. 
C 2 Ex. 


* 


| its Fluxion | is 2 ag — xx — 


dn Doctrine) | 
4 op 5 5. dap; Fg 
———— r it 

V 
5. Tn Numbers thus, ler a=10, #=1, then y 


„and if x=0, then y = — i 
If x=6, then j=—> . II 


Vice 


If rag, 3 ger 


#=10, ==> ='— mn: and fo-of other. 


| IF E x. 6. : 
3 V= inv, the F luxion | is v= aer Car 


EN. 2. 


Let 5 2. that is 2 25 = v; the Fluxion is 


ie or =—2 . that is 


s. 


| E x, 8. 
Let x? — &x* +axy — =O. Its Fluxion will be 


| 3 — 2a +ax) +ayxs — 3) =0. 


\ 


N 
Let this Equation be given y* —=@* = eee; 
' HE 


aax — 2 
ä 


* yaa — Xxx 


E x, 


5: Bn” Zinn 
Let „ e wits 
Fluxion is 6y*y +2yx% / 202 — 2. 
I. 
r thus, — by y, and you'll 
hive y. kei . whoſe Fluxion is 


= 
G — 265 = — 
D —20˙ u — 25 — 622, 
| Ex. 112. | 
vox + 2 — an/FFms =o, he Fido 
3995 22 — 
* —2 — 
is 3 ay Fats . 


= . Or 2x*% * + 


2\/ay + xx 
 24byy + 20 4, + 63% + ax _ TER 
Y 2 + xx 
Ex. 12. | 
Let — re EE then will ax + 
v/aa—xx=vv, whoſe F luxion | is Gf — . ci = 
aa -* 
32 3 XX 
z2vb, whence b., or ob 
e 20 2ZUY/ag==ax - 
| * 
wins aa — xx 
ſ__——— 
. 
Ex. 13. 


Let 2j— af =03 its Fluxion will be zj +25 — 
ax=0. Or thus, let s =j, tr, then 5= 5, and 


&; and the Equation zy - = 25 — at =O. 
| whoſe 


vhoſe Fluxion 25 + gh at So, chat is ( reſtoring 
—— Seer dig, the, fame 


| ö 5 
unt in £4 eee W 7 

-i Suppoſe ee aan given or gan- 
ftant Quantity, then its F enen! is 2K + 24 = 
D on 

5 7 thus, let Krb, S=t, 5=v; 15 the given 
Equation becomes 2bxt Sayn, Whole Flexion is 


2btx+2bxt= =avy+ayv. And reſtoring 2, L, x, ”, 7 


For r, f, I, u, v4 you'll have 2 + 2x52 -L cy, 
| the Elgin — 


Ex. 15%. | | 
* LS SF Je, and fuppaſe 5 conſtant; 


& * X a 
£ 85 | Ex. 16. A 
Suppoſe 20% r u i — , 


— BD 
and Z invariable, its F luxion will be 20:29 +2059 — 


Peg 
22 — 25 — * = = 275.2 3 2 25 . 
7 


Ex. 17. 
Let Y:= x, where Y is the hyperbolic 2 872 ”; 
then its Fluzion i is 317•7 S; but Y = 5 there- 
2 L 
2 | b. Ex. 


fore * — 


* 771 0 P＋A＋1 8 S Pe, 
| 5. 


gect. I. FLUILO NA 


Or EN a8 20 7 
Suppeſe y x,, then wil &Y = (where T. 
are the Hp. Log. of 25 05 the Fluxion of this 


Equagen is „ TauE, but * eee 
whence: 2 75 as. W e 5 + 


&'% —— —— — 


Ex. 19. + Pry "1 


It yu” = 24 then * = £,, i fans 
V Fluxion of . = f. But,.(by; Fx,; 
"BY of ** = vx + NX 


2 allo E i eber = + Tor =# 4 
76 0D — IE. a 
e e Whenee 5 = 1 
9 DV. 8 


—— — (p 2 . o 
. © -  —- S 4 "— 


PROP. V. 


l the Plant of f T 2 .A. | 
Fluent of Hf nt SHB... 
Fluent of 6+... Mer 1 
Then L ſay, | 


II, |  PzeA+FB. 


The DocTzrINE 
 Dxmons TRATION. 


Forl. Ti. Fmt. nf B=p+1. A1. * 


+ m+1 e fe. 
whoſe Fluent, by Cor. 2. Prop. I. is ae 
+21 x P--m+1 x nf B 1 


H. N N = FE xXT 


en X 77 D X 6+ . That is 


Q E e and the Fluent is P= eA+fB. 
Con. 1. Hence if any one of the Fluents A, B, P, 
be given, the . two Neill be — Therefore, 


e ＋ ray > hd — p+1 X 2. 
r e 


** 5 3 2 X —— * 
6 Six. 


m+1 N 1 i Y 
Pp+1+m+n 


+1 1+m-+n. P— 2717 IA 
MTI Xn 


Cor. 4. P 


Con. 5. A = 25 


RENO F. V. 
Let e + fz' Þ+ g2w + hav &c. V. t = Number of 
Terms in V. 
And the Fluent of Vaats = =A, 
Fluent of V*"2#+"2 = B. 
Fluent of V*zt+="S = =©. 
lente VET = =D, Sc. continued 
to t Quantities. © T N 
And Fluent of V*="ztz =P, Then will, 


L 


Set. I. F FLUXIONS. 
IST. A fret, FB + 


iran 22 g NVA.. 
＋ Sc. continu 


7 n 9 Fr oy Sc. o, Terms 


DEMONSTRATION. 

Let p +1=r, n=. And putting the firſt 
Equation into F luxions, there is Ar x f B 
+ FT X gC+r +31 X by &c. V + 
e AVV, that is (reſtoring the Values of V, 7 
A, B, Ce. and dividing by z* V') ) re+r T + 
r4+20M. E +r +380. bz? &c. . er bas 
c. + 52x ne" + ang Ti ec, where 
both Sides of the Equation being manifeſtly equal, 

'tis evident the n from whence they were 


ö derived, that is, the Fluents in Equation the iſt, 

| muſt alſo be equal. After the ſame Manner is the 

5 ſecond Equaticn very eaſily demonſtrated. Q. E. D. 

| Cor. Henee if '/—1 . Fluents P, A, B, C, 
Cc. be given; the reſt will be found. 


PROP: VI. 


Put e+fo = =V, XT T, ond 
the Fluent of 2tzV"Ys = A. 
Fluent of 2t+"*2V"Y1 = B. 
Fluent of z V- = C. 
Alſo Fluent of x, =P. 
Fluent of 2 LKV. = Q. 


Then it will be 
D I: p+1 


* 
- 
18 


* 


Te DocTRINE 
I. YT xe | 
4+p+1+mn+1 2 (y- yr 
+p +1 +qn+1 X el | | 
+ 6-4 4 ahi 109 


l. Zea 38, 


III. Q=eB 7 C. 


DzMONSTRATION. 


Let 2+1=r, m+1=5, q+1=t; and 
putting the firſt Equation into F luxiotis, we have 


. + r+mx/k 8 
reł A + uu a 6 Far x N 
ii -TV V.. 
Then reſtoring the Values of A, B, C, V, Y, and 

dividing by TV, and then expunging V. 1 


hi nt 22. 
we ave re 4 FEBRY + Tarn . zA 


= rx 7/2 * ©" + nfs" TT + tnlz" X 


e + , an Equation whoſe two Sides (when reduced) 

being manifeſtly the ſame, argues the Equation from | 
whence it was deduced to be a true Equation. And 
the ſame may be eaſily ſhown of the other two Equa- 


tions. Q. E. D. 
Cor. Hence if any 2 of the N. B, C, P, Q 


be given; the reſt may be found. 


P R O P. VII. 


Let e +fz" ＋ g + z Fc. V. 
k + Iz" +72" z Sc. = T. 
S Number of Terms in V, S Number of Terms 


in T. 
| And 


” 


d 
2 


1 — WE K 


Sect. I. of FLUXIONS. 
And the Fluent of 2#2V"Y! = A. 
: Fluent of #+"2V"Y?! = B. 
Fluent of 2t+** 3V*Y1 = C. ; 
Fluent of 2t+3"2V"Y1 = D. c. continu 'd 


to. t + 7 — 1 Quantities, ©. 
Alſo Fluent, of #2V"+*Ys1 = P, 
Fluent of 2t+"2V*"+Y! = 
Fluent of 2t+2* V 77 — R. Sc. con- 
tinu'd to + Quantities. 


Then I ſay, 
I. p+1 x ekA 


TU TITAN 172 
+2 +1+m +nx ft 0 | 
+p+1+29n+29 Xer +P+1+39n-+ 31 X es - 
+p+1 +mi+qu+2n.fCC+p+1+mt2gn+3n. fr 
+p+1+2mn-+21n xg& ) +p*+1+2m+qu+3n.gl 
DIT un x bk 

+ &c, (continued to 7 + r —1 Terms) - 
gf +1Yn+rYe+:, 

II. P=eA+fB +g2C+4D Sc. to: Terms. 

III. Q=eB +fC TDT E &c. 

IV. R=eC+fD +gE +#F &c. 


V. S=eD+fE+gF TG &c. 
Sc. continued to r Equations. 


This is demonſtrated like the foregoing.. 


Cor. Hence if . + r — 2 of the Fluents, P,Q,R 
A, B, C, Sc. are given, the reſt will be found. 


| 


. : 
0 1 : 
= 


Ne Doctrine. 


PROP. vm 


| LVS Ae Y=kt+E. XA 


And the Fluent of D =A. 
| Fluent of #4*8V"Y1X" B. 
Flurnt f zH V-TIX SC. 
: Fluent of æ VIX D. 
th Fluent of v VIX SP. 
-Fluent of 8+"2V"+3YIX" =Q. 
Fluent of e R. 


Then it vm be 


F 
. -— 5 
9 % 


+2+1+m+nxft ) 
LIFT xa +2+1+9 x eh pB 
＋ TI TNT x el | 


Hi 2 ok 


+p-+1+mmb+run-+2n.fkt ) C prremegremegy 
+p+1+ gn +r1+214.0t) _ 


xD - -r... | . 


II. P=eA+FfB. 
Il. Oe +fC. 
IV. RS CTF. 
The Truth of this is ſnewn as the BY 
ok. Hence if (any) three of the Fluents A, B, C, 
D, P, Q, R be given, all the reſt will be found. 


SCHOLIUM. 


In the five laſt Propoſitions it muſt beabfearegd, that 
any of the Fluents A, B, C; P, Q. R, Se. Vaniſhes 


out of the Equation "hen its Coefficient is o: And 


therefore in ſuch a Caſe that Fluent cannot be found 
by any of theſe Propoſitions. A 


e / . © 


8 29 ; 


ged. I. f FLUITION ,. 
I any ont ſhould aſk how theſe P 

found out; the Anfwer is, by the common Analyſis. 

For taking any Equation in theſe Propoſitions, -or 

aſſuming any Equation among the Fluents A By C4 

P, Q. R, at Pleaſure, and affecting them with un- 

7 Coefficients ; then putting that Equation into 
luxions (fubſtituting the Values of * B, P. 2 

and then comparing the homologous Lerms, theſe 

Coefficients will eaſily be determin d, if the Thing 

is poſſible. And thus you may find out other Pro- 

poſitions of this Kind. 


* 
| >, 


— 


* 5 — ef 4 * 

NO P. IX. . 
To transform à given Fluxion into another more 
Simple one. R 


EN: ooh RuLE. | 
I. Fot any compound Quantity ig the- given 
Fluxion put a new Letter or variable Quantity, by 
Help of which expunge the cther variable Quantity 
and its Fluxion out of the given fluxionary Quantity; 
ſo will you have #new Fluxion inſtead of the former. 
— RB aſſume another variable 
nantity inſtead of any carmfbund Quantity con- 
tain'd in this laſt, and expunge the former aſſum'd 
Quantity and its Fluxion. Proceed thus till the 
transform'd Fluxion be as ſimple as poſſible. 

2. Sometimes a compound Fluxiohi may be diſ- 
ſolved into ſeveral other ſimpler ones, thus ; aſſume 
two or more ſuch fluxionary. Quantities, as you con- 
ceive will, when duly reduc'd, make up the given 
Fluxion, and Jet them be affected with indetermin'd 
Coefficieats ; then reducing them to the Form of the 
„ given 


— 


* % 
» $ *h 
* - 
% - 
" 22 


The Doc rains 12 
W thele' Coefficients: will be eakily "4 


5 ere by comparing the homologous Terms. 


3. Or in any fluxionary Equation of x and y, 


ſubſtitute ſome compound Quantity for one of them, 


ſach as zr, or 2*, for y; or r for y, or 


L for , or any ſuch like, that by Subſtitution will 
make it ſimpler. For the whole Deſign of transform- 


ing any Quantity into another is in Gas to make it 
more * that the Fluent may be the eaſier found. 


FF E x. I. | 
Let T * be propoſed. Aſ- 


* 


fume oc. *. 7 F. and = fes 


; 
d = * v andg Li- Ae 


= * putting 2 =fr—tb Themes the 


v—e 
given Fluxion A.” * 8 +bz Di =D 
Fr Hv. w - 

1 5 
Th . — affur 
ere is given n ume v 
V—k DT * 


21 4k Gr = , ond 2” = 


2 
\ 


2 2: 1 
2 25 X: Dy 77 v; out P =o ag. and then 


110 a i. 


Sec. I. f FLUXIONS. 


as will be evident by reducing the two Terms to a 
common Denominator. Therefore, putting a = 


2h, and = -i. the given Fluxion 
S=P ens 5 2 7 


4 
n P * "yy * 1. * 
| er | Ex. 3. ; 
Let 2 285 =F * vt v=g+ 
b ET. 


. Then 1. . 8 Z (put- 


MI, h F 
ing p=fe—0b) and 2/2 = $ whence 
” "©, oe — A 4 c | | - a 


| tot Otherwiſe. 
BE men = rage "7 gy 
Since — —— D w—=!v is (by 
firſt multiplying and then dividing, by 129) = 


. 2 122 


i A. , e expuogiog v 4 6 it 


becomes 


23 


Suppoſe I 2 1 F ut e+fz" 


n e. then” = e 


* 


; f | 7 — — D 6 
therefore F= 2 „ er 


— — 


Na n Ver 
| 22 22 
Again ufer, then v= 


Ex. 5: 


M— > = 1 
7 + = + gu. = B+ gw 
AD ann +4 to a commmon Das 
5 

FBC . ths 


TH 


; then comparing the 


homologous | 


nn e o-5 


- 


0 
— 


2 


If 


bed l. of FLUXIONS.  _ 
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— Coſine is 5, E=p,E — and 


5, L v, be the natural Colinezof B, BC, B+2C; 
all taken from the Tables; then RI, R, R, Rv 
will be the Coſines to the radius R; then will R. 
25R. + 25 = RR— Rr TA XER — R + zz X 
RR — 2zRuz + xz - Then the Fluxion is eee to 
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Here 1 that any given Quantity hon 
— bebwhen' the Terms 4x and — 1, and 


ſo y might be extracted an infinice Variety of Ways. 
But if chat fluxionary Term had not vaniſhed, then 


we had been obliged to ſubſtitute a+2z or 4 for 
Tarn; r 


? F 


us th Ex. 28. | * — 
Fad - Suppoſe te given Equation a+ 55 = 9 by 
 - © "Redudtion 5 = == += then the Work vil 
= ts viry eh performbd a in the following Thie 
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$%& I. of FLUXIONS. 
III. 

When the given Equation contains firſt Fluxions 
alone, or if it contains firff, ſecond, or third &c. 
Fluxions, as in the following Example, where 2axy* 
oY 1 25 2y*X*=0, to find x expreſſed by y 
and given 
following general Method. | 

1. Make the Equation o; and aſſume an inde- 
termin d Series to repreſent the Series required; as x 
= Ap" + By +” + Cy*+* + Dy, &c. wherein the 


very ſmall, or decreaſe if it be great. 
2. To find the firſt Index ; ſuſtitute into the 


ſecond Fluxion, &c. inſtead of x, x, and &, &c. (if they 


24 — m—1X Ap + 2A" — 2 Ah =0, 
ſuppoſing y=1. ' Make two (or more) of the Terms 
equal to nothing that have the lea Indices equal to 


the greateft Indices equal, for a deſcending Series; then 
by equating their Indices or elſe their Coefficients, 
# will be found. Or if there happen to be only one 
Term with ſuch leaſt or greateſt 4 a make its Co- 
efficient So, which will deſtroy that Term, and per- 
haps give the Value of 2: Thus, in this Example for 


an aſcending Series, you'll have 242 — m—1# X 


ay = o, or n —n 2 2, whence # = 2. 

3. For the other Indices; ſubſtitute the Value of 2 
into the foregoing Equation, and you'll have 24 
— 24Ay* + 2A) — 8A = o. Then take the 
leaſt Index in an aſcending Series, or the greateſt in a 
deſcending one from each of the reſt ; and find all the 

H poſſible 


uantities; it will be reſolved by the 


Indices u, 1 +r, # +5 continually increaſe if y be 


given Equation: the fit Term Ay, its Fluxion, and 
be there) and then you'll have a new Equation, - as 


one another, for an aſcending Series; or thoſe that have 
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We DocTRrINE &:4 
poſſible Numbers that reſult by adding all theſe Re. 
mainders to themſelves and-to one another as oft as 
poſſible, and then you have 7, 3, , &c. here 4 —2 
'=2 only one Remainder ; then 2, 4, 6, Sc. r, 5, 
t, &c. And therefore the Series is Ay*+By++Cy* + 
D c. =x.. | S | 
* For determining the Coefficients A, B, C, Sc. 
ſubſtitute into the given Equation the Values of x, x, &, 
Sc. expreſſed by the foregoing Series Ay* + By+* + 
Cys, &c. and put the Sum of the Coefficients of every 
ſeveral Power of y equal to nothing, and thence A, B, 
C, Sc. will be wradunlly found. Thus x = 2Ay + 
4By! +6Cy*, & x =2A + 12By*+ 30Cy4, &c. where 
y=1, theſe being ſubſtituted, the Work will be per- 
form'd as below; | 15 d.! | 
5. If the firſt. Equation for the Coefficients be an 
ed Equation containing ſeveral different Powers 
A, then that Equation will afford ſeveral Roots or 
Values of A; and as many different Roots ſo many 
different Series may be obtain'd. And if A has ſeve- 
ral equal Values or Roots in this Equation, then you 
mult divide the leaſt Remainder above by that Num- 
ber (of equal Roots of A, one of which you afſume 
for its Value i) then proceed as in Art. 3. taking 
this Quotient for another Remainder. 
6. If a Series be required to be expreſs'd in Terms 
of that Quantity whoſe 2d, 3d Fluxion, Sc. is in the 
Equation ; it muſt firſt be got in Terms of the other 
Quantity that has no ſecond, third, Sc. Fluxion 
and then the Series reverted, 2M WP IT 


ScnoL.. As there are fluxionary Equations that ad- 
mit of ſeyeral Solutions, and may have the Root ex- 
preſs d various ways; ſo there are Equations that 
cannot be reſolved at all as being impoſſible; and 
others that are very difficult to be reſolved, and may 

require the utmoſt Skill of the Analiſt, and ſome- 
times a different Proceſs from theſe Rules, 


Ex. 


Ne- 


ged. I. ef FLUXTONS. 
i © Ex. 29. 
Let 2 — K T2 - o; to find 


x expreſſed by y and given Quantities. | 
"The Form. of the Series found. by the for 


Rule is x=Ay* + By* + Cy* + Dy* Sc. This an 


its Fluxions being ſubſtituted into * given Equation 


will be as follows. 


[+ aAy* 2B ＋ 22C / 20D Ce. 


* — 24 — 1245) (— 300 — bs... Se. 
f AA 
A — ee Er. 


Nr 8 — 8A. 32A — anc? Se. 


Then equating their feſpective Coefficients 3 24A 
— 24A =0, therefore A may be taken at Pleaſure. 
Again — 10aB—6A* =o, thence B = — — . 


After the ſame Manter C= , and D=—E— 


Se. i, + r 
31A+ 


454 


Whence x = A 


1 c. * 
| Otherwiſe thus for 4 deſcending Series: 

Make the Terms 247 2 AN-, or 1—2n 
So, whence agi; this ſubſtituted for » will pro- 


duce 24Ay942A\*— 2A 5 =o. Take the greateſt 


Index 2 from the reſt, which is 1, and there remains 


i; therefore 7, s, t, Cc. are — 1, — 2, — 3, 


Se. and the Series is Ay ＋B＋ Cy—= + Dy= Ge. 
and the Operation will be as follows. 


H 2 + 2axy* 


$1 
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+ 2295. + 2aAy + 24B + 2 . 


mw ay X — 2 Se. 


eber unh Tele Far-. 


— 9 2A +4AC + 8ADy=" Ge. 


Hes 1 the Coefficients ; 2 A*—2 A*= o, 
* 


and A ma * taken at Pleaſure; likewiſe 
43 
B=, C K D = N Se whence 


r e e eee ＋ ＋ 7 


+ yr &c. 
Ex. 30. 

Let a5 —=0@'yj + yjx*=0, to find y in an aſcend- 
ing Series. | 

Aſſume y=Az"+Bx*+ +Cxy*+!1, Sc. and ſubſti- 
tuting the firſt Term and its Fluxions for y and its 
Fluxions, we have xn -I X#—2 X &* AX*—3— 
* X1=—1 Xa* A ; + #A*$2%—! o. Since the 
Index #—3 is the leaſt Index, make its Coefficient 


1X #—1 e So, and take, one of the Roots 
.#=2. Whence the Indices will be — 1, 1, 3, 
ſubtract the leaſt, — 1 from the reſt, and there re- 
mains 2, 43 therefore 7, 5, ? = 2, 4, 6 Cc. whence 


ATN Cx. Sc. * the reſt of the Work 
is as follows. | 


5 


* 
I WM 


ged. I. of FLUXTONS: | 


+ als + 24\Bx + 120 CW + 336 Se. 
—.— © or; eee — 724 ACxs &c. 


— 4833 | 
: yu! 8 * Tr + GABx' Sc. 
Hence 20:5 =44*A*, and A may be taken at 
Pleaſure z let A | 2 then B = r alſo C 
= — „D = + Sc. Whence y = 
E — 205 * a © Sec. 


Otherwiſe for a deſcending Series. 


Leet 24—1 and -g be ſup ſed to be the greiteſ 
Indices, then . — Ru, 1 theſe 
Indices will be —;, —7; and taking —5 —7 
the Remainder is — z therefore 7, 4, {= —2, —4z 
6, Sc. Wherefore AB C-, &c. 


the reſt of the Work will be thus, 


+ 213 246 Ax—5— 1200)Bx=1——3360)Cx=9 Ofc. 
_— TIA EA AB. -D. 
8AC 


+87 2 2A — CABx-7 = 4BB*? Ec. 


Therefore A=— 120", B=369, === &c. 
And 5 = 2% ＋＋＋36σe. ELIT Sc. 
Ex. 31. 


Let the Equation be & = 299 - + 22 
r iy, to find x in y aſcending. 


W Docrurht 
+By+ +Cy+ e; and ſubſti 


W 2 ae its dt. Nuten for x and x, chere ariſes — 4 


2 
: TDA Ay. Sup. 
po #—1 and 1 to be the leaſt Indices, and you'll 


ve _nAy—"+3y o, and #—1=1, or a, 


amd all the Indices will be 1, 2, 4, 2%, 3. Take 1 


from the Reſt and the Remainders are 1, 14, 2, 33 


* +By + Cy3* Dy, Ec. hence 


— #|—2Ay 3310 4 &c. 
+ p]+ Foe + | 
— 4y* =4 
+ 2385] + 2A4 * 
_ | . # 
+77 +38 .:— 
1 | + * 


wa , 


herdfore 7 A= likewiſe B= =, Cg, D=0, 
- Se, and the Series is x * —- + v5 þ Ge. 


Ex. 32. 


| Let —c2* — 234% — 8 + 233 + gro, to find 
2 in a Series of x aſcending. Put z=Ax" + BY 
+Cx*+ Sc. and by Subſtitution according to the 
Rule, we have MR H- 2K 
— CAS" +243 + =0; and ſuppoſing the leaſt 
Indices #»—1 and o to be equal, we have #=1. And 
all theſe Indices will become o, 2, 3: And ſubſtracting 
the leaſt o, the Remainders will be 2, 33; whence 
r, 3, t, &c. 2, 3, 4, Sr. and the Series is z = 
Az+Bx3+Cx++Dxs Sc. and the Operation as 

follows, 2 
* 5 


Sect. I. of FLUXIONG 
+ 2 AAB. +12A CAE. Se. 
= |—A*—brABB— AC THY ein. 


2% —f - 2 65 &c. 
— 3 40 Cx3 7 5c Dx Se. 
; os _ - CY 


+ 2 ＋ 2573, 
+ 6 |+6 

Here A -A! — OA + &=0, and A + for 
e: If Ag e, then B will be infinite ; therefore 
A=—c, and then B BF O Ie, D=0, 

N 3 Jy 
Sc. And 2 S — 455 Sc. 

If you take A=+c; then ſince the Equation 
A3 A -C AA go, contains two Roots =c; 
therefore divide 2 (the leaſt Remainder) by 2 (the 
Number of equal Roots) and the Quotient is 1. 
Then by Help of the Remainders 1, 2, 3, &c. you'll 
get the Series z=Ax+Bx* +Cri, &c. with this pro- 
ceed as with the former, and you will get other Series. 
for the Value of z, wherein B may be taken at 
Pleaſure. * 
Ex. 33. 

Suppoſe ey + fz"y + dyz"—"z AH, to find y, 
Aſſume y =Az" + Bz*+* + C ec. then putting 
Az" and its Fluxion for y and 5; and you have 
en A& 1 + fnAzn+—= AA — 27 So; take 
the Indices 1 p, then pi, and the Indices 
become p, p+m, and the common Difference , 
and r, 5 t = m, zm, 3m, &c. Whence y = ATT 
TBN Cz. c. therefore 


— 


+9 


% a * 
- N 


=: * Dorau 
+ of ie TTT ch ANT Cx 
+ fey =|- + pri FAA + if fBztt=" &c. 
+hx=—2=| — + -dAzti®" +  dBztt=&c; 
— 272 S. ia 


' F ; 1 * | d+p+1f | 
Hence A: :: , BZA, C 
4 PI. » p+i+me * 
4 — . Toy B, Sc. and putting pf, 
PTI T2. e W 
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tm. e 
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0 6 g 
Ex. 3. 


IL = D, to find x by a Series of 2. 
Suppoſe Y, this in Fluxions gives x 
=j x a+ + ga. - x ate" = 


DD, that is of + 82") E I 
4 a G So. Let x = Az" + Bz*t+' + 
Cz*+ &c. then by Subſtitution an A2 — 4 


And putting the Indices a 1 , then » == + 1, 
and theſe Indices are , 1 +#, and the common 

Difference m, whence y = Azz+ + Bz T + 
G K 


ö D aBar ++ FFrfam.aCar tin 
| + 741A FI. B &c. 
3 N 


Hence 


WC 2 
and = — +2+1, then y=——= Ar 


A. nA a gz = o. 
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gect. IJ. FLUXIONS. 
2 8 : _ p08 — 
N 2 — 2 3552 1 FIX TFT TN XE 
S FT 8X Pe Sc. whence 
INF TITAN TIF 


15 
putting g ="; Su, e Tun. P, Q, R, 


each preceding Term with its Sign, then x =4 Fa K 
8 S+m.q mq 
3 Q CF. 


n e+2m I 3 
Cc. = Fl: a+) 22 | 
Ex. 35. 


Let x=e+fz"+g2%" +bz3"&c.x eee 
, to findæ by z. Suppoſex =. ee, . 
this put into Fluxions, and then the whole divided 
by TT CY Sc. you have 2"2 x e+fz" E c. 
e. fe Te. 
Let y = Az" + Bz*+' + Cz"+* c. then Az" and 
its Fluxion being ſubſtituted for y and y, for the firſt 
Term of each compound Quantity in the foregoing 
Equation, and there will be — ez7 + AY + 
TINA - c. o; and making the Indices 
rand m—1 equal, then r, and the other In- 
dex is 7 +1 +2, and the common Differenge x, whence 

3=Az*+ Ber + C2r+ +" Cc. And put- 
ting 7+1=, then y =pAz" + pn x BY +p+2n 

x Cx c. put m=#p + 1, then 
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hy 6 _ __—_ I _ 


— — —_ 


ws — S LINE by 
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4 


Fr 


We Docrzixr | L 


ww *” 
1 


n — fza+n Ofc, Tor OZ®  fert* n — Derr. 


＋ ay 23 paA + ?+1nxaB + P+2nxaC Se. 
oucaſe Pz'y ＋ A + DTB Oc, 
+ y2"y * e 
: Fe. 1 | mY * ö 
＋ mubyz— | nA TB Oc. 
+ 2mm | ＋ 2myA Se. 
| 8 =» 26A — 
Hence A =. B 2 9 2 HATE 105 
| pe” en pTA 
—— — F JA 3 1 ; yB 12 1 
| PTM 2 


2 7 a Fe" beg op | 


* — — Zn 
| , Ec. 


p +anxe 
And x = Az? + Bz?+*" + Cz7＋ + Darts Se. * 
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Iv. 
The Fluent of an irrational Fluxion may fometimes 


alſo. be found by aſſuming an indetermin' 4 ward as in 


the laſt Rule. 
Ex. 20 
Suppoſe à = vx*#, where © = 8 and y = 
V 2ax — xx. I take Av*x3 for the firſt Term, and 


aſſume as many Terms of the inferiour Powers of v 
and x, or their Products, as I think will be ſufficient ; 
for which no general Rule can be given. But you 
need take no more than the firſt Power of y, becauſe 
all the Powers above will be expreſs'd by the Powers 

5 of 


1 


= 
=” 


wi. = 


gecl I. of FLUXIONS. 
of , which are ſuppoſed to be already in the Equa- 


tion. Thus Iaffume 2 Aix. +Bv* + Cx* FDz+E 
K + Fr + Gi + He = Flu. . Put this 


Equation into Fluxions making # , and writing 
every where — for vz then reduce it from Fractions, 


writing zar — xx for yy where it occurs. Then col- 
ect ſeverally all the homologous Terms (or thoſe of 
the ſame Powers of all or any of the Quantities x, v, 
), thus . 


— 


+ 234 vir 4 2aAwv + SCN + 24Dxv + 2aBv 
ST 43 „E. + 


+ Er + aDxy + EU „ 
+40 -+26-+H o. 


The reſpective Coefficients then being equated, 
there will be found Ag, C=, D = z aa, 
E= , B= -, F =- , = - , 

1 3 | ; % ._ | : I 
H= - And thence 2 — za + 
% + AN +40) K — 4 ON) e —44x. 


Moe, If any of the Quantities B, C. D c. come 
out equal to nothing, ſtill the Series will be true, pro- 
vided they don't deſtroy the Quantity A. But if A 
vaniſh by reaſon of ſome of the other Quantities being 
nothing; or if they involve ſome impoſſible Equations, 
then the Series is not true; and you mult try again by 
aſſuming more Terms of the Powers or Products of 
5 v, j. But in many Caſes it cannot be done in finite 
erms. 


5 V. | 
In a fluxionary Equation where the variable Quantity 
is very great, and you would expreſs the Fluent by An 
aſcending Series: Or in any very much compounded 
I 2 fluxionary 
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2 —__ 
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fluxionary Quantity whoſe Fluent is required; take a 

ven Quantity extremely near equal to the variable 

uantity; then inſtead of that variable Quantity ſub- 
Bitute into the Equation the Sum. of this given Quan- 
tity and a new variable Quantity, and likewiſe the 
Fluxion for the Fluxion; then find the Hluent in ſim - 
ple Terms, and this will be a Part of the whole Fluent 


| required ; and the Operation repeated as Often as ne- 
; ceſſary will give the whole Fluent.” 37.5 Hh39V91 * 


m.? 4 : 
2 1 114 . 


Ex. 37. 


— 


| Let S an; ſuppole r very near equal to 


x, and put 7 ＋ ux, and ac i chen Kb, 

and 2 = , ͤ Varro = Vu + 2rv + vv 
— —— — 

-L e ee 


—DX:S — — — 
2 3 85 1655 
een een 

| QC. =D Xs — — — — N 3 

* ae N 

0 „„ r aa ar, 

2 "AF 1 — 0 

Ter H + ao ano 

2 aavꝭ aaru* 


bn. | — a 6 44 — — — 
Whence 2 = 50 + 2 + 653 . 
Now in-; this, ſubſtitute v for v, and ſubſtract the 
Refulc from the laſt Equation, and then 2 = 25v + 
4 oni þ 


. Kc. And this is the. Part of the Fluent cor- 
reſponding to the Difference of the Quantities r+v 


and -u, or to 2, that is; to theſe two different 
Values of x. Hence if v be taken extremely ſmall, 
and there be aſſumed ſucceſſively for 1, the Numbers 
or Quantities 5, c, d, e, f, &c. in Arithmetic Pro- 


greſſion, whoſe common Difference is 2v; that is, 
lo that w=b —c=c—d=d—e, &c. till f (the laſt 


Value of 7) be 2; then the Sum of all che Parts 
eorreſponding to each (collected by the foregoing 
Series) will be the whole Fluent z required. Or if 
o 3 you 


as wm a>. 


dec l. of FUR TONGS. 1 
you will, you may expreſs. nene c, e. 
| Nr 1H tl FO Pe | 
Os Ex. 38. yo | 5 
1 799832114 CY 3 A 
FSA) 23 a. 4 1 
Suppoſe Z DG a HERR I 
| D Tao | bh ==" 1 
3 . ; 2F 
chen 8 e Tad perro 1 
„ er er ee, "2b 3 
e eee 
{ p10 4 99 4 vx 
eee ee e = 
Then dividitig the Nuinerator — | 4 
tqg—1S | - _— 
and putting e rf 2097 7 | I 
n,. — 4 wv 
| * 7 — ve have: =p . 72 N e.. . "= | 'j 
foe | 4 
10 x. T + Ko + = = vc. Whence | | f 
28 + 7 2 * e 1 Ge. A __ J 
cbllieming — wy v, and ſubtracting the Refult. 1 
from the Equation, we have z = = LL / 1 1 


+ Cc. for that Part of the Fluent belonging to 29, 
or to the Difference of the Quantities rv and v. 


Where it is difficult to get mam Terms of the Series, 
as in the laſt Example, v 1 be taken ſo much the 
ſmaller, and the Operations oftner repeated before we 


can a obtain the whole Fluent: And the working with 
Numbers 


"ES The Doctrine, 
Numbers inſtead of known Letters, may ſome- 


times be preferable, when the th. Ry are 25 
complex. 


Beſides the 8 Rules 1 delivered, there 
are ſome particular Rules which in ſome Caſes will 
n Fluent in RT Terms. * aq 


. 


VL 


Wen one of te 2 uantities is 5 Saks 

in the Equation : or its Fluxion the 
Product of the 0 F — and a new Variable 
Quaatity, which ſubſtitute for the other; and you 
will get an Equation which put into Fluxions, will 
give the Value of the exterminated Fluxion; and 
then the Fluent. will-give the-afſumed 8 ; and 


from thence the. a Quantity will be had. 
: 4. — : * EX. Pons \ 6 
Let Hera Hag h, where x is wanting. 


| aha = — . and Expunging X, wa = 2+ + 


20*2* 4-*; whence $= == +22+ . In F luzions 


PER * 8 — + a, r 148 
5 ——.  Whence the Fluent is = r + 


23 


2. X 2. 800 Log. 2. therefore y being known, 
z will be known (by the Equation y = - +22" + 


20 and conſequently x by the laſt Equation. 
VII. Some- 


/ 


Sell. I. of F LUX ION S. 


Sometimes the Fluent may be had, by firſt putting 
the Equation into Fluxions, making ſome of the 
Fluxions invariable. e ic. 


and put the Equation into Fluxions, then 22 


n J 
„ 


e 1 
whence Z C = xy*, and * = = and 
the Fluent is Vx .. 

. , 


Sometimes the Fluent may be found by aſſuming 
other variable Quantities to make up the Fluent, 
and finding their Values by Help of the given Equa- 
tions and their Fluxions. 


Ex. 44. 
Suppoſe yx — xx = ay. To find x. 
Divide be y—, and # = ——. Aſſume o, 


and ſuppoſe the Fluent x =ax2. 302585 Log. —xFv. 


then will & = ZE (ſee Prob. 2. Sect. II.) 
y—x+V 

and by multiplying, * — xx +vx =ajy — ax +av, 

from this ſubtract the given Equation yx — xx =ay, 


and there remains vx =—ax +a, whence if 4 =o, 
then 


e Doctwning 1 
then eee dene a. 3025650 N Los 
3544. 


** 


*X*1*2* 


ee ee e Ex, * 


Suppoſe « a = 2X — xx. Aſſume 2=8a e, 
then 2 = , the Values of 2 and z ſubſtituted 
in the given Equation give ax+av = ax +xx+v3 


Dx, that is 2 = vx, or x =— = = =, ebe. 
ing ons given Quantity; whence x=4.X2. 39258; 
Log.— c® therefore z=4+2+4X2,302585 Log. — = 
Or z= a +x+ x Number of the Logaithm 


Ky 4 
773025 5 5 
f | 'E x. 43. 


Suppoſe 2 = X"x"x, where X is the Hyperbolic 


n +7 
Logarithm, of x. adume » = —<— +53, this 


put into Fluxions there ariſes 2 = NX. + 
UNIX x tht | 


, + E344 \ 
. : 
4 o 5 _ * 


EL +s = = N. therefore. 5 
mms SE. 
— 2 (writing © — Us X); Again aſſume 
hn 
=: 21 ＋ , this in Fluxions gives 
1X -I X XA | 2 
S The ui 4 
m+1. et 
aK — 1 IE r Whence 1 = 
8 m＋ 1 | 
2 L, ud 4 
r 3 


E 
th 
ſu 
m 
T 
Cie 


gen. . | FPLUXTONS. 


4 11 7 $63 71 
1 4 K Ft 
XIE x1 ——— ＋ . Kc. 
N m+1. 1 Tx Tos . ET | * 
nmþ1 , 10 1 10 
1 e TY 2 1 
e 261949) 1 ia cd N 
NN EMS "+1 — i NX 
1 \ Wh W 4 + \ 7 8 # . — 4 * N i 
+ Sc. : | e 1 


1 n 
92 4 + FA 
YU. 6 
* , + 4 . 
— — * - 
. * 
9 


For ommpounged 1 Dvantiticr, * an 
Equation with indetermin d Coefficients, co comprehend 
the Fluxion given; wherefore the Equation muſt be 
ſuch that when put into Fluxions the higheſt Potver 
may be the , ſame as that of the Fluxion 1233 
Then comparing the homologous Terms, the Co 
cients will he determin'd. abe ſometimes wa Indices 


may eee Way: = v3 


*% 


Ex. 4 ”* Bd wes, 
To find Bhs Fluent of N a) + aa 54 


Aſſume the imminentia Bae HF] l * 5 , 
in Fluxions 


Ay + Ag + Ade — 
3Ay+ 3 SY y e = fi 
"+1895 + 1Bo — 


7 * Te e I 
Here. Ap. A + A g, Aa + We. 
Wbence A2 ip, B= = yr and likewiſe B = 396 


— ab. Now if the Fluent be poſſible, theſe two 
Values of B muſt be equal, whence . 1 
K 


— — — —— 
— 


Sl a «0 „ = \ = \ b Ti = a” So ras ——_ "3 
Y 1 TY Af rn * 8 eee = hw . 


| Nie: Dru, 1 
If the Fluent cannot be had this Way, e 
| the Form of it different. If V 5 

V9 + 4) Þ+ aa, were aſſumed, then p=8q as before. 
3 N n Pfopaſed. If Nfz 
X 7 + ay + be aſſumed, the Fluent can only 
be found when 16g 2. 
If 5. e 5 Fluent 
can 2 485 When * | £24 


E x. 45. 


* find the Flueat of arth x + ix + xy 


-. Aſſume for the a . 1 24 
| a given | (Want Ly ; 5 a vs, . Ms 
T L: 1 +7. Ls ” 
1 oa 34.76) 
ay +, 1-4 =9 3 wrong 7 & xi 


fe e NN =0; 
and comparing the Terms with thoſe of the 
Equation, when reduced; you'll have 4 Equations 
re, BXr+r=b, 0 ar + aft = d. 
Whetice putting * 2 c 4. * / fibers 
2 T2. 3 en, 1 
Pi 24 Dy 2m 1 : 2p . 


Then che. Fluent i is 2% 7 Fe * 


2 _ 
20x LIT — Ba given | Quantity, 
After the ſame. Manner th the F luent of ar 
* + 4. + fy + &YXJ = o, may be found; 


aſſumin the Fluent 7 Fay” Xx PET "Xx +9" 


= A a-conſtant ee and ſo of others Fung 
of more — N 


- ic. 19 2B. 


Sed, I. 4 PLUXIONG. 


3 


= d Aa » 4 4 ** by "Ex, 2 ** 2 . PLA ! 9 ? 200! F121 % 
: : X. 46. | | 4 
| ** 3 
„-M e 


ax ＋ bxx BAk an. 
10 find hee e AHK. 


c XX 


Let the AA d x Hyp: Log; @Þ 


= X * — 


— Al 5 8 2 
n ts gs. 
=; 7 — 5 21013 
4 = r 21. EW SL: 
Fe=q 2 30031900 ns Sch * 
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bra =: =," 
is —— x Hyp. Log. s 


Here follow ſame 
Rules before * down. are promilcuouly uſed. 


oe [11 bb 


— — — — 3 5 _—_ 
fuſy © o T - —— . 98 1 3 — 


To fac te led. erte . 17 
Let A Fi 52 | 
== 2+ = y2*Z a 
* k- 970 8 
8 
And a=F: Az, g =F: az, 7 FR Pi = 
and let b=F:za, c=F:2Þ, d=F:2zy, &c. then 
1. F:'Az=zA—B, gas is Evident by putting the 
Equation into Fluxions 5 for the ſame Reaſon F: aæ 
SA Fig Le, Fipz=2y—4," & MM. 
2. Stbeg a b F- M, d 5 & Fr 
F:Azz, Suppoſe the F: a =, this” in 
K 2 Fluxions 


0 
* = 
— — w . ef - * = 3 = 4 -« - S «ai ” 
"+ V ww * 8 : 
5 


* 


ä . | ; 


_ 2 : 


Ay = = wlll =—_ - 1 r 
_ Ry = 1 —_ v1 ® + ant 0 
© Ss IP * n 1 . 


Nie. Doornms 418 


F RE gives 12 — b — —36, fours = 


— C. Whence bs: SAC. And F: 4 = 
82 20 eee r e 
r f * 
| 4 „„ ad Rer. == =p: 42 = 
F 2A ABN 225 r * 4A — 1 
+5, this in Fluxions gives 1 = — 4A + * = 
3D. Whegce 0 and K . 
E therefore F:; 6 = 1 2 La > 2 

4. By the 5 Method F: * 
Sede 


Wh — - 
Wenne 3 
. ol HHN 
1 Fl: 52 = A. 945 g | 5 
BE 25 EI 
4 brio on ALB: Kl SIO 
F: S F: NES TN =F: az b. 


1 — — 
a FREE Nass Fg. 
e eee 
F: * F: 2 F:; SF: * r 4 
7 a &c, N EA NN — F: d. 
After a like! Manner-the — 75 = = 
2" F: ney "3 
Xx r 5 188 


- "7 * . 
2 «© © * * 
84 8928 8 3qHTE e "4 p . 


> 0 


* 
>; 


503 S385 t=h , H&J Sat it; 
(1.24 * * — 4 * i * 4 


Is Sai. 240 yd — E * * 2 — AJ 1 


ph [IC oof 9m} ag. : 101. "tc 2800 1 14 148 14 OILY - 


Suppoſing N HE. Eo r- Fab :2F:y2, 
y=F:2F:2FzzF ., . as before. To Moo. the 
Flueat of. = 7.913 Noche IEA: 
4 +(4 15.411 Ws 2 N 18 8 Put 


=. And = Cy others 


a 


Set. l. % FLUXIONS. = 
Put F: z'y = zy +53 in Fluxions 2% = 27 + | = 


. +2, therefore: „„ = nA | 1 
and s = mA +1, in Fluxions 7 = 3X1 X _ 
AZZ RX XV Aa, and f = A 


+93 in Fluxions v = — » x #—1 X n—2X2 Ga 
Sinn xz, and v - N 
11 X#—2 Xx 2*738 + ©, and w = = NAS | 
1x Sc. Wbence . ; 


”” — wy 1 


F. 2 = 2 — A K REXX f 
1 X #-—1I X —2 XX EARS Xx n 
K .. r 5 
| 2 — A. bs” a 0. & ahh | a = 
E. 49. Wu. ä * l 2 
* = 
Let 3u1j—2axy = yx*# . Put J = *z | 
a4 — ONE = . Again: put # = 2v, = 
and & = 26 + v, Which cubſticured in in the * I 
Equation, it PR 392 — $002'= and, 1 
— 4a. on Yet wy 0 0 
„Let Ae and 1 — and as ; 
Equation! deep 3a — ZZ = 2. 7 
La- = ty and =" and 1 et the — 1 
2 23 2H 
b = 2 aua Reſto, * . 2 f 
t e e ee e ee r 
A. 91 Fo Ex. . . 90-1 : : 0.4 


To and the Fluent of a2 +5 >+rs K 2 1 
x] puty = b+rx, then the Equation is transform'd 
8 _—_— 


* 
., 


* 


+ rg = = Sag 
ee = acer uh e 


D e 22 


- 


= Hh wm 5 N 5 19 1 arg: 


1— 3 * hs > — Worte Tx 14 — —— 


ANI 


m beetle, 5 


— 


— — 


SW — —- 


= e du p dae ITY 


* 


* K PRs | 


4a fr l 5 


az = 100 0 Ex. ae 15.) 


nn 


1441 e eee _ FOI an — Th $7 


« 21 . f 
5 Te dd — — =o 
81 20] ai pine: e 


n ng e » ve bare 


A 2 eee Fluent 


So A LETS SOLES 


« RY —_ ' 


2 form given Hop 2 9 1 zl 


To 8 10 * — 8 Nope 


5 28 1 Ex 1 .. 
2 1 
To find the Fluent of . 
ICE F N 8 


The Fluent % Log. = Log. 1 + Log. y— 
Log, z = Log. — 3 and thetefore p = 


OO Wwe 


ſs 


* . — . A „ As - | 1 - x © = . by . . 
7 * 1 _ hy * N * 2 — * * 2 12 311 Dt * : ' Fi Tas on, 
. 4 — o = 18 . F 14 „ , — ; j A 
bDmi6!20t12 $1 0002502 211 5113 ITS = 104 Ex. 
- 
| CI 


CFLVXIORS Pipe 


Ex 5% { ns 2 2 4 


ca eee 


bean ri f. 55 ' 


pag ay. A . 
r a ena 
e E 
gives "= 2 * des 
5 * - #1 X : | 
5 = _ 2 2 x «Fez ee | 
| | it * +a K 
ED bes 
„ Fri Nee 
1 2 r . 
TITAN N 
| gh 
v, &c. e 
e 


| That is Fl: Er 2. 2 8 
I x «+3 - 1 ＋ 17 


| By . TELE 
TN 2 C 4 0. | 
px af. 


Otherwiſe, | 
res Þ = ED Fr * then 5 = 


— 
2 ++ 2 —— MAE A 6 21282 
1 ＋1 ; — 25 ty 1 Let 


n 


ix Se 


WEI . WCETETATT 


We Abb 1 0 3 
e . N a 


+1 Xx+1+z 


* 
13 


. 


— 


Re 


TI X T1 eee 


et * X 8 x 2+ Bw" e -: 
FIX — £1 and let 


274113 I; . NI 


— ID > — e. &c 


080 ; _— X «+1+n X x+1+2n__ 


A 
+] 
709 
MY 


Ext FT "Is 
5. C A 6 
e | | 


Ex 54. 


To fad the Fluent of F TN Te x 


22, having the Fluent of =" 2 given. 


Suppoſe « +82" + y2*= + 77 Oc” = N 
XI +0 +Cz*" +Dzne, then . 


r Te Tow FRO”, but 


I +0 +C2**+ "=" Wat — + 2 * —C24+=Davr 


T of 
— — 1 W 
* cc 
. 
Series into a ＋ 2", and. we fall have a+ 6+ 
7 ＋ 3230 2 | q 


«4 


a I” 3 ed 2 


- 
% 


Se. of evoxrona, 


«+0 a OS Da- | 

bs oh 7 Cc. And. cquaing 
+ 6s" + 0 81 
rde of we 4 5 Powers thn a= 


=; RL 7 2 1 . 
C= ＋ 5 A, = 4 Se 


* — 


gen 


=D, Se. | Therefore Fl: 2 T e. x | 
IRE a * into 1 + E= 2 
e + Exe 66 | 


_ —_—— — 1 Y - 
* = 4 - ir a S" 7 V 
N . Wang „. 
SF 1 
7 - l 
n l 


E. Hetefore if the Fluent of TT be known, | 4 
the Fluent of this compound Fluxion will be known, 


Let EY A. AzS=b, Bz=0, Ge. then the 
Fluxion given is 2A; then by Rule VIII. put F: 2" A; 
=2ZA +5; in Fluxions A= NA + nA2z—">+;, 
or I nw IA 2 i; aſſume r -- 
+7, then = HTN BZ =#2X n—1 2920's - 

Let Let NA -1 71 K CAE then 4 S- i I * 
AX C S =I N I NZN b. Then 
aſſume u - iNN + w, Gs. 
Nr at aſs . xy or 4 Z%A Au- + 

& + 150 


|. 

by Form 11th of the Table, and this is uſeful when 4 
the Quantities 72 ˙ 423", Sc. are very ſmall. | 
| Likewiſe the whole Fluent when a +62" becomes 1 
So, will be found from this Aa * Form 1 = | 
of the Table. : 
mo ; Ex. 55» { 1 

Fo find the Fluent of π . : 


| The DocTRINE 423 
n i XZ" *Cm1Xn—=1IXm—=2X2—3D+n Xt 
Xn—2 X1n—3X2"+#E, — Oc. Wh: 
Then by the very ſame Rule that theſe are had, 
you will get the Fluents of A or 0, and B or Az, 
of & or BZ, Gc. in any particular Caſe z expunging 
by Degrees x y or à as there is Occaſion, by Help 
of the given 25 
ſame as is found, Example 48. LD 
Suppoſe the given Fluxion is 2, and rr — xx 
Y, and — x=, alſo x2 = — -4 and y =rx; 
7, , x being the Radius, Sine and Coſine in the Circle. 
Then we ſhall have F: zx*y'y = zA—B, where A= 
F: x*%y39, and B = F: AZ; here AF: rr-y xy = 


727 . ——ů —-—:t⸗d 
= — BFHE = 


XY x 14 = Ji , whoſe Fluent is 
found from the Table. 


Vr 


And thus I have explain'd, as clearly as I could, 


the moſt general Methods of ſolving this difficult Problem. 
The Reader perhaps may think me too prolix on this 


Head: But it muſt be conſider'd that this is a Problem 


of the greateſt. Extent and Uſe in the whole Practice of 
Fluxions; nay it contains almoſt the whole Science; 
and we cannot be too particular in treating on that 
which is the Foundation of the greateſt Part of the 
Practice. But after all, we ſhall find it exceeding dif- 
ficult in may Caſes to find the Fluents of Quanrities, 
by any Methods hitherto known. And it is much 
to be wiſh'd that we had ſome eaſier Methods of find- 


ing Fluents, eſpecially of compound fluxionary Quan- | 


tities, without the tedious Labour of reducing them 
to infinite Series, which in many Caſes converge ſo 
flow, and are fo much compounded as to be in a man- 
ner uſeleſs. The following Propoſition is deſign'd to 
remedy this Difficulty in ſome particular Caſes. 


PRO P. 


uations. The above Series is the 


% 
1 a. p a 


c hp of: 


OA tn din a cþ s ro 


el of FLUXIONS. 2 


— 


e -E ®& 02. I in 
To * the Fluent of a given Fluxion 5 the Table. - 
1. The following Table comprehends all Sorts of _ 


Flurioms and their corr N Fluents'; not only 
ſuch as can be exactly had in finite Terms, and thoſe 


depending on the Quadratur of the Conic Sections, but 


alſo thoſe that can only be had by infinite Series. 
2. Theſe Forms are all nu mber'd; in the firſt Column; 
the ſecond Column contains the Fluxions, and the 


third gives the Fluent thereof. The 21ſt and all - | 


the following Forms relate to the Tran/mutation. of 
Fluxions ; here the Fluxions in the ſecond and third 
Columns are equal, the ſecond being transform'd into 
the third, and the Fluxion in the third Column always 
belongs to ſome of the foregoing Forms. 

3. Here 2, v, y expreſs variable Quantilies, and all 
the reſt are given ones, which may repreſent any 
Quantities: hatſoever affirmative or negative. But 
in the 6th, 8th, and roth Forms, the Nature of them 
requires negative Quantities, and therefore they are 
witten negative. 

4. In the ſecond Column are ſet down all the ne- 
ceſſary Conditions relating to the Signs, Indices, &c. 
in each Form: likewiſe in what Caſes the Form will 
fail, and when the Series will terminate. But the 
Flueats in Form 11, 12, 13, and 14 are deſign'd al- 
ways to terminate, and are derived from the fore- 
going ten Forms, which therefore may be called 
original Forms. 

5. In theſe original F orms, though the rf of the 
Ned there given may in moſt Caſes be ſufficient, 
yet there are ſeveral Varieties both of numerical and 
geometrical Fluents ; ſo that the molt ſimple and ele- 
gant may always be choſen to ſuit any particular Caſe. 

t is ſufficient to premiſe this concerning the Nature 
of theſe Forms, 


L 2 A TABLE 
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—— 


— 


—— 


* 


De Dos rain 


6 3 


nme 


AB. E. 
Of FLUXIONS and F LUENTS 
— 3 — — * HH — — 
; LD: 40258 509299404 5684 9. 
: 4 — 29519943295 Oe. : 
Forms: Teen . | 1 r N 


i 


58 1 Nene n a ii 9 41 
his es i # P s * * © : 
1 . ( T4 4 44 . 7 5 1 


n r 


F 
182 5. 13140777 


— 11109210! 2c 


_— 


np Hog gs wh ſcribed P is any Nat 
ER, and Abſciſa (taken in the Al- 
Tr (yinprote) Rz br 2. 


S | 0 a i e A of PU Hyperbola be- 


— A. _ ä ad PREY SA ** | 


Trait on oo 


„% 
This Form fails] p+1 Xn . 0 r | 
when u = — 1, | Tv 24 ws EP e +45 1945! « BELZ . | 


e 9 22) Log of «+ E7 , 
&% * 5 ; pr 


+ [tween the Aﬀy mptotes, whoſe in- 
_ © {{cribed Parallelogram is RR, Ab- 


[ſg += 
ci 7 +2. ny 


gect. I. 


: en +," 


-- S 


Hluems. 


typ —I—U— 


| E of Degrees in that Arch of 


2N 
ag 


-n Circle whoſe Radius is 1, dad na-| 


= 
-, tural Tangent vV— — | 


rch © 
= Via + of a Circle whoſe Radius 


is any Link R, and Tangent 0 
= £2 of the Circle whoſe Re. 


© "RRy/a 
. dius;i is 85 Tangent R ＋. 0 


Here a is affir- 
ſmative, and — þp| 
negative. 


9 


| 
| 


- 
8 
+ 
D 


4 Sectors 


HAI. och 10 of 2382 +2482) | 
Wap : 8. 4 — 2 : 


13 2 — bz 


=—— xLog.of 4 . 
"ag Log a +82" — 2 . 


— —- 1 of the Hyperbola be 
* 


tween the Aſſymptotes, whoſe in- 
ſcribed Parallelogram is RR, and 
Abſciſſas _(terminating this Area) 


Va and a O pers 


TW] — of a right angled Hyper- 


bola, whoſe ſemitranſverſe is R, .and 
2* 
Tangent at the Vertex R > 2 


CTY among 
; 


- 
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Forms. 


Hrn: 


e ee eee , 


8 IL * K 
o 


a+ 


* 


Hirt « and 8 are offir- | 
mative. | 25 — 


E 


L JFFFLUXIONS. 


_— 


Fluents.. 


_— —_—Y 


— ** 


D FX into AL x Log. rer 75 


MES of . * = — — 


\& & & N. Sines of IK, K. K Ge. to 1805. 
3, t, u, &c. = Colines Radius = 1. 
P, Q | R, &c. = Degrees of Arches whoſe, Sines are 
"= ba cx 
=» &c. 
32 SS V1 ee a 


a= 
5 + CL x Log: VI i + DNN Q 
+ EL x Log. Vi u +xx * FN * Se. 


4 N ' 


CASES. 
y then A=(—25=)—1.B=24.C=1.D=0=E=F Sc. 
Ali. 2 — D, E, Fe. 0% 


—_—_— — 


_— 


4. If 


0 
3. 3 


= A= —25. B24. Ca.. Dab. 


4 Te rr 0. 
=þ A=2s. B=. C = 21. D=24. 


—25, B = 24. C= — 2. D = 26. 


21. B = 236. C= 2. D = — 28. 


=p AS - 21. B= 24. CSO. D g;. 
E = —24. F = 2c. Sc. = 0. 


_— * 2 — — 


"IN 
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' The: Docrrwine 
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Here a is affirmative, and | 
| þ negative." a 


n 4 ive proper | 
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| * | 
q | 
| 
, : 
[ 0 . 


| 4 
— — by 6 
8 * 9 hs , 7 
| © 0 
a \ 
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— — 


Sect. 


be” 


of FLUXIONS. 


| ., 
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— * into AL x Log. I—x + BL x 


1 Log. /1i—2i*x+xx + CNX P + 


DL x Log. /1i—2tx+#x + ENXQ 
+ FL x Log. / 1i—2ux+xx + GN xR &c. 


= an Arch of 150 — „ET. 


& +, 6 Sc. = * 
| 5s, t, u, &c. = Colines 
. Q | R, Sc. = Degrees of Arches whoſe Sines are 


Radius = 1. 


of 2K, 4K, 6K Sc. to 1800. 


| bx cx &. | 
Vita ii S 
. — — — | 
CASES. 
If = =z, then A= — 1, B= — 2 C= 22. 
2. If 22 AS —1, B 29 C=—24, D, Ec. o. 
3 f 2 = IN Amos; S= (—2#=) 0, C=24 DI. 
4. If 2 = 1, A=—1, B=o, C =— =, E, Fc. o. 
5. It =p Ag —1, B=—2;, C=24, D=— 2t;E=2b. 
6. H A=, B82, Cal, D=—25, E=—20, 
.. 20 
7. H 2, A —1, B= — 25, C aa, DS 27, 
KZ, F=1, 6, K. 20 
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= KY 
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"wi: 
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c 11 W! ö 
1 | 7 N 
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1 = 
_ 480% ef che right angled Hyperbola, whoſe 


WEI "OY 6 | 


_ 


= x Lag of Þ= + = 


'O= 55 xLog. of are 9 + * f 


= ra IP of Ve + mo Vf.. 
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The Uſe of the foregoing Table of 


4 S therefore the Fluxion is 
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Fluxions. 


1. XX HEN it is required to find the Fluent of a 
given Fluxion, by this Table; it muſt firſt 


| be found out to what Form it belongs. To this End 
| ſubſtitute n or 0 (as the Caſe requires) for the numeral 


Index, and then it may be compared with the ſeveral 
Forms in the Table. Or the given Fluxion may (and 
often muſt) be reduced to another . di- 
viding it by the higheſt Power in the Radical, (that is 


by taking the higheſt Power of the variable Quantity 


out of the Radical) and affecting the other Quantities 
with it; by which Means the Fluxion will acquire a 
new Form and Expreſſion, for the Sign of the Index 


will be changed, (and this 1 call reducing the Index). 


Then ſubſtitute or #for the numeral Index, and ſee 


what Form in the Table it will agree to. 
x - 


For Example, let — de given; 


| aa bb 

here x* will be x*, h a, and #=1 ; and & or #—# 
| 2 8 * A, 

GFA 

then comparing this with the Twenty-third Form, 


we ſhall havea = +, which ought to be a whole 


Number, and therefore it comes not under this Form. 
Now reduce the Index by dividing by xx, and we 
ſhall have 2 = — — — => 
| * XI + ax NN — 1 + 3 


— 3 
r I he =, 


and the Index —2—1 = —1, therefore A 21 3 


and therefore it belongs to Form 23. 
| 2, It 


# % 1 * 4 * 
* - : F 4 — 
1 0 e e 1 » > 
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2. If the Fluxion, then, is a Binomial, you muſt 
firſt try if the Fluent of either Expreſſion can be had 
in finite Terms by Form 3d or 15th, (which may al- 
ways be known by the Notes in the ſecond Column); 
if it cannot, then try whether it can be had in finite 
Terms by any other of the Forms for Binomials, 
which will be eaſy by comparing the Indiges. If it 

fall under the 11th, 12th, 13th, or 14th Form, there 
| will be required two (or perhaps three) Operations, 
whereof the rf is always for the Fluent of the 
original Fluxion, and is to be found by ſome of the 
firſt ten Forms. But if it cannot be found in finite 
Terms by theſe Forms, then the Ja Recourſe is to the 
15th, 1th, 17th, or 18th Form, as beſt ſuits the 

e. 

3. Having found to what Form (or Forms) the 
Fluxion belongs, you have no more to do, but only 
to write the reſpective Values of the general Quantities 
in the Fluent belonging to that Form, and multiply 
the Reſult by ſuch given Quantities as the given 
Fluxion was multiply*d into, and you have the Fluent. 

4- And in compound Binomials, or Trinomials, 
ſuch as belong to the 21ſt and following Forms, 
ſince theſe are transform'd into ſingle binomial 
Fluxions, ſtanding in the third Column; therefore 
you muſt proceed with theſe according to the fore- 
going Directions for Binomials; and the Fluents of 
theſe (ſingle) Binomials being found, will be the 
Fluents of the Trinomial or compound Binomial 
Fluxions ſtanding in the ſecond Column, reſpectively. 

5. But there are ſeveral Sorts of compound Fluxions 
which cannot be reſolved without ſome further Re- 
duction. Now there are theſe two other Ways of 
reducing a given Fluxion to a different Form or Ex- 

reſſion. The firſt is actually to multity by any 
ower of the Quantity under the Vinculum (in any 
Binomial or Trinomial Surd) and then leſſen the 


Index of that Surd by the ſame Power if it is in the 
i DEPOTS — Numerator, 


\ 


. ͤU—-— 


—— 
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Numerator, or increaſe it in the Denominator : This 


alters the Power of the ſurd Quantity. The other 
Way is actually to divide by the Quantity under the 
Vinculum, and then leſſen the Index of that Surd 
by 1 if it be in the Denominator, or increaſe it 
by 1 if itis in the Numerator : This alters the Di- 
menſion of the ſimple variable Quantity, And in 
both you will have the more Terms according as you 


multiply by a greater Power, or continue your Diviſion 
the further. But the laſt Term only will be of a like 


Form with the given Fluxion, differing only in the 
Index of the Surd, or of the variable Quantity. 
6. Therefore in any Fluxion, but eſpecially in 
compound Binomials and Trinomials, it there be a 
Surd in the Numerator you may leſſen its Dimenſion 


at Pleaſure (or take it quite out, of the Numerator) 


if you multiply by ſome Power of the Quantity under 
the Vinculum, and /eſſer its Index by the ſame Power. 
7. Alſo in any given Fluxion, if the Index of the 
ſimple variable Quantity be too high, (as 20, 30, 70, 
Sc. ), or when it is too low or negative, (as —1, —0, 


- 20, Sc.) it may be alter'd at Pleaſure, by dividing 
by ſome rational Compound Quantity in the Denomi- 


nator if there is any, or elſe by the Quantity under 
the Vinculum, and ſubtraFing 1 from its Index, if it 
is in the Denominator, or adding 1 in the Numerator; 
and continuing the-Diviſion to a proper Number of 
Places, | ; 

For Example, if SID be given; reduce 


aa + xx 


I+aax—  * but 


neither Way will it agree with any of the Forms ; 
. 


the Index, and it becomes 


which makes :; and in Caſe 2d, { =— 2, and 
* KN x, and A=0; but a ought to be a whole 
| Number. 


"7 , 1, © = - 
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Number. Therefore (by Art. 6.) I multiply both 


Numerator and Denominator of Abb _ 
* | aa TA 
xx, and it becomes — 9 

aa ＋ *x Vl — xx 


bbx 


now the firſt Term 


the 23d Form, being of the ſame Form as that in 


rt. 1. And the latter Term Ow 
A . 5 aa + xx V bb — xx 
being actually divided by xx aa (according to Art. 7.) 
it becomes — Fl + — A the lat- 
| / bb—x aa+xxy/ bb—xx 


ter Term (like that Art. 1.) belongs to Form 23d; 


and the former to Form 10. 


Or thus. 


Divide Sv = by . 1 und it" becomes 
aa + xx a 


2 88— 1 aax\ bb —Z**. Reduce the Index 


xx X aa + xx ' 


| 
aa , 
| I +aax—* 3 
- which belongs to the 23d or 24th Form, where a=1 ; 
and the firſt Part belongs to Form 12. 

By theſe Operations the given Fluxion is reduced 
to ſeveral Terms; all which (except the laſt) muſt be 
ſtill further reduced if there be Occaſion, by repeating 
the ſame Method, till at laſt all the reſulting Terms 
will fall under ſome or other of the Forms in the 
Table; as in the Examples here given, and many 
more will follow afterwards. By theſe Sorts of Re- 


10 the latter Term, and it is 


EY duction, 


aa +axVbb—xx * * | 


107 


| The DocTRINE | 
duction, a given Fluxion is prepared for a Solution, 
when it does not fall directly at firſt, under any of 
the Forms. | | 
8. In Form 16, when the Denomingtor of any 
Term happens to o, that particular Term muſt be 
found thus; take the known Part of the Numerator 
(that is leaving out the Powers of z), and multiply it 
into 2.302585 Log. x, and you have that Term. And 
the ſaid known Part of the Numerator will be the Value 
of the Capital Letter in the next following Term. 


For Example, In finding the Fl: 4/1 , 


1A— 122 
4 . 1 * Xx xx 
we have this Series : + or 7 + 
I I 
r 4 


_— 7 Sc. Inſtead of the third Term, 
take —:Bx Log: x. But B=:A = (without x); there- 


fore —=:B=—;=C. Then the Series is + 
—1IX1 I 


EE 
A 5 — i IXE0X | N 
— — 12.3025 Log: x + "Hoey" 


&c. | | 
9. Though theſe Forms contain Variety of Loga- 
rithmic Fluents; yet each of them may be changed 
ſeveral Ways into different Quantities. Thus, when 
a Logarithm is in the Fluent, you may multiply (the 
Number whoſe Log. is there) and then divide it by 
| ſome compound Quantity, which you ſee will make 
; it ſimpler: Or you may ſquare it and take half the 
. Logarithm : Or you may extract the ſquare Root 
and take double the Logarithm ; Or you may multi- 
ply it or divide it by any given Quantity: Or make 
the Numerator and Denominator change Places, _ 
| then 


-” 
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then change the Sign of the Logarithm, c. And 
thus you may always find the ſimpleſt Expreſſion for 
the 1 =, 


Thus, Log: 2 = _ = ={Log” LR 


3 2 Ge. 


A And if you * an untractable Fluxion that 
will anſwer to, none of the Forms; it may ſometimes 
be transformed into others, by Prop. 9, which may 
then be reſolved by the Table. 

The following Examples will make the Proceſs 


very plain. 
ExXAMPLE I. 
To find the Fluent f = 


Here » =2, by which n the numeral 
* · 1 
Index, the Fluxion will be reduced to rr 


which is a Fluxion belonging to the 4th Form, 
Therefore a = da, B=1, z=x, and — 


8 
x Log. of a 2% = — x Log. KNX — 44 — 


2.302983 1 Log. V , the Fluent required. 
„ . 2 


Let the Fluxion J be given. 


Here 1=2; whence the F luxion will be reduced 


1 
3 


2 x RY Finden of the eh Form; whence . 
+x* . 


«=bb, G, zx, ando$=2.30258Log. e 


to 


* 


N 


/ 
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= Fluent of —_— ; therefore the Fiat of 


 . FX * 


7 : — = 2.3028 fr x L: x + EL + as, 


f | E. 3. : 
f To fud the Fluent of EG = 
| — | 


Here 1, and the F * becomes —=, 
zr —1 f x, which belongs to Form the 3d and ty 


Or rather thus, by taking of out of the Radical, the 


* 
F * becomes == a + cx X 3 * | * which 
belongs to form 1 fth. Here 4 =—&, G c, zx, 
NE þ=—j}, „,. Ig. I=4. 
Then ſince . + = —2 a negative whole Num- 


ber, therefore the Fluent will be had in finite Tiras, 


IF vs Ate - — ) þ 
and is = bx: — Enix a bn * 
3 * 8 
= — I IVE Xx c- ax* , the Fluent re- 
quired. - A 8 
1 | 
by 


To fnd the Flaent of — . 


22 — cc 


This belongs to Form the 12th, having by Form 


the 3d hy Fluent of — — ; in which Caſe, 
ZZ — CC 


T=1,n1=2, and —1 =1—2 -, and the 
5 given 


Sect. 1. f FLUXIONS. 


8 


given F luxion becomes : But ſince 
f —C* + 2? 


—— —=, 3 the Fluent cannot be had by 


8 the 1 2th. | Wherefore I reduce it to 
b2z—*Z 


1 
where „= — 2, a =1, e and the Fluent 


Ex oiptss Degrees of the Arch whoſe Sine 


N 
. 
2 N 
Ex. 6. 
Let the Fluent of v / 24x + xx, Or 47 24 IT | 
be required. | 
This belongs to the gth and 1 3th Fora: To get 
F 
uent of — orm gt ere 
| V 28a + x , Ee 


Za, B=1, Z=X, n=1: Whence the Fluent 
=2.3025Log: .o+x+\/2ax+ xx:= e. The given 


Fluxion therefore would become ax*x 24 2a TN GI. 
Where n =—2z, K-, 7 =1, 4 = 24, 6 1, 
n= 1 * =X, Y = 2a rx, "= o: And the Fluent 


of * iar is = ap + 4 Viaafæ, by Form 13. 


And the Fluent of ax—ixy/2a+x = aae + 
* a r.. 


Ru 


= » Which is a Fluxion of the roth Form, 


1 * 
- 
* 
„ 
. 


212 mme Docr iiur 


Ex. 6. 
To fd the Fluent of Les —. 


bb 
This will be had by Form the 6th and I1th, 


To find the Fluent of — 2 ——— by Form 6th. 


R 1=2, then the Fluent is = 


5 
bb 
1 
4 3 
— 42 X2.3025X Log. 


—7 


= . Then by Form 11th, a = as, 2 


Here a = aa, 4 


Io 2.3025 Log. 


2 
4 —2 
N | 
_— „i „So, A=1, y, 2 $=3z 


. 2% R — — 06 X I 
whence the Fluent of 3 


4 — Fra 5 
ons - bb 


Bs, % — 42 „ 


ent of — is 2 r 


ect. I. F FLUXIONS. 


— Ex. 7. 
To find the Fluent of bx =, ; 
This by Form 2 3d i is transformed into bXai3v*X 


_ Where a = 1, e =a—x=v, g + bet 
Saar, p = 4: By Form the gth the Fluent of 


v 


Jab is * 2.30258 x Log. NY NN 
:=#., And by Form 12th, Fluent of — bv—+i5 


ba 
Vid is = e- 3 — 


— 


9 — 2.30238 
ax x daa — —S * x Log: 


=. 


'F 


Ex. 8. 


To fad the Fh of . —. 


bb + LU 


This by Diviſion is Weng 2 Fenn — 


75 3 vas: T— 2 The Fluent of — 1 V — K* 
bb + — xx 
a 


| is V 2.302885 
(by Form gth and 13th) is =- r 


x Log, TREES : And by Form the 23d, 


— * vio 
2 7 — — is transformed to 2 + . 29 
6b + — xx 1 

4 2 — 


113 


114 


* 


The DocTrINE | 
—=Þ> i Forg +2 Bb + 7 *, 0 
- Ks 


aa —XX=V, p=bb+ba, f=—2, m, 121, 
a=1. Now by Form the 6th, the Fluent of 


* 


| b ' 
V 
323; 30258 n of — 7 — 


po 9 


| 3 
And by Form 11th the Fluent of S=X 14 1 
7 — 2 


: Whence the Fluent ＋ 4 Xy ; — 


354 * 
a aa—xx V 2.302 5a 4 - aa — Ax 
7 „ 55 > * 
p 22 F 2. 30258 Log: — wo . : + 0 
FT 7; 250 f 


E x. 9. 


„ 
— 206 bb * 


| | N ; 
The Fluent of Phot | 7 wit con AI required. 
Vab + ax 
Here 6 = 1, and the Fluxion would become 


Y 
V ab + ax 


is reduced by Multi plication tc ww; 


br $—"xX —> therefore the given Fl uxion 


bbaax + 2bbaxx +bbx*:x 


a + aha 


Sect. I. f FLUX ION S. 
 bbx 2-5 


15 FU BRI Vefalr 1a Py 


 bba@*x—3x 


Fr each Term whereof dans, 


* 2 Tab VI Ta 

to the 2 — Form. Let e+/z* =4+x=v, n 

ab Fax, 0 I, r=—1, M=—:, p=ab—aa, then 
bbx bby—*v 


— — — — , whoſe Fluent b 
Var © peta © : 


2655 
Form the gth vill be, * 2.30258 Log: 


— bb 
Var Vp rau: = * X. 2.30258 2 
vas Tex + Vab Tax: = 2.302585 * 72 * Log: 


of Ve = 
the firſt Term, 


* 


Again for the 2d and 3d Terms: Make = = 
Ia =v, g ga aA, = —1, p=a—b,, 


A=1 in the ſecond Term, and a=2 in the third Term, 


22⁰⁰ 
vVp+bv 


which therefore will be transform'd into — 


Db i 0) 331 
— — » whoſe Sum i is — 


V | 2 
bbuiy * 


—— he gth the Fluent of — 
Vers By Form the 9 ent o . 


= = X 3-30 Log: y/ bo+ MPs e 


and 


——A, the Fluent of 


SU 


115 


116 


The Doernine 


b _ the 1 nth, the Fluent of < is 4 — 7 4 
4 | = R 


+354 multiply che Sum of theſe F luents by 


A and youll have an aprt 


| quired. 


i . 
| EIT B. 2 Vab+axy/a+x, to which add the 
| 7553 1 2bb 


firſt Term 2 and you will have 7 A + 


ba— 3bb 
* 


4 £ ab + ax/a +x, the Fluent re- 


Ex. 10. | 
J To find the Fluent of 52 Van — a*2 +16b*2*, 
The given Fluxion will be reduced to 5 * 
1 mo 


lb: — &2 + 16625 ab- 


* 2˙0 — 4 + T7 WF ,- 16b7—gig— Tah 


„ 


e 16 3 1 


— — 


| each of theſe Terms belongs to the 25th Form, 


—_ the firſt Term, vg - he-, pÞ=164b 
— a> „=, 12 - (==, and it mil be 


transformed into — — — HR. : 
— TE N + wo 


g 
whoſe Fluent by Form the gth will be — — x 


* 6g Logar: N X 2. 30258 * 


4192 


ab 
— 2 + 2 V — &2 + 16˙ . 
Again 


Log: © 


Sect. I. of FLUXIONS. 817 
Again for the other two Terms, here EY | * 
46 | mo 
164*z; 7 225 — = "Mm=L my 9 21 I, 181 in the . | 9 
ſecond Term, and =2 in the third: And theſe tw | A 
Terms by F orm the 27th vill be be transformed into 1 
WY D 3 


1666/25 Kor r= N Fd For "© heres 


whoſe Sum is e 1 2 — 
| 5 e, 32bb\//pg +vv 


whoſe Fluent (by Form the egih)= LAT &L 


| 

| 
Il 
' 


| ” 1664. 32⁰⁵ 
xLog. of: MT: = Mail 2 — = +: 766925 


oasis x * Log: e 


vV a@*b* "az * 1 . Whence the Fluent of os 


V pry — 452 . 1627 þ is 7; —— r e 


2.302685 Log: ee * 


V — = + 1662 ho X2.302585Log: 16362 


2 


—10 + , — 4 + 16623, 
I ſhalk- add a few more Examples, chiefly to 


illuſtrate the MzTHOD of Repuction. 


+ Ba Ex 11. 0 
172 — b 8 4; Divide b 7 d it will 
e+f2 e propoſed ; Divide by 2 and it will, 
3 


be reduced to = . This belongs to Form 
8 ＋ ez | 7th, 


. Dorin 3 
L 3 N. f ia 


7th, where — x5, = 52, N K = 36. 


agg; 5 gs i0g66; c=0, and r, 90 


{=—399017 ; 4=—1 here always obſerve that 
the Colines of Arches above 90e are negative Num- 
bers: then will be found P, Q, R in Degrees; and 


the Logarithms of V Di, iin, 


y/2 — 2ux +xx, for. which Logaricheve put 8, T, V; 


Then (by Caſe 6th) the Fluent is X into 


ie 


—3309017 X 2LS+,95 eber Fa. LT 


Ex. Le; — 


* 6 


Given x X as mY „ this byF orm 21ſt (purting 


I 

v Sax.) is transformed into d * 2 2 _ 
| 5 35 | 
—; ; which belongs to Form 7th and 
14th | 0 

— 91. . * 1 3. 

1 
L . i be given; this is s reduced to 
468 bus) | 
aK X aa = XX X as Ia 


+ i „ both 


a = MN 
which Terms belong to Form 24. 


9 v 
er +4 
* 


A 


Set. I. of FLUXIONS. 


Ex. 14. 


N RN 8 . 5 | a 
MES EXD 45 Propoſed „ Divide by | 


. and NED ; . Eo 


een 
thi . The two firſt Terms belong 
bx x ab ba? 


to Form 24th, and the laſt to Form 25th. 


Ex. 15: 


12 * — be given; Divide by 
at) 2 —Y ? 
TY oy 


5+3, and it will be reduced to 5 
25 2 2a + 5 —» 
YL — — 2 3 
 aay/ab + ꝙ - aa x ο —)YY 


The laſt Term belongs to the 32d Form, and (by 
reducing the Index) the two firſt Terms become 


2 3 


. 
&/— I+ 9 + ay any — 140+ abyn 
both which belong to the 27th Form. 


E x. 16. 


Given Aa — - + , this (by Multipli- 
[ x 


a —&X aa — bx o+ xx 
dx*'& 


cation) is is reduced to — 


The DGSTRINE 


9 z the firſt Term belongs to 
* G — */ aa—bx xx 
Form 32. And dividing the reſt by — * + a, they 


ire reduced to . _bd—ad xx _ 


V aa bx N Va —bs + xx 


"+ _ Had ad X —— The laſt belongs to Form 
2 aa — bx TN 
2, and the two former are F * of the 27th 
a 


Ex. 17. 


ö — 3 0 eee 
. x 8 * X ab: „ * f 5 * . 
x20 i A this (by .reducing 


the Index) becomes XOX 7. „ Which 
* I — 3a + a*X—+ 


belongs to Form 33d. 


— 18. 


Let - . — be propoſed ; becauſe 42 


a — aa Ia 2 
is greater than 4, it cannot be reſolved by the 33d 
Form, therefore I divide by a+ — aazz + 24,, which 


a - 22 + — - 


reduces it to 
a* ee +24 
25 Va — 22 

_ ; the two laſt Terms belong 

0* X a- G*2* + 2+ 

to Form the 34th ; and the firſt is further reduced to 

— | = hich belon 

8 i c 

dai — Aa 2 — hs g 
to Forms 10th and 3d, 


Ex, 


W 


i. AM 


. f ELU-XIONS. 


ducedto — — K 
: ad—ax +xxXaa—ax\? 44-4 +xxXaa—ax 
the former Term belongs to Form the 3 5th; and the 


Ex. 19. 
8 Xx 
e, given —— ; this ĩs re- 
** — — 
50% 0 aaxx 700 nl 


; 


latter by Diviſion 1 is further reduced to % x + 
| a4 - 

1 5 2 75 the firſt — to the 

e K —4 


binomial Forms, and the reſt to Form 353 where 
obſerve that the Part firſt found (belonging to Form 
35) deſtroys a Part of this laſt Fluxion; and then the 


whole is reduced to this, 2. 


128 | | = 4 — ar HN 4a — A 


ax © 
ca—as* | | 
f , Ex. 20. 
gr 12; —— 
Given extract one Root 5 


a L +2" +423" 
of the Denominator {ſuppoſed to be put o), then 
will Hg, by this divide the ſaid Denominator, 
and let the Quotient be e+/z"+g2z*" ; then the given 
2 1 


F luxion is reduced to this 
- Ce + j/2" ＋ = 
which h belongs to the 2 zoth, or 31ſt Form, 


/ 


R Ex. 


T% Doctrine 
Ex. 2 I. | 
2 


a+bz*b+cam +dzv Tia 
two Roots a, h of the Denominator z then you have 
4 — 2 So, and and 5 — z* = o, divide the Deno- 
minator by 2 — R , and let the Quotient be 
e T . Then the given Fluxion becomes 


. There is gives — —, extra 


22 SI 
Eb, e gu 3 I 
| a | 
_ (putting a— bs, ) both 
. +g2% — 9 


which Terms belong to the 29th, zoth, or 3 iſt 


Form. 
If the given Denominator has no Roots, yet it 
may be divided into two Quadratics by the Rules of 


22 
TN * 
may be transformed to Trinomials, as in Ex. 8, 
Prop. 9. | 


Algebra, as 


Ex. 22. 


om 
Given — ., here and 
4 E ELN IE Fez”) 


zn muſt be Integers; put p = VA, and 
the Fluxion i is reſolved into theſe two Terms, = x 


22 4 - — 2 
eee ; Y. => 
T f= 5 — Hef +g2" 


then dividing by the Denominators — + kz”, and 
| 5 54 


are Integers; and 4 f. 


| the followin 


Sec. I. of FLUXIONS. 


. if there de Occaſion ; and the reſulting 


Terms will belong to the 32d — and per to 
ſome dae af the foregoing F. orm. MF" 


Bu. 23. 
T_T 
. fo + a 


X + he 


27 fad the Fluent of - 


"16s. © 


it into this "4 x: = 

1 in is , Xx r 
+ Is 

3 + &c. by Ex. 14. Prop. IX. and 


the ' Fluent of the ſeveral Terms will be found * 
Form ab. 


Nin 


Although the Conſtruction of many of the fore- 
going Forms depends on ſeveral Things that have not 
yet et been delivered z yet it may be proper in this 

lace to give a ſhort Account — t the Reader 
may not be intirely ignorant of them, which he will 
the better 3 after he has read ſuch Parts of 
are founded on. 

1. It is plain in by Prop. III. that the Fluxions in 
Forms 85-9 3, 19 an 20 belong to the Fluents there 


2. Form the 16th is calculated in Example 13, 
Prop. X. and Form the 18th in Example 3 35. Like- 
wiſe the Fluent in Form the 1 5th is found by Prop. X. 
— * + Bert" + Cz*z+2+ ec. x 


— 


r = Fluent of T 2 3. 


3. By Prob. II. Sect. II. the Fluxion of any Quan- 


thy divided by that Quantity is the Fluxion of the 


hyperbolic Logarithm of on Quantity; and — the 


123 


154 


dee Doc 
Number 2.302585 reduces 1155 common ta the hyper- 


bolic Logarithms. © Now i ide Pluencs sin Form 2, 4, 
6 and gil be put into Flux er — bark theafare- 


faid Rule, it will appear they will: reſpectively 
produce the Fluxions in theſe Forms. 

4. In Example 3d, Prob, X. Set. II. it is ſne wn, 
that che l Space between the Aſſymprotes 


—#, in which if you write RR 
for ab, Rz * 2) for 18 and Re- (or a) for &. you 
will have RRS. whoſe Fluent is the hypetboſic Space 


in Form the 2d. Likewiſe, if you write Nx lor. a, 
7 7 for o+x, and n2%7:2 for x, you, will have 
RR y 


ab 
2x Fluent of- 3 


7 in F orm the 4th. And laſtly, write 


RR: for ab, and uber, for a gx, and VB X 
ang” S for:x; and likewiſe write Wax for 


Er, and Ne | 5 for a, and the Difference 


—— 103 £4 ww . 


of theſe Flations will be. R x at” — 5 
in Form the 6h.” 4 — 8 


5. By Ex. 9. Prob. X. Seck II. the pa 


| 28. 
* = in 


Sector i is equdl to the Fluent of 
which "writing R for. a A 5 2 for. 1 and 


ZRV xx * for 5 vou . 


HT 1811 + "IE 
2 1 „ as a the. Gi Merge 9 
17 * 4 = e ‚ | 


Mi 1914S, TE 


/ ry" k 

5 2 1 6 
46 * ' TEF# 75 7 
£5 f ; 2-4 T vi ; 


Set. I. of FLUXTONS. 
6b Aud by the Tine *Eximple, the - hyperbolic 
Seo b Fluent of r = (writing R 


a, 
for a and 5) — W eee 
2/RREy 


for 57 a5 R * "2 for by you will have 


RR 3 x 2's 
e — e in like mauer if you put 
* 


R 
e 50 "er 1725 or ek. = 


* 


5 Hh 21S a negative Quantity, or — 4 + = 
—X 


= when a is negative, and expunge y and 5 Y, you 
will get the Fluxion of the gth Form any of theſe 
Ways. 


| 7. Since the Lengrb of of any Arch of a a Circle (whoſe 
Radios is R) i = 5 


or "Leng gth of the Arch = ON 7453R x Degrees in 
that Arch And by Example the 5th, _Prob. VI. 


ect II. The Arch'= = : Flu luent of e ; i You 


* 1701 99 A A I 


ws *® 


write e R\ — UA ald Eh * is hor 75 
a1} E 25880 PF + : 
Pr 1 — 
you vilt have 2 . — —, whoſe Fluent 
2 x Oz — — 
there fem is = that Arch ,o1 745 3R* Degrees i in 
2 Sectors 


the Arch = = from all which, the Con- 
ſtruction of Rem the zth will eaſily appear. 


8. In 


* Degrees i in that Arch; ; 


125 


. DocTrin®. 
. ve Mane by the fue Problem, the Arch 
pe." Se 
phy ig 9 in which writing for y, 
RE , or ee and the Fluxion 


een 


14 RV 
| 7 . | . t . — ny _— 


ind /i e, from which all the other 
4 — 


Varieties {Few the zath ate eaſily a4ducet 
Form the 11th is gradually calculated by Cor. 2. 
Prop. IV. wher it is demonfirated 1 . the Fluent of 


A ran = 2— 8 — BoA 
ee 

in which writing * for P, e for A, y for a A 

you will have the Fluent of TM 2 * Ls 72A 


writing 1 far p, Fluent of ire"; (now 
20 for A; you will en the Fluent of 


Fa" 2" +4; again, writing 7+2" for p, and the 
F luent of TCA 2 ＋ (laſt found) for A, you 


get the Fluent of T Parte 25 and ſo on. 
In like Manner the 12th F orm is calculated ben 


Cor. 3. Prop. TV. where the Fluent of T = * = = 
ZE meat" Aud by 2 like Pro- 


P+1Xa 
ceſs the 13th and 14th Forms are gradually calculated 
from Cor, 4 and 14 Prop. IV. Theſe four Forms 
rently expreſs d from what they 
are 


* have been di 


Sect. I. Ion 


are in che Table. For Example, Form the r 1th may 
de expreſſed thus; let e ＋ 1, d 2 TI 


Ter men the Fluent of FA S 


| = eL LN Lx e+ 3n e. to Plices 

© xdxdÞFnxdtin X d+3n * Sc. to A Flaces 

2* q __— 

—Za_ 4 442. . IK. *. 1 
. a 6+ 21.6 " 6+ 31n-@ 

continued to x +1 Places; where A, B, C, Cc. are 

the Þrſt, ſecond, third, c. Terms with their Signs, 


o = Fluent of a+&z" Pa, 7 % * Fes 

10. The 17th Form is derived from the 11th ; for 
when E and y are o, all the Terms vaniſh except the 
firſt, in which taking o, 1, 2, 3, Cc. Terms (for 
each of the Terms in the Quantity e+f2" g /c.) 
and multiplying each by its reſpective ' Coefficient, 
and the Sum of all by e, you will at laſt obtain 
this Form. 

11. The Fluxions in the 21ſt and following Forms 
are transform'd by Prop. IX. and their Truth will 
appear by the bare Subſtitution of the Quantities 
therein contained. 

12. There ſtill remain the yth nnd: 8th Forms, 
whoſe Calculus is ſomething more difficult : Theſe I 


inveſtigate after the following manner. Let T, U, 


W. Ge. ſtand for the Quantities Vi—25x+xx, 


' Vi—ztsx + xx, Iiir + xx, Ge. then the | 


Fluxion of L x Log. T (or the hyperbolic Log. T) 
- xx * 

wi ill be — — 2 — and the like for U, W, c. as 

is plain tom what is delivered in Art. 3. Again, 

the Fluxion of NP (as will appear by Art, 8.) is 


ax 
I=—=20x + xx? and ſo for the reſt NQ, 2 
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= = - = "i 
. ̃ oe ̃ CI OG VG IT EP oO TIT TT: 


o 89 0 = vS © 
FR \ 
— — —_ N pq - 
. ͤ˙—mZ  —————————_—— DI ODOR > OG , r  a__—_—_—_—_ _ HS . \ — - — 
= — * 
rr —— — 
— 


. ²qi—˙ͤ—' ‚ . . , TTY — — 
2. 2 


— — — — — 
— . 


| Ba—As+Ax. - of 


De e + Dp 


Laſtly, we muſt. take for granted (for I ſhall not ſtay 


to demonſtrate it here) that. the Product of all the 
uares of T, U, W, Sc. if a is an even es, 

or the laſt drawn into the Squares of all the reſt, if 

a is an odd Number, is always equal to_t<+x>, 


Theſe Things premiſed, let us inveſtigate __ one 


Caſe ; as for Example, to find the F luent of —— = 7 oF 
180 


here A= —_—_— = 60: Here b, c, u, &c. =O 


and : = — 1, and therefote V/ Ita =1 A; 


and all Arches above 180 are excluded; 6 1 


aſſume LA x Log. V1 an + BNP + Lx 


Log. 1＋ = — Fluent of - 7 x This in Fluxions 
gives - | 


1— 258 + Xx. * 2 ; put Bo—As=1, 
I++ lis „ Cod i 

— 25x + xx IT —_ 1+ 8 + 

PO: to a common Denominator, then 


reduce 


then - — 


Here the Denominators being equal, we have 1—2s 
=o, or 25=1 ; and equating the Coefficients of the 
homologous Terms in the Numerator, I +C = 1, 
A-+1—25C or ATI - Co, and A +GC=0o. 
From whence will be found A = % Cg Lg, 


8 27 = = (becauſe aa = 3,) 34. Whence the 


Fluent is —3L x Log. EET + NP + 
IEG I=+x. /:>, | 


This 


Set. 1. of FLUXIONS. 
This done, I put * = =; and (by Prop. IX.) 


transform the Fluxion.- T = into this other 


X 
21 | | 
- — , Whoſe Fluent therefore you have above. 
* + (32" | 
la equating the Coefficients, if you had made 
A+I—C=1, and the other Equations = o, you 
** 


would have got the Fluent of 1 


After the ſame Manner may the 8th Form be in- 
veſtigated, remembring what was ſaid of Sines and 
Logarithms, and obſerving that (if you put T. U, 
W, Sc. for 1— K, V 1—25x+xx, V I—2tx+xx), 
the firſt T into the Squares of all the reſt, if à is 
an odd Nnmber ; or the firſt and laſt into the Squares 
of the reſt, if a is an even Number, is always equal 
to 1—x* : The Demonſtration of which belongs not 
to this Place. e 

Here note that in theſe two Forms, you may if 
you pleaſe put P, Q, &c. for the Degrees of Arches 


a 3 
Se. 


| eee, Baie l 

whoſe Sines are A 2 

their Fluxions being the ſame as the other. But then 
ax 


if the Arch whoſe Sine is - — be leſs 


1 — 25X + x* 
than 4 Quadrant, the Arch whoſe Sine is 


ill be greater than a Quadrant, 
V I—25X+xx - 8 3 
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PROP. XII. 


To correct the Fluent of a given Fluxionary Equa- 
tion or Proportion. 5 


* , 

When the Fluent is obtained, by either of the 
foregoing Propoſitions, from any given fluxionary 

uation or Proportion ; it is only obtained in gene- 

But ſince the Deſign in any particular Problem 
is to find the contemporary Fluents ; ſuch general 

uation or Proportion therefore is for the moſt part 
imperfect till it be corrected by the following 


Ru Lk. 
1. Inſtead of each ſeveral variable Quantity (or 
Member) in the Fluent ſubſtitute ſuch a determinate 


Value thereof, as each of them is known to have in 
any one certain and particular Point or Place: Then 


ſubſtra# each Side ot the reſulting Equation from the 


correſponding Side of the Fluent ; and the remaining 

uation will be the correct Fluent. And the ſame 
Rule obtains when the Fluent is expreſſed by a gene- 
ral Proportion. ED 

2. Or any particular Part of the Fluent may be 
otherwiſe had thus without the foregoing Correction: 
Subſtitute the Values of the variable Quantities for 
any particular Time, Place or Point; do the ſame 
for another given Time or Place ; and the Difference 
of the reſulting Equations, gives the correſponding 
Part of the Fluent. 

3. Sometimes it may be ſufficient to add ſome 
given Quantity on one Side of the Equation, which 
may afterwards be determin'd according to the Nature 
and Circumitances of the Queſtion. 


DEMox- 


gect. I. of FLUXIONS. 


| DEMONSTRATION. 
Let X be the Fluent obtained in general, from 


a given fluxionary Equation, XZ. Now ſince X 
may not be equal to Z (by Cor. 2. Prop. II.), take 4 
a given Quantity and let XZ +d be an Equation 
for the contemporary Fluents. Now at a certain 
Time when X=6, let Z=c; then you will have 


the particular Equation gd at that Time; this 5 


Equation taken from the former will leave this general 
Equation for the contemporary Fluents, X—b=Z +4 
=, that is X—b=Z—c. Q. E. D. 


SCHOLIUM. . 


Theſe Things are to be thus underſtood when the 
variable Quantity in the Fluent continually increaſes 
(or decreaſes). But in Caſe it increaſes and decreaſes 
by Turns, or paſſes through one or more Maximums 
or Minimums : Then the ſeveral Parts of the Fluent, 
between any given Point and each Maximum or Mi- 
nimum muſt be ſeparately found by diſtin Opera- 
tions, and each correFed by this Propoſition, and then 
the ſeveral Parts collected into one Sum. 


EXAMPLE 1. 


Tet ax Y, and the Fluent is ax =yy, now when 
yo, let xo, and then ax—o=y*—0, or ax Y,. 
which therefore needs no Correction. 


Ex. 2. 

Again let ax =2yy, and finding the Fluent ax Y. 
Now when y go, let «; and the Equation be- 
comes ab=b, this ſubſtracted from the other Equa- 
tion, leaves ax — ab = yy, the contemporary Fluent 
required, 8 


8 Ex. 3. 
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Ler * =), the Fluent is be = 2 i 


but at a certain Point of Time x = 6, and alſo hn 


then the Equation becomes bb — 14h or 205 = 


therefore the correct Fluent is by — z — 435 = Io 
—277, That is by Reduction 77 — bb + 2bx— xx 
=» al 
Ex. 4. 
zcxix cr 


. . 8 * the Fluent is 


Dy ==; but when) y, the Quantity — — A. 


Z 
Therefore the correct Fluent is þxy*—r* = I. 
— A. | 2 
BY Ex. . 8 


„. 


| XX 
Tre * 
N., but e — 


. L 
9 


» ſuppoſing y give) the 
F luent i is = 


and / = * Y*+x*, therefore the contemporary 


Fluent — =/x* -, or - 20 
N / = 26V/ #* +5. 


* 


Ex. 6. 


Ea nt ev For. the. ah be 
Let by = =: By Form e gth i 


Fluent - is by = 2.3025 Log. x + Vas + *x xx; but 
when y = a, X o, then the Equation is 54 = 
2.3025 Log. a. Therefore the corrected Fluent is. 
by — ba = 2.3025 Log. x + * — 2.3025 

Log. 


Sect. I. of FLUXIONS. 


Log. az that is % — 64 = 2.302585 Log. 


x + Vaa + xx _ 
— — „ 
w 


RR OP. XML qc) lis e ma 
To inveſtigate a Problem by the Method of Fluxions. 
: Routes. vols | | 


x, Let all the Quantities be denoted by proper 
Symbols, as is explained in the Notation of Fluxions, 
and let ſome one of the variable Quantities (with 
which the others may always be compared) be ſup- 
poſed to increaſe uniformly : And this may be called 
the Principal variable Quantity. Then the given 
Equations, or ſuch Equations as are deduced from 
the Conditions of the Problem, muſt be rurn'd into 
Fluxions, ſecond Fluxions, Sc. by Prop. III. in 
order to get as many Equations among theſe Fluxions, 
as you have Occaſion for. * Wee e 
2. But becauſe ſometimes ſome Doubt may ariſe 
about the Signs of the Fluxions: Obſerve that any 
fluxionary Equations, deduced from the Equations 
of Curves, or from any given Equations in the Pro- 
blem, will contain the Fluxions with their proper 
Signs. But in any Proportions made between Fluxions 
or Moments, as in ſimilar fluxionary Triangles and 
the like; then the Fluxions or Moments of Quanti- 
ties that decreaſe muſt be actually made negative z 
and thoſe that increaſe muſt be written affirmative : 
Or, which is the ſame Thing, (ſince one Part of any 
Whole increaſes whilſt the other Part of it decreaſes, 
therefore) inſtead of the negative Fluxion, you may 
take the proper Fluxion of the increaſing Part of 
that Quantity. | 

3. Since 
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3. Since Velocity is always meaſured by the Space; 
uniformly deſcribed thereby; ſo may the Fluxions 


. be meaſured by the Moments uniformly generated by 


the Fluxions. Therefore the Moments {uniformly 
generated or, which amounts to the ſame Thing, 
conſidered as ari/ing or vaniſhing) may be put for 
the Fluxions, and the Reſult will always be the very 
ſame in all Operations. And ſince in many Caſes, 
eſpecially in geometrical Problems, the reaſoning and 
calculating with the Moments will be more eaſy and 
evident than with the Fluxions ; the Equations that 
are gained thereby muſt at laſt be changed into 


fluxionary Equations, by ſubſtituting the Fluxions 
inſtead of the Moments, which muſt always be ſup- 


poſed to be taken in the firſt Inſtant of their Genera- 
tion: Or, at leaſt when the Operation is over, theſe 
Moments muſt be ſuppoſed to be diminiſb d ad infi- 
nitum, that their firſ# Ratio may be always obtained. 
4. In the Reſolution of any Problem, the Nature 
and Conditions of it are to be cloſely examin'd and 
ſtrictly purſued according to all the known Methods 
of Algebraic Reaſoning, by attentively conſidering the 
Relations of the Quantities, and their mutual Pro- 
Portions and Dependance on one another; and forming 
your Proceſs according to theſe their Properties, by 
duly comparing together the Quantities, their Mo- 


ments or Increments, their Fluxions or ſecond Fluxtons, 


&c. as the Caſe requires; till you get a competent 
Number of Equations or general Proportions. And 
then you muſt proceed to expunge ſuch Quantities 
as are ſuperfluous, till at laſt you get a fluxionary 
Equation or Proportion with the Quantities required, 
Then if there be Occaſion, 

5. Find the Fluent of the ſaid Equation or ge- 
neral Proportion by Prop. X. or XI. and correct 
it by Prop. XII. And then you have a compleat 


Equation or general Proportion containing the Quanti- 


ties ſought, 


6, But 
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| 6. But to obtain an Equation of the indetermin'd 
Quantities, by having the correct general Proportion 
before found, or by having only the fluxionary Pro- 
portion; you muſt affign to each indetermined Quan- 
| tity in the ſaid Proportion, (or in the Fluxion thereof) 
| ſuch a determined Value as it is known to have in 
7 any particular Caſe ; and from thence you muſt draw 
| an Analogy from the Fluxion alone (of the general 
| Proportion), or from the corre? Fluent alone, (or 
| ſometimes from both together.) From whence there 
4 
) 


will be had an Equation between the Quantities re- 
quired ; or at leaſt between their Fluxions, whoſe 
Fluent muſt then be found and correffed. And note, 
theſe determin'd Values (of the Quantities) may be 
either expreſs'd in Numbers or Symbols, as any one 
ſhall think proper. | ; 
Sometimes it may be ſufficient to aſſume a given 
Quantity, by which multiplying one Side of the 
Proportion it will be turned into an Equation ; and 
this given Quantity 'may afterwards be determined 
$ according to the Nature of the Queſtion. 
e Theſe are the general Rules, but after all, many 
2 Things muſt be left to the Sagacity and Invention of 
8 the Artiſt. 


0 Coror. Hence every Problem belongs to Fluxions, 

5 in which the Incremenis, or the Proportions of the In- 

it crements or Moments of the ſeveral variable Quan- 

d tities contained therein, can in all Caſes be computed 

'S and expreſſed by Equations. 

y 

d. e EXAMPLE I. 

4 To find the Velocity wherewith the Ordinate BM of aF I G. 
& Circle increaſes in every Point, whilſt it moves uni- 1, 
1 formly along the Diameter AD. | 

* Let AD gar, AB=x, BM=y; and by the Na- 

4 ture of the Circle zrx— & =yy; this Equation put 


into 
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| | . 4 4 1 into Fluxions gives 23—2xX 2. or = "ny a 
3 general Equation-for the Increaſe of y in all Points, 


=. Therefore in where is 0, and x is 0, 2 


becomes — , therefore 7 is infinite. If CB=BM, 


or pane then x=y, and x and y increaſe equally, 
Bur in C where 7—x=0; then y—o, therefore y does 
not increaſe at all. In + where CY bm, then y=—x, 
therefore y decreaſes as faſt as x increaſes. aſtly in 


| D where 3=0, and 4 r, y= = = — Infinity, 


and there the Ordinate decreaſes infinitely : And in 
all the intermediate Points it has all the intermediate 
Degrees of Increaſe or Decreaſe, _ 


8. . 


To fn the Space a deſcending Body will deſcribe in any 
Time by the uniform Force of Gravity, 


Let z= Space, x= Time, v= Velocity, acquired 
in that Time. By the Principles of Mechanics Z C 
vr Gx, and therefore 2 œ u «xx z that is the 
Fluxion of the Space is every where as the Velocity 
into the Fluxion of the Time; that is, (becauſe the 
Velocity is as the Time) as the Time into the Fluxion 
of the Time. 


Now if only the Ratio of the Space and Time be 
required, * will be ſufficient to take the Fluent; and 


n <7 - 
\ " - \ - D 8 , \ — * — m N x = — K N = l . 
„ - We FO OWE n . : — * 
. = a Ba = = F \ T&F, — — ha = _— JCF r . * 10 EY A > 4 - RR ww — - 
. * - k 2 3 = bl + "8 * P n — <4 a 
* . tha R Y | —_ 5 0 : - — 
— —-— f N 
. m * — 2 — — - — — — = . 
_ - — _ — — — ; 
a S * . - — 1 
—— - 


i 
1 — 


—— — 


then a0 , or æ xs, that is, the Space is always as 


the Square of the Time. 
But if the abſolute Quantity of the Space is ſought, 
we muſt reduce the general Proportion or its Fluxion 


to an Analogy from ſome particular known Caſe. 
Thus 


c 


wherefore from the general Analogy (Zo xx) we have 


Fluent, 1 2 


tion is obtained any of theſe Ways. 


\ 


' Sect. I. FPLUXIONS. - "1 


Thus it is known by Experiment that in the Time t F I G. 
or 1 Second, a Body would acquire ſuch a Velocity 2 


as to move through 5 or 325 Feet uniformly i in that 
Time, or to have deſcended through + s or 16 * Feet 
in that 2 Whence wm 


$2832 8: == Fluxion of the Space z when x=t 


7 * 8 : * ud =, and finding -the 
_ which needs no Conedion (be: 


cauſe when Z=0, * o). | 
| Orthys from the Fluxion and Fluent, > 10: * 2 


Or laſtly thus, ſince 1 = x, when ex, therefore 
from the general —_ (⁊ x) it will bez s : 


: K : xx z whence 2 =, and thus the ſame Equa- 


| - 


Ex. 3. 


. 
— — —— —— — — — 


If a Body i is projected upwards with a given Velocity a, 
to find how far it will aſcend in any Time x. 


Let 2 = Space, v S its Velocity; then by Me- 


chanics Z O vi. Now ſince the firſt Velocity is 
9 therefore the Space 4, which would be uni- 
wet deſcribed in the Time t, of its whole Aſcent, 


will be given s wherefore t: 5: :#: = = Moment 


of the Space 2 at the firſt Inſtant, that is when ag. 
h T 1 here- 


© » 
* 


r 


8 


Ne Doc RINE 


E I G. Therefore from the . mn. (⁊ oy i ＋ 


I * 


44 :: & : :: 2 : ; dee ee 
the N the Body loſes is as the Time, there- 


ax 
ore 42 42 2 On] > = Velocity loſt, whence 
ax ” oe * 
e therefore æ = SF. 7-4: 0d 
* S 


the Fluent 3 J which needs no Cor- 


rection. 
Hence if x be greater chan 2t, the Body will have 


' deſcended again below the Point it was. projected 


from. 
Otherwiſe thus, 


Les 2 = Space, v = Velocity, s Velocity ge- 
anne by Gravity in the Time 2; then by Mechanics 


2 O ux. Now ſince the firſt Velocity i is given ; there- 
fore the Space 4, which would thereby be uniform- 
ly deſcribed in a given Time t, will be given; where- 


fore : d:: 4 3 = = Moment of the Space z 


at the firſt Inſtant, that is when a = v. Therefore 


„ 
* 


from the ow Proportion (Z 00 os) A : ax: 


: vx e's S : : ox, whence & = Lip but the Ve- 
locity the Body loſes is as the Time ; therefore 
£644 E844 == Vel. loſt ; whence D = =, 


4 
dx disxx 


ration EST Ea) — the Fluent 2 
dx 


* 


jected from. | 


* 
*% 


I. 'f FLUXIONS. 
dixx 8 


+ 24 


Hence if 274 be greater than 5x, the Body will 


have deſcended again below the Point it was pro- 
Ez.'S - | 


To find the Time wherein a given Cylinder full of Water 
will empty itſelf by @ Hole at the Bottom. 


Let AC=h, CE=s, AE=b—x, t = Time. of | 


running out with the firſt Velocity, z = Time ſought. 


Now the Moment of the Quantity running out o 

x Velocity; but the Velocity is as V, and the 

Moment of the Quantity is as the Moment of AE, 
| 4 


— 


1 1 4 4 
or — x, whence —x & 2\/x, therefore 2⁊ * =; 


1 
— {x 


But B: t:: 4 — — = Moment of the Time 


at the firſt Inſtant, Therefore (from the general 
4 — 4 —tx — 1 —1 

Proportion z & HJ x" 7 7 2: 7x 

„e e 

* N © whence = 0 


, and the Fluent is 


88 ) 
SAS z but in the Point A, z=0, and 


x=b, therefore the Fluent corrected (by Prop. XII:) 


; 21x* | 
is z= 21— Fh * and when x = o, then the whole 


i= 


Time 2 = 2. 


1 6 Ex. 


j 
5 
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Ex. 8. 


FI G. To fnd the Time wherein a given Fratum of a Con 


3. 


Fluent is 2 r X : 20% + thx 


full of Water will 2 itſelf by a Hole in 2 
Bottom. | 


Let the Cone be compleated, and put 70 =P EY 
Altitude ; TG=b the Height of the Fruſtum, 7 


ex, Circle CD=d, M. t=Time of running 


out. (of a Cylinder whoſe Baſe is 4 and Height Y) 
with the firſt or greateſt Velocity, z Time ſought. 
Proceeding ol, as in the laft Example, Laan find 


* & Moment of the Quantity ce _— x Circle 


4 === fs — 
e *I 33 
we — 


1 +* 5 * —. b+x 


: = . » from the general Analo- 
And the 


# 4 at; 
and when corrected, the whole Time 2 = f x 
WE We 


e . 


And the Fruſtum were inverted, the Time 
would be found to be 4 — ME Where 
4=Circle AB, x==GS8. > 


SCHOLIVUM:. 


If ZF or y be the double Ordinate in any Curve 
CA; the Time of running out might have been found 
the ſame Way, only by 9 the Value of EF 

or 


x 


Set. I. of FLUXIODNS. - ht 
or y had from 11 Nature of the Curve, into che F 18. 


Equation 50 and chen finding the Fluent, 


where 4 Square of the rn .be — 
and 5 Height, 22 Time of 
out with that firſt Velocity. 


Ex. 6. 


Let ACE be (the Sefton af) a ll fuppiviing « ru 4. 
4 it, and joining to the Side "AC; - 
zo find the Carve ADE —— 8 of 
the Wall, ſo that its Strength may be every where as 
the Preſſure it Mun. 


Let AC=b, AB, BD=3. The Effect which 
any Number of Particles of the Fluid preſſing at 
have to break the Wall at C, is as CB x Number « 


Particles xc their Force, that is & Þ—xX x x, (be- 
cauſe the Nubiber is A8 &, and the Preſſüre r Foce 
& x). And the Sum of all the Forces acting on 45 
to break it at C is as the Sum of all the Fx » xx 
that is as the Fluent of hxx—X*4, and therefore as 
by #» 


F and when x=b, the whole Preſſure on AC 


to break it at C will be 4h: ; therefore the Effects of 
the Preſſure at ; and C vil be as 4B: and A. But 
the Strength of the Wall in B and C is ſuppoſed to 
be as theſe Forces, and by Mechanics *tis known to 
be as BD. and CE-; Therefore AB» ; A:: BD* : 
CE*, that is * ; And the Curve ADE is a Semi- 


cubical Parabola whoſe Vertex is 4, and therefore 
convex towards AC. 


* * 
„ 4 I 


Fl G. Suppoſe'a Wind to blow againſt 


+ 


* 
> 


The Docrzizs 


ary 7 


1 
ainft the > SG Side 
AC of the Wall ACE; ta find the Curve ADE 
© bounding the other Side, ſo as the Strength of it be 
every whert' as the Force it ſu Rains. 


Let AB=x, BD=y, AC=b. The Force of any 
Particles at B to break the Wall at C'is as CB x Num- 


ber of Particles œ D x or & E „ „; and 
therefore the whole Force of all the Particles on A5 
to break the Wall at C is the Fluent of bu 


&br—=—; therefore the Force to break it at C by 


all the Particles on AC is ibb or as bb, and this muſt 
be as the Strength of the Wall or as CE* ; conſe- 


8 * cey* and x œ , chereſore ADE is a right 


| . 
1 —thereforev 9 


Ex. 8. 


Le ABC be a heavy Body, BC 8 1 to the 
Bloct D: Let AB be cloſe thruſt 2 * 0 that the 
"Spring may be cloſe bent, and fixt thus to the Stock D 
by a Pin. 2 o find with what Velocity the Body will 


be pr the. Force of the Spring when the Pin 
i les Fd out. 


Let BC =I che Length of dhe s ing in its natural 
Poſition, CN=x, v= Velocity of the Point B when 
it arrives at N, w= Weight of the Body AB, i= 


Time of deſcribing CN. By Mechanics or the Laws 
of Motion u 0: forex t _ de (by the Nature of a 


Body 
Spring) = = Likewiſe W the Laws of Motion 


bx—xx 
* ,and 


finding 


X Lor vd (© 
VU 


ged. I. of FLUX I ORS. 
ending theFluent, v* & 2bx——xx 


63 
* and when 45, FIG; 


* & 2, that is the Square of the Velocity is re- 


el as the t ht of the Body: Conſequently, 
if the Body is projected horizontally, hs Square of the 


Diſtance it is projected to to will alſo: be reciprocally as 


the Body. | * 
Univerſally, ſince 5— x | repreſents the Force 


of the Spring at N; and # the Force of it at C; 
if inſtead of ö, we put f =abſolute Force of the 


Spring at C, then' will L be as E os 
Velocity for al Springs Bl 

Ex. 9. Ne 
Let BC be the Quadrant of a Circle, the Center, RS 


parallel to BA. To find the Nature of the Curve DFA 


that conſtantly e the Angle 2 by RF and the 
Arch FC. 


\ Deſcribe the Circle nt infinitely near FC, and draw 
»p A, and 10 parallel to CA; then ſince the Angle 
oFn=nFp, and Side Fa common, and the 
Angles o, p right, therefore n = #3 p. 


Let AS=x, S F=y, 225 or * AD=8, | 


and fince on u p, that is * = v, therefore & =v, 
and the Fluent x=v, and corrected x=v—b, or 


b+x= v. But by Prop. 47. Eu. I. u (S 

I» + xx, that is bb + 2bx =yy; — the Curve 
D is a Parabola, whoſe Latus rectum is 206, and 
Focus the Point 4. 


Ex. 


6; 
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_—  F 1 G. 7% fd the Timer thi ibration of a Pendulum in ay 
f 7. Regs ſmall. Arch of a Circig; or in um othe 


F 
1 77 * * * 
Fai P » I 


| Let the Length of the Pendulum CB=r, Cord 
AÞ=c, BF=#, Arch BE=p, Err, Hi, then 


ar wan ds £5) aww LF II ini 
deſcending or aſcending thxe'- the Cord AR; 3 = 
Time of deſcending. or aſcending thro' the Arch 
BE, then it = Time of deſcribing AB with the 
Velocity in B; by the Nature of the Circle © = 


. 


CUE ² OOO 7 RY 
— — DTT Makes is. 
»„— n = 


„ 
Fa o 1 
. 


— 


c 


, c — — . 


due Time of deſcribing any 


Spaces uniformly are as the Spaces directly and the 
Velocities reciprocally; but ſince the Pendulum falls 
tem A and is ſuppoſed to deſcribe the Arch AP in 
deſcending, ar NA in aſcending, therefore the Velo- 
Ates in B and E are as D and Vp, or as 


—_ . 
„ . [ey -—— = . er 2 2 
ee 3 SOA 3 
mu 8 4 — L 
E , LY P 4 « —- 


| 1 WAB and A; therefore : . :* — 


- o a 
. 2 


1 
2 V. e ONE 2V oc — (# 
— — — (rejecting e cer 
: arr — - ; 
a] a 4 * ＋ Oxx 


as extreamly ſmall) 1 And the Fluent 
—— = Vc Xx (by 


Sed. I. f FLUXIONS. 5 mus 

* (by Form rack) is z = x Arch of this Circle FI G. "1 
T* | 

ink tos i 1/2, when #=, then z . 


— x Quadrant BH = © N 3.1416 And 22 or 
te Time of an entice Vibrio i = f 


Or, which i is fhe ſame Thing, 22 „ Tin irge 


of deſcending through twice the Length of the 
Pendulum, Or putting s = 167 > Fer, 7 = Feet in 


the Pendulum, then wb, 2 =, in Se- 5 


conds. 
And to find the Time of Vibration in any Arch 
AB; we have 2 2 — — ER = > . 
2\/ acrr - cx + 6xX 
IxX— 3X 1 tx AN b 3 
— — — 2 1 — 
e- i an Wers 12 
. n ——> 
2 xi n ut 48 
; WIRED X1 putting ) = 
Ix "* x I 1.3 3 5 2 


| whoſe Fluent, N Form 17th, is K: 1+ £4 


2+ 


WY —— I 5 ob &c. SX: 14 4 


; 2*. 4* . r 
1 + 3 — rc Where o — 
4* V2 | 44/ c—Xx 
| 14167 
= "is Time in a very ſmall Arch. 


N | 4 
IEP 5 There- 
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FIG. Therefore the Time of Vibration in a very ſmall 
7. Arch, is to the Time in the —_ the Chord of 
3e 
whoſe. Half is c, 28 1 to Brien — — -- 7D 


+ 7 rc D &. | 


Con. Hence if the Pendulum r takes Time by 
vibrating in a very ſmall Arch; and if c be the Chord 
of the Arch a @; then the Seconds loſt in 24 Hours by 


86 55 cc 


vibrating i in the Arch 24, will be nearly = — 


oe A, and the a loſt -# , 


Or if Time be meaſured by — in he Arch 
20, then the Seconds loſt by vibrating in the Arch 24 


C being the Chord of 4) | will be 92 x GET, 
* nearly. | 


Ex. 1 
8, To find the Meridional Parts for any Latitude; 


Let Radius CA = 7, the given Arch of Latitude 
AB=v, Sine DB, Meridional Parts of AB =z. 
By. Conſtruſtion of Mercator's Chart, as Coſine of 


che Latitude Ur Y): Radius (r): (b: 2: :) 


6: 2 == =» but by the Nature of the 
| Circle d = Shes -whence & = . Wh ; 
1 — 7M Las 


- whence, by Form the 6th, z = —— X Log. 


* 2 = 2:30258r X Log. — SP But in the 


£7 4 — 
N Triangle 


: 


SY CW ID Wo 


e 


of 


I 


Tee FRF as EB V-): Rad. () : :: EFF 1G, 


£ 


= 7 . 9 = Cotangent of half the Complement 


Sees I. of FLUXIONS. . 147 


(149) + Tangent of the tac 1 _ » 


1 — 
of the Latitude AB, whence 2 = 2. 30257 x Log. 


Cotangent of half the Complement of the Latitude. 


Log. RId—. 715.70 og· T. co Lar.* 


of Latitude : : ſo Tangent of the Courſe--: to 
the Difference of Longitude z and — > 


And by Correction z ='2.302585r x Log. Cot. of half 


the Co. Lat. — 2.30258r x Log. Rad. and this is the 
Arch of the Nautical Meridian. But ſince the 
Meridional Parts in the Tables are expreſſed in 
- 2.302585 X 180 x 60 


Minutes, therefore " 2 


FO * 14159 | 
* Log. Cot. 1 Co. Lat. — — Log. Rad. = 7915,705 x 
Cot. + Co. Lat. Radius 


Cor. 1. Hence the Meridional Parts for the | 
Difference of Latitude of two Places is = 9915,7 * 
Difference of the Log. Tangents of balf their Comple- 
ments of Latitude. 

Cor. 2. Since Radius : Meridional Difference 


Rad. - 1 


791,0 


000126331, therefore 


As „000126331: 

To Tangent of the Courſe : : 
7 the Dif} of the Log. Tangents of balf the Comp. 
of the Lat. 

To the Difference of Longitude. 


_ Otherwiſe thus. 
Let f = Tang. of the Latitude AB, DC=x, 


then by the Nature of the Circle yy/= 77 — xx and 


U 2 y 


145 


y 
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FIG.9= e =D, Bur by Trigondintry, 


= tx, Likewiſe x : 7: : 5 : 4 => And by 
the Nature ON n *: 12 2 


0 * Ix = But mx 9 = 
5 3 
xu, whence x = © Fe and y = 
rt . | 2 
| 2 =7 , * * = "= * and y = 
EE nr two 146 
; therefore 2 = — 
1 * | IT n 
= — Therefore, by Form the gth, à = 
+ it 


2. 30258r x Log. ft +VIF#: But if / is the Tran- 
gent, Vi Tn is the Secant; and by the Elements 


of Trigonometry, Secant + Tangent = Cotan. of 
half the Complement of AB. Therefore 2 = 
2.30258y K Log. Cotangent of half the Complement 
of the Latitude AB. 


To find the Meridional Parts for the oblate Spheroid. 


Let the Semitranſverſe CA =, Semiconjugate 
CG Sc, Arch AB , Ordinate DB=y, CD=x, 
Meridional Parts of AB, put Z; and . = Tan. 


of the Lat. at B, as before. 


Then by the Nature of the Figure cory — ccxx = 
TY, and —ccx# =rryy. But by Trigonometry, 
51 = 4 3 | 

5 * 15 : Rad. (1): 71 = 2 11 


« 


sed. I. H FLUX-IONS. 
by Merrator's * 2 172 94 5 — 


4 


And Gee cr. we ſhall hank: . 


Vr 
rrecc . 
— —— and — 6 2 
a Wee BY JB rr + ett IS 
— — ö but v= MT = / = 


rr + cat 8 
7 rech. + rei. = | UI 411 ; there- 
cet 8 Nane rect, 


i DN + ect __ 


fore Z (==> } = === 9 
(7 2 1 Þ+ cet X 
rey Fit » AB rain nt 
rr er 141 "Vi 1 Fe 
rect — 1 


——ů nn 2 
rr + cctty/ 1+tt . 


| Colet. Latitude, then 2 = - . 22 "0 
| f VIII rc 1＋ It 


f | 1 bs" Fi | 
= 2 — rf x == —ꝛ = {by Form 
ce nl | 


0 "ER Ne 4. 
the 23d) 2 — rf X Corr v XR = = 


2 — 4 * 3 3 whoſe Fluent, by 
If — 4 — IT 

Form the 6th, is Z . | * & Log: 

yt nv 


— can ö 


nn Aer 


= * þ . 
det os 8. Uu h 


n 
1 F — REN 
TAD ra ba = 1 8 


g 


3 WW Doc TRI 
10. N 2M 


all has 


2915: 75 xLag: MOLE Or putting 2 


p * 

r | 
* . =4, chen will Z S 2915-74 x Log. 
= Where | EX - tl Colecar of the Lati- 


tude to the Radius I, and z= the Meridional Parts 
for the Sphere. 


Is, wy Wwadld tf © % & MK 


Or thus, 


. LI e | 1+dy 
: Since 285 therefore —— — 2 . e 


2 Ig 7d x Log, e W 


— dy 8 
I +dy 
nometry, / —,- Cotan. 4 Arch whoſe natural 
Coſine is dy. Therefore, let y = nat. S. Lat. 1 
Arch whoſe nat. Coſine is dy, to the Rad. 1; and 
Log. Cotan. + I — 10, as had in the Tables; 
then Z =2—7915.74dB. 
In the ſperoidal Figure of the Earth, we ſhall 
have d =.093, or thereabouts, according to Sir 
7. Newton ; or d=.148, according to Maupertuis. 


rere - Kern 


— 


Ex, 


of FLUXIONS. 4 
my a . 12. 7 289 1 
7 be Nature nf the "EE FIR 
» find Line will form itſelf E eng er 10 


Let the Line be ſuſpended on the two fixt Points 
D, P, and diſpoſe ſelf into the Curve DA; Aits 
Vertex, A2,its Axis, and BC an Ordinate. 


1. The Part of the Curve ABD is kept in its Po- 
ken by a certain Force at A acting in Direction AZ 
parallel to the Horizon; For if the Line be cut thro? 
at A it will reduce itſelf to a perpendicular Pofition: 
And this Force acting at A is always the ſame what- 
ever Length the Curve be of; For if the Line. be 
cut thro* at B, and: then the Point-B faſtned to the 
Plane; it is evident the Force at A is neither greater 
nor leſs; for the Reſiſtance of the point B does the 
ſame as the Tenſion of the Line in B did before; 
and the Force in A or the Tenſion of the Line in 4 
muſt remain the ſame. © 


2. Let @ = the given Part of the Line whoſe 
Weight is equal to the Tenſion of the Line in A, 
and A , BC=y, ABZ, draw the Tangent 868, 
and BR = BA, perpendicular to the Horizon, and 
RS parallel to it. The Line BA is ſuſtained by three 
Forces, for its Gravity acts in Direction BR, it is 
drawn at A in Direction AZ by the Force a, and it 
is ſuſtained in B by the Tenſion of the Line in Di- 
rection SB; and theſe three Forces being as BR, RS, 


and BS, and BR=2 by Conſtruction, therefore the 


F orce 2 = RU Whence by ſimilar Triangles BR (z): 


RS(a): : bo(s): Bo (9): 2421 e which | 


is one Property of the Curve. 


3. Take Br Bi the Increment of the 8 
draw 7# parallel and Bn perpendicular to, BS, then 
is nB=Bo, and rue. Since BR is the perpen- 


dicular 


8 
— — © ” * — — _ „ - — 
FFF 
— _ 


| 
Phe DES ita; TFH 


282 
F I G. dicular Force or Weight of the Line . Br or 


9. 


+ is the Increment thereof, and therefore x is the 


- Intrechent:of the Tenſion of the Line in 3, and &. is 
the Fluxion of the Tension, and cherefore the F luent 


kx Tenſion or Force acting in Direction ar; But 


1 O. 


— 
| hence f the Curve may N conſtrued, 


in A where #=0; this Tenſion a, therefore by Cor- 
fection, the whole Tenſion drawing in Direction of 
the Curve is a2 1; and this is the Force BS, as was 
ſhewn before: Therefore * by ſimilar Triangles 


23 4 2 5 whence ax T 


* za, and the * Winch 58 
another Property of Curve. 

4. If the Poine) B ha the Angle RBS 
or 8BC be half a right Angle, then will 4B or = be 


4s. for then X55 and = =(5 2 
— 4 ax 
N& 4 Sicce D 2 2 = = 
5. 5 ax t — | 
rr therefore by Form ap = 2.302588 x Log 
| — 
oi 


= 2.302580 x Log. 


E x. 13 


20 fad the Nature 1. the. Curue BM. in which a Body 
moving (after t Fall tbro AB), it ſhall has equal 


— in equal Times. 


Let AB=s, BP=x, PM=y, now ſince the Ve- 
locities of Bodies are as the Spaces deſcribed in equal 
Times, and the Squares of the Velocities are as the 


the Far fallen from; therefore 2 : 4+x : : (Square of 


elocity in the Axis at P: to Square of the Ve- 
locity 


ms — a 


S$& L of FLU XIO N 8. 2563 ' _ 
lacity in the Curve at M : Pp: M-: 2 4 ::) FI G. | 
** : x*+y*, and by Diviſion a:x::#*:9*; there- 10. 
fore xx* =ay*, or * g, and finding the Fluent 


tay, or qy*=4x3: Therefore the Curve is a 
bai cubical Parabola convex towards BP. 


Ex. 14. 


If a Body be projected from any Point A parallel to the 11. 
horizontal Plane BC, and be urged towards that 1 
Plane with a Force which is as any Power of its x 
Height above the Plane; to find the Nature of the Frans 
Curve it will deſcribe. oh. We 


Let AB=r, AD=sx, DP=y, v = Velocicy ac- | ö 4 
uired in falling through AD, t:=Time of falling, 1 


= Force in D or P, which ſuppoſe to be as BD. 


1 3 „ 


x — & x 
_ and fx -x, therefore v 


V „and 


f 
Now from the Laws of Motion v o ft, but z& | | 
| 
 ———y * k : g 
. Jo=X * — * N e . # —_ 
v& ———— or vy & 7—x x; and finding the Flu- 


ent = o —, but in 4, x go, therefore | 1 C 


* — 1 | | 
"> "RR | 
But the Fluxion of the Axis is as the Velocity of a 9 

deſcending Body, and the Fluxion of the Ordinate = 
is as che Fluxion of the Time, or as a given Quan- 


3 wow * | 
tityb; thereforex:y:: (v=) 2 = — | | | 
| 


X 3 = 
* 3 7 1 hn 

* g LJ 
4. - = 


the Fluent corrected is vv & 


— — 
— 
— 
l = evan 
g " 111 FIT _ 
aarvS 26 rd ra ES 
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FIG. : 5, whence j = — ==; orf= 


— 


12. 


13. 


14 


7 FR 
AF — r—_x 
| the Nature of the Curve. 


Jet | — 


a+1 a+1 
bx 


PF. , and the Fluent will give 
n 1 


bx 


y 24X—xX 


Casz 1. Letz=1, then y= : deſcribe 


the Quadrant AEF; then by the Nature of the Cir- 


cle, Arch AE = Fluent of — = , therefore 


ZT — XX 


"ww y or DP = => x Arch AE, and P will be in 


the Curve 3 ; 
Cas 2. Let ngo, then y = = and y g ix, 


or 4b , therefore the Curve will be a Parabola, 


as is well known. 


4 


Cask 3. Suppoſe # 1=—1, Here we muſt have 


Recourſe to the b Proceſs itſelf, and there we 


ſhall have v4 o - —-— 3 deſcribe the Hyperbola HE 


tothe Aﬀymprotes "4B, *0R then the Area ADEH= 


F luent of, A =; therefore v & V ADEN, and 7 
3 
Area ADEH 
Cas 4. Let u =—2, then y = bxy/- 
Let AE be a Cycloid, AG u, DE = u, AG AGB 


being the generating Circle; then « = v + * 
an 


for the Nature of the Curve AP. 


[Ir —Tx ' 
Xx 


DS WRMoOo Oo APD) AA% mh 


* Ni 


Sect. I. of FLUXIONS. , 


12K 


2Nrx — x 


— ** — .- But j NAV 


—= —x 


whence y = buy/r, e take DP = . X 


DE, and P will be in the. Curve. 


br x - 
Cas 5. Let n=—3 z then y 2 AERIE 
W2rx — xx 
whence y = . and the Curve is an 
Ellipſis whoſe Semi- axis is AB. 


Ex. 1 [A 
To know whether a given Curve Line be concave or 
convex towards its Axis, in any given Point thereof. 


Let AB be the Axis, BC any Ordinate, take DB 
=BF, and draw the Ordinates De, Fo infinitely near 
BC; draw en and C parallel to AB, and produce 
e C tok. Now by the Nature of Curvature, if the 
Curve be concave towards the Axis, in the Point C, 
and the Ordinates increaſe, then the Point o of the 
Curve will fall between & and g, and therefore the In- 


crement g is leſs than »C, whence ot or go -A 


that is g o—#C, will be negative; but ok is the ſecond 
Moment of the Ordinate, and that is as the ſecond 
Fluxion when F and De approach to, and coincide 
with BC; therefore if the Curve be concave towards 
the Axis the ſecond Fluxion of the Ordinate will be 
negative. And the contrary will happen if the Curve 
is convex towards the Axis. Wherefore 
Let the Axis AB=x, Ordinate BC=y, then com- 
pute the Value of y by the Nature of the Curve, 
and ſubſtitute Numbers for all the Quantities if there 
be Occaſion, then if its Value comes out negative it is 
concave in that Point, if affirmative it is convex to- 
wards the Axis. 4 
Ex. 


15 f 


and s =v + 8 _ 
1 


18. 


16. 


1 — „ — 
— * 
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Ex. 16. 


In I G. A Line being inſlated 1200 the Form of 'a Curve, and 


17. 


kept in that Ferm by à Force or Preſſure acting per- 

pendicularly upon every Point of the Curve; to ud the 
Proportion between the T enfion f 'the Curve, and the 
Force afting perpendicularly upon it. 


Let AB, BC'be two equal Particles of the Curve, 
and let the Force acting on the Particle B reduce it to 
the Poſition ABC; compleat the Parallelogram 


ABCE, and draw AD, CD, perpendicular to AB, 


CB; and then the tour Points, A, B, C, D, will lie 


in a Circle. Let AB or BC=z, AD or CD=r: 
Now by Mechanics the Point-B is acted upon by three 
Forces BA, BC, BE; BA or BC is the Tenſion of the 
Curve, and BE is the Force acting perpendicularly 
againſt the Curve, therefore theſe are to one another 
as BA to BE, or (by ſimilar Triangles) as 1 BD to 


z. Let now the Points A, C, approach to B and co- 
incide with it, and BD becomes zr, the Radius of 


i . ” . 
Curvature; and 2 is the Particle of the Curve, 


 Whereon the Preſſure acts: And therefore the Force 


acting perpendicularly on any Particle of the Curve is 
to the Tenſion of the Curve, as that Particle of the 
Curve is to the Radius of Curvature in that Point. 


Cor. Therefore if the Particle of the Curve and 
its Tenſion be given, the Force acting againſt that 
Particle is reciprocally as the Radius of Curvature; 
that is, directly as the Curvature. 


f 


Ex, 


{ 
& 


o 


Set. I. of FLUXIONS. iy i 
Ex. 1). |. 
ZAF js a Curve Line ſupporting 4 Fluid; 10 fl Ar FI G. 


Mature of the Curve. 18. 


Lt the Axis of the Figure CA=, CD=x, Di. 
Bx, let 2 be given: By reaſon of the F luidity of 
the Water, the Tenſion of the Curve is equal in all 
Points, and therefore by the forgoing Example, the 
Preſſure at ; is reciprocally as the Radius of Curvature | 
in B. But by the Laws of Hydroſtatics the Preſſure at = 
Bis as the Height DB ory, and (by Prob. V. Sect Al.) = 


the Radius of Curvature is SA — 


and aſſuming the given Quantkey = —, 5 585 


4 4 ll 
1 — 

or 7 and dhe Fluent 428 aax ; but in 9 
A, * and y=b; therefore the Fluent corrected is | | 
4% aa = yy — bb X 2, or aa = aa + = x ' 


aa—bb 
WEST 5 „which reduced gives & = 2 
9 n — 
for the Equation of che Curve ſought. 1 
Con. Draw EK perpendicular, and IX at 1 
ED, and alſo the Tangent EI; than if EKS p, EI 1 
=4, s = Area EA, which is as its Weight, then {mn 
(by Mechanics) p :q::5: 5: © =Tenſion of the Curve, k | l 
whence (by the foregoing Example) fince * = Preſſure 1 = 
at-B; it _ be : : 2 and thence = Will 
5 1 * 7 9 


4a s 1 
S = oO &, and therefore „S0. 8 1 


Fi a "he. a= Z 


— — , e Ie —⅝ſ . RO 
— — 
1 _ > 
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Ex. 18. 


Fr I CG. To And an infinite Series, er ſeveral ſuch, whoſe Sum Þ | * 
may be bad. | 


* 


Aſſume * = — or or —— 2 For 


1 Example, let v = == ITI TMN &c. 
| *: x, therefore = + 1x* +24" + 1+ &c. , 
| + 94z then by 


putting this into _ Fluxions, — ſhall find 1 


goo 
Suppoſe the. Fl: v' = — 


2 ON — 9 ＋ 0 83 2 1 
1 1 ins, » +1Xx—1 - 
= FT * + 8— + , + i, Ge. a 
to or Vz therefore „: nt + a 
* 18 +1 +1 
- 5 — Cc. + X — v. Whence Fl: v 8 a 
Fn (C i „ — 1 
r er 38 =» Sc. + 
* — v. 2 
z x3 4 
But Fl: b Þ 0 = Fr r 
** ＋＋2 ants ant t 
+ Ewe. = was omar hs , . 
N a2. 2 πfſf g; 3xt+4 i 
ad infinitum. | | . 
oy +2 | 5 
Therefore ©- — + 1 GE = _—_ uf . 
a n+2 2 X#+3 1 
** T : 
rt os Py Pb Sc. to x. N A 


B+ 1 11 n | Put 


Sed. 1. F LUXIONS. 


. * — So, and then x = 15 
n+l 
Therefore, the foregoing Series will become 


3 1 1. 


+2 * 3 *r e  4xn+5 
EF #0 
8 — 5 *2F1 + þ = —_ 


7 


mow — &e. to 1. 


Or, which is the ſame Thing, * :1 +4 


+73 + + &c. to 2 = Sum of the infinite Series 
* 5 og I 

4 — — 2 -———= 6c. 

#72. 2x3+3 3 X#+4 1 4 Xn+5 
Now if » be put ſucceſſively equal to any Integer 

Numbers, there will be had ſo many infinite Series, 

each of which will be equal to the Sum of a given 

finite Series. 


For Example, ſuppoſe 1 = f, chen! X 1, or 


= to the infinite Series 2 + = + += + 


7 = „Se. 
* whatever be the Value of x, if v or 


the F: — be known, We ſhall always have the fi- 


.nite Series — *: U- TTA 
** ＋2 x*+3 


£5 — to the Series — x — 


ntl 1xn+2 2Xxn+3 


* 4 . ; 
+ + „Sc. ad infinitum. 
3N¹ 4 N s 


+ - — 


— . — — — 2 —— . TT - —— — — — —— — 7 I * a 
—— 4 wy —w _ . » - » r — — - "© ©; 1 
- — 1 | 


_” "i OY 4 EY 9 ti 


3 
1 
ms 
Fi 
#71 
A 

1 


. \ \ = 3 | —_—_ = - enn . 
_ > y . 
Thi beg Mi Sat s — W 0 


* 


"ho 


The | 8 


FIG. The like may. be done by afluming apy _— 


Quantity for v z as for Example, let v = F: Wr N 


. 


„ = +108 +966 +9, b. and 


v=r+ ++. 3 „rie, Sc: 
+1 
Suppoſe, as before, F.: vr = = + 1 then 


„ 
r — 222 9 
141 WEI 1 AY TY ; 

78 BY 80 1 ; K* —1 + Rx 4 
de C 
* *—7 1 71 * 
8 eee rnd tt Y 

&7. 419 r 

+ 7 ” 10 —1 
Again, F: vv = F: x N: Fry. 
+2 +5 * ＋ 8 ; 
KS? ee 3 + 1 &c. therefore the 
, #42 aqaxu+5 7xn+8 850 
n 3 

. : Fo — 
finite Series —— * e than, 4 4 ＋ 

| —.— 

—. S the Sum of the Series of 
7 H—I 2 ＋ 2 | 
2 ＋ e 
N 1 Sc. ad infinitum ; where u is 
axnts 7Tx1+8 


any Number in this Series 2, 5 8, 11, &c, and in 
nerd, 


If 7 Mr. then 2» muſt be fuch * n+1 
1— ** 


may be diviſible by n. And if you make vr — v 
So, and x = 1, as before, you may get as * 
particular Series as you pleaſe. 


Ex. 


sea L x # FLVXIONS. 


= PRA 1 1 
— % 41 1 UISILST 8 


Ex. 19. „ 


0 


On FJ You n of a:fimple Expreſſion , HF FS.. 
1 ad a * 2 — 25 up het 18. 


Pur av = # and Oe the Index by two Parts 
as teri, then aſſume F = 


Fr ett +5, 


chi F'or EM Si IX; I I whence's 
— iK FEA — —1 At. Again, by 


Aſſume 1 — ue + 42 B- 


b+4d 
x—+1 14 1 12 2 „ 

Aſſume 7 = e x—+! + v = Cote. 
n „ "Oy 
Alam v . +; i &c. 

| 
Whence For Fl: Py x F< + _ 


e "iſs I | 4 
Leb +3 e +3 A* Ge. = Jr 


where * B, C, &c, are the pteceding Terms. 


Therefòte taking c, d, e, &c. any Quantities at 


Pleaſure, the Series will be known, * the Sum of 
it given 


1. Suppoſe a=, þ b, c, 1 e, &c. 2. Then Fl: 
BED Xt} 1 +A+ 15 ＋ 20, &c. 7 There- 
fore. 4 M +1 8. &c. my. 


. 1 nn * 


8 a 1 | 2. Sup» 


= = 
- 
_—_ — — 1 .— ST 


8 1 
— ow — — — — . — 
. 
* 1 © 
1 a — 


ot an 


CUE 


\ wy = POL, PP * * W 8 9 eo of ine 


\ ; : "= : > 
J 
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FI G. 2. Suppoſe 5, c, 4, e, _ = m. Then Fl: a 


* 
t ee + 28 
Jen deen n 


U, gu- MATS. vin Wl 8 Ar. 
1 = 
m1 - 
» 213107 2” 
3. Lern antet, nb 4s, Ne 
be Err cunts + e 


n e 1 

* F 5 alſo ors: + 
' 141 2 ; ; 1 

N ——B PEI —— 


| | EE, 2A 3 1 a. Ex 20. . 


213. 7, 0 find Be FE which a a feld Line NAR 0 put | 
A into by the Wind, or any Fluid moving. 2 "i 


Let A be tlie Als? id BE, Cf Oiditidtts in- 
finitely near, B⁴ pant to AE. Call AE, * EB, 55 


B. 25 N. x4 Cd, Y; BU, = ; and let 2 be given. 
The Force of the Fluid _ perpendicularly” againſt 


the Particle of the Cutie 27 is as the. Quantity of 
the Fluid. ating on it, and the Sine of Lncidence, 


that is 5 or, chat is as 1 8. And. (by 
2] | $ 235% BD 02.40 | Nog QUE . . 

Ex. 8 defore) that Force will be as. the Cur- 
vature in B, or  Feciprocally 1 as the Radtus of Curva- 


r 2 
ture, that is (by Prob. V. Sect. II. ) 297 ; there- 
8 fore 


| LFKY310Ns 
— 2 * ad 2e therefore >. = 


E 
_ 1 
Bite” i and the Fluent is 7 ; bue ig 4, 5 


2. and & = o, thetefore as correSted Flyent is 


T whence ) = a& — 7. u per; 


a+x X = 4%, 2 X S. — . 2 be, | 


TDI 5 45, = 


2ax + xx 


and the Fluent fake =; to 


— — 


the Chrenaryr 
- Ex. 21, 


To find the Curve of Tractieꝝ t0 p right 7 That 
is, if a heavy Body be placed at A. nde Cord AB 


= ++ * 


Is * *, and Z = xs, | 


263 
F 1G. 


413. 


1 


228. 


of a given Length faſtened to it, and the EndB 


drawn along the right Line D to find the Curve 
deſcribed by the Body 3 | 


Let 4B e BD, and let AE be 


the Curve deſcribed by A w the Ordinates _ 


ec infinitely near each and +. to BD, 
draw the Tangents E D, 7, ny; Do L to 74 


Then put 4B, E D or 74 =, JE=Zz, Cx, 
EC=y, e then b -, and 255 = 2 . 
And dy Amilar Triangles, 5: ::: - E, and 


5 -= : © —y , whence | 


r 


And by Form 2d and 4th, z = —bL x Log: J= 


ak rag; bb —55. But in A, 7 b. . 
thereſor th correct Flyent i þ 65 = 2, 30258), x Log: 


= 223225Y Log; 


But 


{ide aa at i. nem 


1 * 


We Doc rin N 
3 = 1 1 
N | 


= + Pow and * om 
the . and 3d, Bn: Fluent is „ 


1 Sn e . 


4 


8 % 
5 DI. | "Iu Fg = 


228. 


65 *P ov» 1 bbs 2 
25 2 — * „7 by Form 
} 
Gch, the Fluent is—s les , Therefore 


K 2 —4 N + 2 80268 ö x Log: 55 
| 202; LL n 7 ; 


| Ex. 22. | 
229. To find the Curve of Traction to 4 Circle ; or the Curve 
E N deſcribed by a Body NM, drawn along by a Cord 
| DN of a given Length, while the Ex D paſſes 
through the Periphery of the Circle BAD. 


Through N, u, two Points i in the Curve infinitely 
near, draw CA, Ca; and the two T ts ND, 
#d; draw DF + to CA, and Do to =; 


and draw CD, and allo CEB. 
Then let CB r, EB or M, BA=x, c TY 


 EN=z, Mr, DF=s, NF=P. Then in the 
Triangle CDN, rr = bb + 2 + 22, whence . 
fl | —— In A =. Then ſince 'ND=ad, 
= Nu or S = de alſo © d AD=DI—Aa= 
_ Dd — X, and n and by the Nature of the 


Circle 922 — By ſimilar W 11K 


Tr —w 7 


Set 1. rnb ing © 
TE ; ns => | And the Triangles DEN, am FIG, 

being Gmilar,, 3+ b': ; = : ==, and by 

Trigogomerry b:s » (8.DCN) :1 9 C 


or dDo; and : 4 (Dg) : 2 (Ao or) Z= - 


x * Sx +50 bx 
2 wy 2 — 2. and — 77 * and $5X 
$5Y + 
+ 550 = bbx ; therefore x = FT = 
ris — „ 3 * rhbs © 


Rv = r "Mm FR 4 
By Form 10th, the Fluent of = Arch 


= D 
whoſe Radius is r and Sine 5, and is therefore = 


Arch AD; ly edi OE. 
bb—ss Vir — W 
rbbs—3s 


by Form th 
= Form "OF 5 10 230) 


| rhay 1 Swe, i RR : o ts 
Jang — & — —— X — — 
— rr | 3 

7 7 ny 


__ 4 
With. 


77 — — tbo 1 
bbr 
whoſe Fluent (by Form the eth) '= ve we. 


5 * 
W— K g * 
F 


—_— Ii; Doc rz F 2 
1 6. 2 MIT B /EEL 


= x Log: — 
* 20 7 IFRS. 


— r=n L 2 
258 = = 74 x Log: rr —bb Mi 
Ir 


N fi 2 — lb 4 5 
Therefore * = pg - of * Log: 
4 4D. 
rr — r 
; 2 | 

Again P:5:: 5: = E,; 

and #=2.302g8þ x — Log: 1 — 1 and cor- 
n 

wx Z=2. gangs x fog N 


3 1 Scholtun. 
Since = — 7 — berger when y is. 


—.— 


2 So, and rr— 


Maximum, er 


3 — 9 = 0; whenee 3 = IETF, ; then P=0, 
and 5=þ, Therefore the Curve can approach the 
Circle no nearer than V=; therefore if a 
Circle be deſcribed from the Center C, with the 


| Radius Vrr- , — will be an Aſſy mptote 
to the Curue. — * 


And let theſe ſew unos b. here ſuffice, to ſhew 

"the Application of the Rules, to the Calculation of 

— Problems.” We will now proceed to the 

eſolution of more-genera} Problems 

and r fl . * 
8 


* 


F #7 


— — — — 
75 


— 


— — tele ae 
2 
. 


7 


333 — Fo * * 


: 
* 
- 
C 
: 
; 
* 
- 
- 
: 
. 
| 
: 


he 


m— . ho * ” 


„3 


", 


: - 
* 
* 
- 
ff 
+ > 
— 
: „ 
* | 
— 
* — 
— 
. a 
1 
1 
* 
9 
" In” 
0 | 
— * 8 
3 
* . 4 
4 
* . 
1 7 1 * 1. : 
: F * 4 
" 
- 
* 
- 
* 3 
„ 
- = 
- 
9 
a * 
* 
4 * 
. 
5 - 
4 
* 
4 - 
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| | * . r * 47 „ 3 
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6 N . 0 ax 5 
7 \ * 9 Is * I . : * A 4 * I Sv \ N . ka : \ "2 I 
ad "of : 
a 4 = , 4 \ : * oe. th . ” . vaw# * 
1 vi Raülnes re eee eee ts 
* i = a ” 


1 - 
* ” 1 1 
5 : . . k I. „ 4+ *%,. a7 * , 1 1 Na \*Y 
” . | " 9 wa , : ** © : $4 4 
— 


SECT. = 


my 


N 
iD YR 54 


The Plas an a ad e — 


the mof general and 22 Pro 
JESS. G 59/41 209 


4 - % . * 
, 1 FT + # — 


gk gs > 85 *. k 


in dee, the Marino nd Minime of - 
NT rat n 


HEN ntity aden to 0 ib 
e bd poſſible, under certain Con- 
ditions, it is called a Miximum or Minimum; and 
at that Moment i it neither increaſes nor decreaſes, and 
therefore its Fluxion is nothing. Now fince any 
Quantity is a Maximum or Minimum, when its 
Fluxion is nothing, upon the Sappolition-of onhy one 
variable Quantity therein, and the fame is true hen 
any other Quantity alone is ſuppoſed variable: Con · 
ſequenrly when there are ſeveral variable Quannties 
in the Maximum or Minimum, then each of theſe 


8 * 
w- 


fore 


1. Put the conſtant Ouantity 1 m. forthe Murten or 
im Wie and get an Equatton inv8loing mM, 


214 


Fluxions mult be ſepatately equal to nothing. There- | 


rr 


168 5 


| Fluxtons, and 


given, will determine all the unknown 


- Conditions of the Queſtion, 


. Minimum N and this is done by putting tbe ſin 
variable Quantiiy in the Maximum ar eee 


2 30. 5 


| Peri an infinitely A The Part of the, Maxi- 


: 


Equations, exterminate 
as many of the variable Quantities as you pleaſe, if 
there be ſeveral : Then. put the remaining Equations into 
tron exterminate one Fluxion, 
till you have but one Equation ; in which (brought al 
to one Side) make the Sum of all the Terms multiplying 
each particular Fluxion, . o, and you will 


get as mam Equations, which, together with thoſe at firſt 
Quantities. 


Sometimes we muſt make the Logarithm-of the Quan- 


5 fity o Maximum or Minimum, or the Log: of the Eo. 


garithm "of ity, &&.. and Put its Fluxiou = 0. \ This 
Proceſs is ſometimes neceſſary in exponential Quantities. 
For if the Quantity itſelf be a Max. or Min. its Log. 


will be ſo too. 


2. But when the Fluxion of any Jingle Quantity is 
found So, then that Quantity itſelf is _— a Maxi- 
mum or Minimum, or a ſtanding Quantity. Or i an 
impoſſible Equation come dur, the "Quantity will have no 


Maximum or Minimum but what is infinite. Oftentimes 
the 


Equation will bave ſeveral Roots, all which muſt be 
ſeparately tried, to ſee 2 them will anſwer the 
give the Maximum or 


to [roeral 2. 2 1 alues expreſſed in Numbers. 
When the Natute of u Curve, 28 E C D, is gabe 


then ſuppoſe two Points of the Curve F and & to be 
1 then we muſt find an intetmediate Point C, 

that the Part bet wern Fand G, or FH and G1. 
may be a Maximum or Mininum. For it the Point C 
— that the Part between FH und 


I be a Maximun or Aae tis plain the whole 


cannot be ſo. Therefore, gat 56 Nut no 
3- Draw IWw0 Ordinates F H, G 1 infinitely Auer. . 


mum 


N The: Derain * 
'F I G. by Help of which and other given 


which ſhall contain ſome Maximum or Minimum; 


1 


Set.1l, of FLUXITONS. 169 
mim of Minimmem, and alſo of the given Diuntity m F I G 
tioned in tht Problem, to find an inlermediuit Print C., 2 40+ _ 
draw the Ordinate P C, an atithmetic Mean between the | 

. other t FH, GI. This ordinate divides theſt in. 
#itely ſmall Quantities into do Paris; thth the Fluxion (Tl 
of the Sum of each muſt. be put = o, which gives twd "A 
Equations, from whence the Naturt of the Curve will == 

In Caſes more compounded, where the Problem : 

involves ſeveral Conditions, and the Nature of the | - 
Curye is required, Let EFH D be the Curve, and 
ſet any Point F be given therein, and let C be any 
other Point in the Curve, infinitely near F. Draw 

the Ordinates FH, CP; and Fin parallel to the 
Axis AB. To find the Situation of the Point F. 
ſo that Ax FC x Fm may be = @ Maximum or 
Minimum ; ſuppoſing A, B, conſtant Quantities. Ler 
Fm=s, Fc=t, Cm=n, a given Quantity. Then 


| #;] 
A vioEi—Bi=m; in Fluxions = —B; =o, 
| a ants 


whence 4s = Bynes; = B t, for the Nature of 
the Curve EFD. Now ſince HF (ory) is given in 
reſpe& of the Point F; therefore 4, B may be made 
up of y and any given Quantities. And the ſame 
Thing holds good of any othef Point of the Curve. 
Therefore when At Bs = mm, the ation of the 
Curve is As = Bt. But fince At — B. = Max. or 
Min. therefore the Sum of all the 4 t — Bs = Max. 
or Min. that is F: Ag -F: B = my where FC or 
2, Pm ors = x: And if either F: AZ or F: 
B x be given, the other is either a Maximum or Mi- 
Whence the following Rule, 


4 LH AH = x, HF =y, EF = 2; and let y be 


given; and ſuppoſe F: A F: B n. Where A 
On bak” 45 


170 


230. 


F 18 and Bare given Quantities, or madeup of y and gi 


The Doc r RINA 


| en Quan 
tities, or ſuch as denote a Maximum or Minimum. And 


| all the Conditions of the Queſtion being properly expreſſed, 
collect all the Quantities affected with 2, for the Value of 


A; and all the Quantities affected with x, for the Value 
of B; then theſe Values being ſubſtituted in the Equa- 
tion Ax = BZ, inſtead of A and B, gives the Equas- 
tion of the Curve. And the ſame holds good if you make 
P. — F = A or Min. 

| 47 $*e . 
Concerning curvilineal Spaces, it is in Effect the 


ſame Thing to ſeek the greateſt Area contained under 
\ 4 given Perimeter, as to ſeek a given Area under the 


leaſt Perimeter. The ſame will hold in Reſpect of 
Solids and their Surfaces. * TN 


f EXAMPLE 1. 

To find xz+yy a Minimum, ſo that «+y+2z:=b. 

Put xz+yy=m, and expunging z, Þx—xx—xy + 
m. In Fluxions þ&#—2xx—yx= xy +29) So, and 
taking the homologous Terms, bx—2xx—yx=0, 
and 2y/—xy=0, whence 2x+y5, and x=2y ; and 
therefore y=1b, xb, zb. 97 * 
Or thus; | 
Since #2+yy=m, in Fluxions x2+2# ＋ 2 o, 
alſo from the Equation x+y+2=6, we have x + 


' +2=0; and expunging 2, we get —xxX—»7 +2x+ 


2 So, and therefore zXx—xx=0, or z=x; and 
2yy—xy =0, or x=2y, whence x, y, z are found the 
fame as before. 2 n 
Note, In this Example if » be given there will be 

a Minimum, but the Maximum is infinite; and 

if y be given there will be only a Maximum: 
Therefore in general there is no Maximum or 


Minimum but what is infinite. 


Ex. 


b 


du 


Sect, II. 4 F LUX 10 Ns. 


FY \ 
„ 0 7 
— of - * p 3222 * 1 


Ae „ 1 
Tofind* the define Equation aa 1 F 1 G. 


For x write u. and the Equation is -m + amy + 
— zo; InFluxions am — / =o, whence 3 gm, 
by which and rhe former Equation, ” and Y are de- 
termined. 


x Er. 3. W 


Fo funda ure of 4 given Solidity b, ith the hf : 
bels Surface. 


1 „ Aldtade, * = Diameter of the Baſe, c= 
3.1416, then _ 2 B, and 2 Sum of the 


Baſes, cxy=convex Surface = — therefore £** 7, 


+ Sm: : In Fluxions. cx we _ So which re- 


duced gives = 2 and thence 7 — VT =x. 


. N Ex. 4 4. 
In the Stmicircle ABC, to find 'the Rau 4DB 19. 
a Maximum. : 


Let W. AD=x, DBU. then 


„Vara m, or ax. =m* : In 1 34x*X 
— 4X*X = 0, whence x = 24. 


„„en | 
Gives the Baſt AB and Perpendicular CD, in a 2Q' 
Triangle A CB, to * the Angle AC B, the greaief 
poſſible. 
Biſſect 4B in E. and let CD=p, AE =, ED=y; 


and V — (CB) 1 Pp ＋ 27 — 20 TY: 
| | (Radius) 


I — — ay ICS mmm - - -- - — 4 — = 2 
r reed 


"272 1 Deerzinr 


pR 
e 
= ee perry FS) 
MOR, od Wi nl. 11 6 WP; 1 
Lal A An le, 5 | 
„ 8 — — = . 0 
SPP +745 N 2 
m, and p+ + 2p * 277 +36 = 


R 
D u Fluxions n — 4995 + %o, 
and y3 — * * and one of the Roots is y go; 


— i 


the other Fe 1*'= 494 —PP is an im le 
tion Wien p is bigger dan n 45 give bop ore . 
Feat D falls in E. N N 
| 4 ; 15 . Ex. "TA 


at.. K: rhe Point Þ P bein ine £ en in the 7 ran 0 of the Elite 
ADR to find 3 the mere Di ante ts the Curve. 


Let AC = 81 5 AP=p; PR, Pg 
then . = 7 — X Mgr F and. 2 


77 He r =m: Ia Fluxions 
cee — OCPX ⁊ccxſ 


— + ans = Zo; reduced x = 


| 4 — — 
ZA * CP, Sy ; 2 a 
— 7 HIRE AIM eo = 


Ne ote, If CP be greater chan —— —.— , then x will be 


* greater than PR, which che ene of the. ee 


Will not admit. 


: 
1 - " - » * * _ 
* c N _ 1 — LEY 
: 5 5 : " 2 d- 4 * # > 4&4 4 © A 
. 
1 = — * =__ * * 4 * 
4 ' \ | my + X 
: 1 4 . 4 4 F i 
- —— * 29 - * . , C] 
* 4 N :, 
* % I. * pe 1 
* 1 
* 
- 


0 inen yoo x. f * „ *UbHoS 3) 


To draw the Line EF to touch the Angle C of be F IG. 
"RePangle ABCD, 'fo that the Part, contaigd 22. 
— the Sides A 3, A D x42 19993 may be : 
Minimum. ein en © 


Let AD=s, AB=b, EB=x, B4=b+ *, then 


"—_— 7y 4 


„ þ3 2 — . 


2 . e 22 — ute, 


1 
. 2 A — 60 = 2 
a This i in Fluxions is . eee * = 


* 
=0; reduced is &. Lö- AabN- aa , divided by 
x#+b=0, one of the Roots, and then x? 4a = o, 


We SY, pr from the . blog l. 


Or thus; arb. 
/ Grnlar Triangles x 4a! ns thin 


EF V r In Elux- 


| ere „ , | * aabby — . redueed 
N N | FRE 
053 aab. 


4 Ex. 8 


Te | fu 4 Cone « eras e ee 
* Convex Surface and Baſe b. 


Le the Diameter of the Baſe = gb Side = v, 
cxx 


853.416, then the Surface = === += Sb, and 
: Eg Solidity 


| g 
4 0 a _ 


CY 
PA 


The Doortring® 


F 1G. Solidity = —v/ dv = uz and expunging v, 
22. 

„ © 1 ax "1 abb ub e | 

Wc, 15 = / n, or KT 20x =144m" : ( 

In Fluxions, 86x * reduced . ' 

t 

hence * = I, * = and Height =» 3 

and the Height, Baſe, and Side will be as a, 1 Ba 1 


1:. And the ſame would be true if a Cone of a 
bels, OO leaſt Surface was required. 


| iv „ 1 
1 and h. that nr. H . may hes | 
N 4 (1 {35 v Minimum. 1 


t — 


\This rn in Fluxions is 3ay% — 21 . 207.1 
+4x%x=0: And comparing the homologous Terms, 
gay'y — 2K So, and 44% — 2%] o; whence 
200 Gag, and 2x*=yy, and therefore 30) =» and 
nce'y=0o, or y=3a 3 hence x*=o, or x*= 244. 
Note, if y be given, the Quantity ay? "Ap 
has a Minimum, but the Maximum is infinite; 
if be given, it has a Minimum, but the are 
is alſo infinite: Therefore if neither be ren, it has 
a Minimum, . no Maximum. 68. 4 | 


E X. IO. 
To find xy*u24 Maximum ſo that x+y+u+2=b. 
Here e — 1 and expunging *, "9124 „ 


m 
7 = 9 =m, or b—y—4u=z = : 
** - — Slate 10 TIE Jug 
3 3 


Ihle AMI 5 


geek, l. & FLUXxIORNS. 
— e 00 eue ſeparately the © homologous F-1 Gy : 


Yu uz 


1. 2 


therefore à = * Z = $# = Y, and AR" gd 497 .= 
| b—29, or y = 46; hence x b, , a= 
1* B, Z b. | | OG 


Ex. 11. 


To fnd @ Trapezoid ABCD of a given Arta b, whoſe 
two Sides and Baſe AB+B3C 1 Hall be the leaſt 
| - poſible. | 


Let BC=x, BAS), CD=gp perpendicular BE 
or FZ. Then y+x+u=m, and 2 — zz 2 
2 un 22 + 22x=26, or (dividing by 2) Vy— 


nr + 2x = = Put theſe Equations in into 


"Flaxions, and j+#+#u=0, and FD + = 
WB= 


— + 


1 293 
uh 2 —262 * 
EE — 2j —28 = — W Ez 
—2y So, and 4 = 3y*%. Allo — —— — 2 


u — ZZ 


— 2b% 


+ 2X — z and expunging x, 


So, and thence 42* = Zuu. Therefore ˙ = gu, 


SO. Laſtly ——— ole FN" — * 2 
2 4 — 22᷑ 5 


8 s that 


275 


2 3. 


114 
1 
34! 
1 
4 
f 


1 
i 
G 
l 
\ 

S 
« 
l 

14 


= —_ = \ - _— * ar” = pu po 8 T; = \ [1 | x L , = 
, ES od Rb a5 


* 2 
Be 


Sg . boeraiss 1 


tant 1 

AUP 3 
£ 10 4, = - 
a, bb — 2 


ES n. e x Heacs 


AB =2AE =2FD, and AB = BC = CD And the 


Figure is inſcribed in a Semicircle, whole Diameter 
I is 4 D. 
e Ex. T36 } dert d cee a 
24. hes t thy "I rs 4 Proj OY and its Rags AB G 
above the Horizon: To * the Angle of Elevation ( 
LAG, to throw it to the greatef Diftance Poſſible, ] 
on the horizontal Plane BC. | 
Let AD the Space deſcribed i in a given Time, | 
dr DE the Space deſcribed by à falling Body ttt the j 
jam Time; += AB; and let AG be the Line of 
rojection, AL parallel to BC, GL = x. Then by : 
\ - 2 4 
the Laws of falling Bodies, d : es: 2553 Be 


A, Therefore, AL = of EEE mas =BC 
n, or 22 4 = = — z In F «Ma SIX — 


adxx = o, whence * = pg Therefore AC = — We” 


vat F 2 ZS, AL't & 1 | 
=CG; whence the Angle FAC. is biſſected by the 


Line of Elevation or Direction AG ; and 4 — 12 55 
N: UAE: GH:: IR.: Tengent ef 
Angle * Efevation LAG: — 


118 — 


Ex. 


Seck. Il. PLUXIONS. 


9 275 | WH — 


, — — _ 4 TY * 
La . 
2 


: 


- 


If the Weight 0 le given and; the Radii of the Whed F I G. 
and Axel BA, AC ; to find the weight 9.5 to be raiſtd 231. 
by the Deſcent of w, ſo that y may receive the * 


Motion Poſſible i in a given Time. 


N 45 ad put 402 Sc, "a that the : 


| Part may juſt balance y upon the Wheel, and there- 
fore * Let 2b Velocity gain'd by Gravity in 
one Second, and v= Velocity gain d by y in its — 


in the ſame Time; and then e = = Velocity of w;_ 


and the Motion which would be We, in q by its 
Gravity will be = 269. But ſince the Motion of the 
Bodies w, y, is generated by the ſame Gravity of g, 
_ therefore that Motion will be equal to the former; 

for when the Force is given, the Motion generated, 


b 
in a given Time, will be given. But ov + 7 
= Motion generated in u and Is therefore + 


ns 1 
whence = — 2 CE ror — — 
22 2aby x Fw —ay 
— ay = ——_ 
by. the Queſtion, or == — . 18 


Pn Fwy — 220 X Fo + ay — af K = 
So and bburw — 2abwy — ag = 04. which. re. 


1510.5 k Aa duced 


= 
= 
22 8 
— — — _ — — > - — * i 
— — — — y — il 
x — SAT * . — " - 
* 
ler 
= = _—_ = * 5 Z 


7 
F I G. duced is y = FIPS : 


/ 


5% (Doctiditnw 1.22” 
4 2—1 bw 414% 


—ä5 ñ — 
= 


81 bee N bd e e * A 


4 


"222. 


- of the Si 
Falk. 


Colines REZX, RIS = Z. ROSS; Ba=4, IT 
and ett en Tay by 


" Add if o a, this 7 Ss, * = " 


ARS, SA SOIT ars 
Scholz. ni We nick 

? 'If the Brachium @ was ſought, al the telt * 

Sven, 4 come 227 the ee chat 


" > Ls — i Se Ad. +; Aa 
is, @ ==" - 2 £595.17 = 2301 
g * 1 


— 4 ) 
>» 


. 5 — 
Lo +64 of M4 # 4 1. - 4 7 EE 4 E= 14. 


The 1446 AD being tine, To tfvide it imo three — 


AB... BC; 3 Breduct LT gray 


Let AI Ni . AB 24 BEES, 
d. and Df; Sines BE=x," CI=y, 20 


milar Take X( 
700) : x (Bp) : 4 (BJ) = 'X 3 likewiſe 7 


2, and ang: And ning therd- 


And — re = Max. . rA + 


* 


7 5 v ue Doß 2 
| From theſe th two . we e — ech 8 


1 
- 
4 32 


1 1 F , F 


| of PLVXIONS. 


Se; II. 
cording to Art. 1 of the Rule) we ſhall h * — 


| Na: | . |; N 4 
But 2 == che 
nn TREE, i e 
Trutz of the 2 'B, E; 2 therefore the 
ts Arches A, B, C, vel 
2 Indices of cht Powers . SS Sy 7980. al 


os * tor any Number of Arches nn. . 


. / bb Be only two Heber A,B, then 
ama 7.8: 7. 4— 7.3: 


179 


F 1G. 
232. 


Roni, 2 * that 4 | 


Of! :-:: . 24 of the Arches ,4, B:: 
$. of the Difference z | whence the 4 Arches v | be 
Tout _ — - 


| e e 9 ions 4 8. Cx ws 
their TT #08045 de. . v d Nun. um S =#s 


2 —14 a cubic Eq uation for v. 


And if — 155 rches, yon hare a qiþ Power 3 


2 5 Arches, a gilt 


wer of v, & 
| 3 Ex. 


- 1 


N DOT Ann 


12 £ = grad Hig r idly 44% Yo 1. nA 6's 711/31 the 4 
978 : * 1 X. 15. | 1 
85 "IE £L I . .. 
0 5 of? __— — gi 1 1 * 0 J. 
e. 2 fun dae Hue «= 2 
bet * 2 - yp: Log. "of x. Then ſince 7 is is a 1 
Maximum its Log. 2 Art. 1.) is a Maximum; ; 
| tar, re, Ee Main: and the Log, of V 
2p 27 Or omar enn wo 64 j 
7 all + Maximum ; that i is, Log. X— Log. x 50 
VIA * Ann n "i 
or, Log, Tux . P | Max, and its Flurion, 7 4 
NY IEN WEE: yu lo 3303751 97 a SOT 2913 &© 
1 55 8 1 5 To 6 Gs. the. ont = 9) 


* 2 A 5677 i» a” 1 g R --- 6 
kt it 2 I 


25401314 1 . dds * (1 | 
5 n E 
12 Sir; then X — + Tn 


— 3. of the next 805 3 ebe To 


_—_— yo TT EIT | 
*s o-— 4 A c. Lee oc. 5 0 


1 N That is, ee 1 15 


mog — 4 


Whence, by Reverſion, vg. 56, and * =I. 56. 7 

But becauſe this does not converge faſt,” put 2 : 

| 1. 56, and 1. CE; = Hyp. Log, 2 (=2-302585 = 
*b .VV. 0 | 

x volgar Logs ), Men rk. * b 


. 


PV whence ve tat have FIELD = FLAY 


= 
* »4 P * £5 
4 +. is > * 


Sect. II. N NS. 18. 
; ANOL WD! io? 2 H 14 } 7] 
+l bit 2 — e 2 1. That u. F 1 G. 


I + I ieee 


” Py 
= \ 4 1 bY. & . tt. & w \TY J >. 


=o i. Numbers, |. 


kt wg 5318022743, 24639309, Ee, = . 

Or 2.0310 +vo ='/—,0019586« "5 5 OO 09 
Whence,v par; ; 1 3591339. 
1 0 ** 1 a) 

Lee 1+p A; = Number of the Hyp. 
Logarithm 5 as. before. Then æ (or the Number of) 
the Hyp. Logarithm or of X is) 14 
Dr c. (by Schol. 2 Schol. 2. of the next Prob.) 
Whence the Equation KXIRX x1, becomes 


77 eus, ce in b 1 . 9 
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+I 
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— 


24 


x Te 
eB $9708 


- 
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121 __ : 


78 * — — 


4 at is, — 
914 
— - ** _ 9 
£ #6 4 | ( 


— \ _ — 7 1 1 mr — iQ — 
Nu. 1 
1 . 7＋ 1 
7＋ 1 * I + 4 | P 1 = 
0 57 2 7 3 * 2 — — 
* * — * * — | 
n K. N 
In Number. nit t 
—ͤ nnn. — 2 


1.002194 ＋ * 888. 19 + nee .. = = I. 
Or . 88589 ＋ 2p = — , 0004 ss. 
Whence 5 =, 000g 549, and 1+} 24443309 


= Hyp. Log. x ; or 7+pX,4342945 = vulgar 
of (See Cor. to Ex. 8th of t „ ) = 
e n * 559134. nix 


©. 4 « s 2 - J 
5 of - » -- * 
% N -- ö o- : - : : % 0 . „ " 6 
F OS 
oy * 1 A * 9 . #4 * " . * on, 
4 * 1 * . 4 
Genus : Here - 


ie enen i122 
* 1 G. Here follow ſome Examples af finding the Nature 
Jof Curbes, et aue or — 


——ũ—— —— ne 


aS tt Ex. 16. 1414 


220. To determine the Natars EFD, 5g the 
oh Length of the — 1 4. 


the Ares ABD 


Hall be g AE M .. 


Let HFGT be an influjrely ſmali-given Patr ef the 
Area; and ſ an intet medliate Polnt {according to the 


Rule Art. 3.) and draw the Ordinates FH, 8 and 


CP ; and Fn, Cu. pralle! * z and ſuppoſe 


Cn q. = 
Aut the given Quantitics PH= þ, EP. Ci or 
Conwy n The wariable ones u C. 25 


Then by ch Natuie of th Problem, NH 
eee n. Therefore 


n e ANNE goofs 24 ol? asd, 


= = 0. And _— 


vor rw ＋ 18. BY VI d 
the Area po+gs is a Max, . therefore PE 7 gs 


- 


=-0, or pv = 45 — == 
| | 2 FEET 
i: — 2 — ; thar is (making 
5s + mm Jun N 
the Ordinaees alike AH 41 
x, 53 eie CY 


arm: N T2 T = Dx” ; conſe 


2 164 12 SOL 241 


nh {arp ge) Ne ds an invarabl 


__ Therefore if AH=sx, HF=y, EP=s, 


then T8 = ec d- v, for the Nature ef the 


Curve, which will be a Circle, - If 


— — 


A OC» ' % Bo 


* 


- 
—— 
* 
_ 


16 = 


- of HT  .- 


BY Wd tw 


4 
"Is 


Sect. II. Tat 


If che Leis of the As be given, andithe Solid to F. 1. 


be a Marimum; 3 then willp'o + ft. =m; — 
7 =p which gives — FG Bi 2 


a given Quantity or aa = YZ. = 
"If the Wehen 4D br given, amen a 


Moat Then you 'N have py,/FoFm + 9/7 


= given Quantity; 1 e, wich 


v 
E. 8982 — 
gives — or * a given Quantity, that 


Is n = 55; 46 ia the firſt. The fame Equation 


will be found, / u Solid b giuen, * 
be 4 * 
95 Ex 17. 


To find th Nature of the Curve ERD, which generates 
. the Solid of leaſt Reffance ; , ”—_— —— and a greatef 
* Diameter dre given. 


233. 


Let CP, an Hed small Part of the Axis,” be 


given; drew the Ordinates CR, PF; and the inter- 


mediate one QF z N. WE T0QVs 
Fas, EFn=Rags:: 

Then by Mechanics; the Foros of the Fluid 
| againſt the Part J of the Surface, will be as the Cube 
of the Sine i OS. and magaitude of the 


Surface, that is VE N * * N. or yr. There 
fore the Force of the F luid upon the two Parts 7 F, 
FR, will wen. Fra =, a Minieum 


* un + 5s 
—_ ” ER 13-2 
b = ELD = 16A 


„aan In 
ſince 4 + V=1 * Quantity, therefore V * = . 
whence 


* 


= _ * N * en Wi A = _— p U N = % = | = or _= \ - = . = , _— a 4 b * 


4 


r Hi is, oni pr, \ vs, "= 84 8 
or Y = 42+, 4 
.. When the Area of the ee Plane N and Y 
the greatef Diameter BE are given z then py +95 = v 
a given Quantity, and pv => z which gives 
wy  HFTSSS .; ; 2 
| a 
* 


—, or = te b 
n * 
| it. Bulk A E, and greateſ Diameter. bo rimens 
then p- f. a given Quantity, ann Z 
- — 5 us 222 | = 4 


- which gives 7 IR 8 8 Ks 5 


Ex. 18, 


234. To find the Nature of the Curve ADK, whereina Boy | * 
| r the 


* Hoints A, & being given. . 2 


Suppoſe BE an infinitely ſmall given Part * . 
Axis, and draw the Ordinates BD, Ell, and the E 
middle one CM; and let the invaridble Lines be 


BD=p, CM=q, Mu g; and the variable ones, 
BC=v, CE=s; then the Velocity at D will be as C 
, and at Ma V; and the Times being as 
the Spaces diredtly and Velocities reciprocally, there- 


| fore ed will be a as the Time of deſcribing DM, 


V 4 — a 
5 0 a8 the Time in un; therefore — ; 
+ SLES | __ = my "Aſo 91 5 — 2 agiven Quantity; 2 


9 944% vhenee 


Sect. II. of F LU X'1'O NS. 
8 


* * | 5 e 
Ver * V n 


v 2 "therefore we have 


UN * NN 181 ny 7. 


Tres" chat es eue. bn 


iT = ge. a given. Quantity; : whence «ſeq 


23/3, or ax* =y2* . 2, d e SD 
which denotes à Cycloid. | 

If the Velocity at D be. as am Power or Sums of - 
Powers of BD, wore call R it will appear the ſame 


| 2H. > * \ van 11 A \P 
Way, that — — 2 =a given. v Quantity. "x 
. et is give 


. 


n 3 TE XY 2 
Ev i, whence T or 
MAR „ Tonk VID VIA. 7 N 
SY 41 * 5 {i : 

—_—= 4 3,a9d if che, 3 at, D be. as 
. 1 * — 2 429 l "0 nd DIR ons - 14.8 Ani 
4 A 2 . 
— = — \, f 44 a 
* . mh * Re at. — WI. Hein 30 
| Ex. 19. 69 


biber CH, Ur and thi Length of Ir curve wr 2355 
E find the EN UR ih, ts that the Area ACT mey 
4 Maxi 


Let the infinitely mall Parts bf the "Area BCE, 
and of the Curve BE be given; and draw the mean 
Ordinate C D,. and put CD /, CE=q;, Ber: 


De == Do or E=. Then (/vv+mn + vm 
— a given Quantity, nd EE = dy; a Maximum. : 
B of There- 


= 


x86. Tot . Dor rai ne 1 3 


235. 
2 = . or 
8 born unn 


3 
* hr” Put CB = ker, Dre. 


_ * e Sen Wendy, or 4 i an 
Equation to the Cirole.. W LT RA 10: a: 


199.4 s Fond . dy 


Ed r 
| FLY - N Ann: ITY n 

. 7 find the — ADT, IS 4 Body 
will move from bale rac iT, phi op 
: Felocity at am Hi E being oi . 1 gd 
. the Diftance. Ke 

Take £GB an infinily ſmall 8 Angle, 1 


I 


Bb=v, Dg=s; De or R Then the Fime be- 
ing as the Space directly and Velocity reciprocally, 
we ſhall have . 2 
5 * * Wu ns | 
a © VEE 7 
tres WIE: ECB iv given, if AX = 87 chen 
Sec ene 1h. DD 5 


1. 7 


EI ee r Sr and pi 


draw the mean Ordinate CD; and put CB=p, CD=9, 


FL, and 


ac - _ £«& > 4 WW &@4 


Sed. n. FLUXTOWS : 
or 5 = R 3 that = 


W445 * 


— a given Quantiry. 
I a0, ee gn Lien, where i the Ber 


3 


peodicular from 
H, 991 8 is a ont Quantity, and 
che Cards i Log. bed. 5 20 05 70 


Fi, then ax =y2, the Equation of a Citets? 
if R = any Suns of the Powers of y, repreſenting 
| the Velocity: ü 

. e 


Bae W Ane 


- Here. follow Nin Seidel Ga — 


rr e 


4 
1444 


| Wed be Murs if tle Gove E FD, * that 
"phe Points E, D being gives, at alſo "the Length 'of 


the Arch ED; the Area ABD foal be a Maxinum. 


Let Ar, HF=y, EF=2,'thea ſince the Points 
2. B. ure iven, the of the Axis AB is gi 
1 Axis AB=EF: ax ; allo the Curve E 
= F: Bz; and the Area of the Fi F: 9x. 
Therefore collecting the Quantities t are A 
with x, and alſo thoſe that are affected with # ;_ we 
ſhall have F: A — Ft B RN HR: oN; 
whence b, BZA, therefore by the Rule 
Art. 4. 4# =Bz becomes bx =az+1iy8, for the Na- 
ture of the 9 which denotes the Arch oa 
Circle. | 


1 = 


= rr f 


| " ; . 
D {online V5 F 
| 0 * © 4&4 £ 


a7 a 
FIG. © 
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&7 I. 
FIG. 
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De Dedra tuns 1 £92 
N be Solid generated about AB, is required to be a 
then the Solid =. F: E . 
Tay, and W er is the e of che 

9 nei 
* the Surface generated by E D is 8. to * the 
a Makin ; then the Surface F: Oz, 


whence A=b+gy, B=dy ; and g = 4& + &y2, 
for the Nature of the Curve. Here the Coefficzents 
4, 5, c, d, x ate conſtant Quantities, affirmative or 


negative, to be n by the Cireumitances af 
Meg 1373 75 a 11 as * not '1 N= MW A 


| Yeu! ITT | 10 x A \ Nn Ex Maps mul. 9 = - 1 * 
233. Vel tht Nature of thi Cure" ERB. _— 
| oſe 


. the Solid of leaſt Reſiſtance moving in a F. 
| Length, greateſt Diameter, and nd (old Content e fs given. 


Let AP=x, Pr DF=#7 then Axis #3 = 
F: ad and Sohdity "Bebop, then by the Neutom 
ing in Ex. 16. he Force of the Fluid upon the An- 


- nulus PTFY i is N Which is a [xy ook 
ro WL, IS RE ran nee 


and the whole Reliltance 22 Bowe? N. [ 


lecking the Quantities decked with Z,-and'alfo thoſe 
affected Wan rand we haye. F: A — F: By = 


i 12 W F z 
5 PW gn FTP REY. e 2955 Tre 
f — 7 2814 ©. E 73 io 


ous for che Netire of the Clive, oO + tt 


ve ate if; L 9 " Thos 4= = = +9 
| * | 11 4 93011% FD 1 3 _ "a 111 


Set. II. FLUX TO Ns. 


eee ie Nan oft c. ; 
CMS nA. | 


td C 
be 

, 

* — 


nun the Nature of the Curve ADK, * 0 25 234. 


. will deſcend from A to K, in the ſhorteſt Time; 


Pune A. K being given, and the, Length of | the 
Curve ADR. OB ts 


Let AB x, Bbg. AD=2. The Velocity at 
D is as V, and the Time of deſcribing DM — 


is as the Space divided by the Velociey, or as 2 


| i 1 
and the whole Time of deſcribing ADK = F: * | 
and the Axis 4 = F. : bas allo the Carve Le 


of to 122 A iT 


F: ch Then Ft alf Tx 
A et A190. 1 7 ' VI. 


P: by. - Wherce- = ary, Mes BS, vu =. 


47 1 for whe White of the Curve: of 


1 the Velocity 75 EN 2 to bar. the 


Equation of the Curve will come out 2 + AE] 15. 


22 ö IN * 
1693 | Th n 20 2 
The Length of th ebe ＋ 236. 
of ; 10 find ibe Nature e it, jo that"its Center of 
= Gravity deſcendi lower than that of any other Line 
* of ©the ſamie Length, when the Points A, G are. ut. 


Let Ax. AD. dM=z; then. the Baſe 4G 


2 


Frs, the Curve AION Bey. and * * 


3 


1 
43 


= 
N nn ä ande gives ; then FIG, 
AF 9, Booby, And ee 


1 


Order, that the Sum of the Logari 


n Deere tins u * 


- ebithe ne from AFC is = Fr * 
F 4 G. Prob. XVII. falpwing.” Hence F: As —ÞF:Bx = 


F: —— 4, and T= B29, B; and 
— JXX=68, for che Equation af the 

urve. In C, where & = &, let y S d, and then 
N Let CE, y=d—v, and bFcd=—coxs 
+ A = 6h, and if e . chen & = 


8 8. «a Equatios e he Guy, . 


o l 1 . - 
: : 1 5 1 IS 
V — \ . 7 > -< ow * . = , 


IP (ct 42. 11 1 of 711 "4 » , 8 10 
an e aft ei age aff 
* Pe | = 
3 03 [ "IM 
Ho To "id the Logorithmy of. Numbers. 
e * vi 4X4 503 £41 


Logarithmy, are a certain Set of 3 ſo con- 
rfived*to anſwer to a det of Numbers in their natural 
thms of any two 
Numbets ſhall be che Lan of the Frodus of 
theſe Numbers. 4 


121. 1, that is the L 2 B. 


23 * Ut 1 


and f 


\ Laſtly, ler 15 , chen Lage 4 + 


of a Number gremer than 1) oy. MATE! the 


Log. f A a — leſs than ative. 
4 W Ys been faid it fo at if Mere 
ee Numbers in gomerricProgrſhon ne 
eeding 


., Henge, href, ines xj = Sts the Log: of 1+ 8 
Allo let AB=G, then Log: A+L ec, 


n. B-(or the Log | 


NA Kin- ars 


Fr 


”- 


of E-LUS10 NS: 


eck, H. 


— — — will 

— e from o latter 
the Logwithos- of the _—_— I 

will be erpteſed in che following Föm, * 


. e n adi off = W m 
2 01 * * I 1 * u 16, 


dum. 
31. mah h 9 ah 344, G. 


Now ter che Wowber of . e 

be increaſed and their Di ces decreaſed of ifs 
nitum, that the Series may contain all poſſible — 

bers; and let the afithineric" s be in like 


Manner increaſed ; and then the arithmetic: Series will 


alſo cohtaiti the TART of all Numbers. 


* wee ele e Numbet will be , 
7 Rap the Number itſelf, gives 


1 likewils the Increment of the 
* 1 chat 9 I. Now Race 


Logarithm, therefore the Ineretnent of the m 
| wil always bein iven Ratig to the Increment of 
the Nutber ivided by the Number; therefore if we 


bee . Number, and 2 ite Logarithm, and aſ- 


the given W M, we rn 


Sy va fince the 'Fluxions « 2 be Evaneſcent | 


Os 1020 en 
lacrements, x bender MN , nd the Fluent 


Mx Finn of . Theter, 
. To 


3 


ceeding from x both Ways ad infoitum ; — 


. 


Tucheldte let / be dy Number, 44d ./ ils Log 


i and 7 are the ſame for any Number and its 


* 


* 
1 aide * i. an! inde . Ne Hui. x 10 nl be 


510 * 


WD dern Jl Ho? 


Number, ee, 
the * — propoſed, by: the Number itſelf : and: 
the Fluent, vbich multiply by the. conftant Quan-- 
5 M, and it dull give, the Logaricbm eren. 


Note, When M= 1, the Logatithms are called, 
the + Logarithms ; in ich Caſe,” the 


* 
nnn 7 


Hyperbolic: 
Fluxion of the Logarithm is e Lal to Me Fluxion of 


the Number divided by the Number. And the Plbxion 


he Numbe to the 
55 um FO: Number, multiple 


An ts Un bots 20 ö 
aH vid =; Hao 6161603 Yar es- 12 Amn { 


td ior AIP RT 24 75) (ns TH 
; nud , "Lig: 22 Here dhe F Here ff i the 


» £0025 


Log. . bs Mov en . : 
= Log. *, therefore the Log 3 *. But: 


when #= 1, then Log. Ir Lok nd 94; 
therefore the Fluent reed 185 by — En 
701 LETS, 4 


_ xz that is Log. bx = 


-'This finds the Logarithm of a Product having the 
YO "Woe ©” the FRA Fon WT + dns. | ] 
zi e 255m Aran 13 2916. \ Ba 1— 2 
sts g f e e dase be 1 
I an the Lens of *. „Hel be Flat of 
þ [KIT Ar PULL 

is Legi Me = MN 5 and 

———— E 4 an 28 83 44 a4 2 1 4 — Go” 
raking che Fluent, Log. a" = : Fluent of My =, || -* 

ws 0 


5 Log. x, Which needs. 4 no Corretion (becauſe 
when & , 4" =1,,and Log. * ). 

This Rives a Rule for date the 1 4 hm \ of 
any Power or Root of a nates when the Log. of 
the "NO is Known. . 


* fa | 6 E X, 


Sect. UH. e 


Xx 


1 


ET] the be Log: 2 The Fluxion of the Lag, Is 


. 3 2 
Ve au MX 2 un ＋ * 11 
25 4 Se. therefore the "> — * 8 


21 . 


the Signs of all the 700 Payer muſt 5 changed. 
After the ſame Manner hg Log — = M x: 
| SS | K. | 


„ 
7 ＋ 2 355 * e. 
Otherwiſe thus. 


T's find the Log. Fu. Let n+x=7z hen the 
Fluxion of the Logsis 52 = 5 And (by 
Rule 8, Prop. X.) the Fluent or "Log. nb+x;= 

| 14 6 


Wannen 9—y— 


De DocTRINE 


Schnol. Theſe Series will find the Log. of a Frac- 
tion, or the Log; of a Product having the Log. of b. 
And it finds the Log. of any large Number z+x, 
— the Log. * b, and raking . 


Ex. * 
To ful the Lag 2 „10 Marion 1 2 2 M 


n | i 
m— : Fo 2 . = 


+6 Sec. Whence the Fluent or Logs - 


7 
are the Numerators of che preceding Terms, with 
their Signs. | | | | 


| 2 
Con. The Log, of . b + 


” SCHOL, 


} had 


Seck. I. of FLUx ISS 195 
Scnol. The Series in this Example very ſpeedilß 
finds the Log. of a Fraction: Ahn ſmall, or 


» very great. | 
The Series in this — finds the Log. oke Produ, 
having the Log. 5 one of the Factors given. Like- 
wiſe it finds the of a large Number , 
having the Log. of 5, and ORG Sama. and 


x=1 or 3, 


| Ex. 5. 
To 4 the Log g- of #, having the Logarithms of n—x 
and u, gib n. 
The dans of the Log, of — = 
W "— vm xx 
Ding i 92 ep 06 
na. = Mx : un + PX 16 a ? 


&c, whence 8 Log, - 


+ — 2 + Ge. or the Joh. = 
Log Tis 2 oF Bmx $5 1Me A eB 
2 3 od b-=, + ” A. 3 
TAS | 15 
17 + c. —— A, 3, C, Sc. the 


| Numerators of the Pete Terms. 
* | Cc 2 SCHOL. 


= 
: 
* 
196 
$ 
- 


4 


— 4 — 


W Db fal WS -. I. 


Sono. This Series is very p ſot fin > 
Log. of a large prime — ot 


of the adjoining Numbers 2—1 _— UE, ow and 


* LOCK? F i 15 


- #34 ” 
Fy G ” - x 
11 bY JN a0 E. *. 8 6. £ J 1 48 'T 


hint 7 1, | having ibe Logarithing of the 


adjoining way 1—1 and *. given. 


JE 
Let 2 =» chen are 


© = 
goal ad: i, nur 7 


2 


. 
— 5 — & 

E e c. & M: 
2 | 3 1 * — — PTS & 2 5 


| yr 
therefore the Log. — + — 4x — 
VT r 5 N 


+ xe eee 


fore aul t che e Log, vt 8 x Leg — = 


1 — 


Ig: = + ec + - — —— Sc. Whence 


7 - 8 


- + = + — +&c. 
I 3 D* 

Schor. This Series is for the ſame Purpoſe, and 
_— faſter than that in Example the 5th. 


Seat H. FLUXIONE | 


os > A £ 4 


Ex. 7. NI 
sf the Le- of ky IN ; 
0 ny hg e * 


Put Les — Log, #=# 1K = Top gg nM 


Then the. Lag ele x JE 


4 


bon ao : — Ar _— 


* — 
25 I | 1 7 * 31 ＋ 757 +57 Ge 
9 2 | 


h 4 
fore ot 975 1— * + * + 


po. | 
180x + G 


8a This Series converges far faſter than either 
of the G Examples. 


EI. 
ro fd the Hyperbolic Logorithm f 10. 


— 


239 * 
Since Fas Lu 104k 105 3 


Cher 


* ke; rs amd... I 1 


The” Docraine- 832 
to Lag: 2 + Log, 1856 = Log, 10. By Ex. 4: 
Log: 1=2Mx25 wy ug boeh G0 therefore 
10 Log. 19 + 4 B04. 412t "+ Oc: 


G La jog 2224 124. 18 2 


35 
2 — 5 — 26 &c. et — — 11 
Here M=, A = firſt Term of each Sl _ B, 
C, D, &c. the Numerators of each preceding Term. 
The particular Terms of each Series N found 
will be as follows. 


8) 4 ::= 2,2222222222222222222222222 8 
37 . = e 
N.. 6774035 1233721146844 J 
7 Ge. =" 597357594 31878828 
9) De = $7 359439815848 
r 57 828656 ue 
„„ ffs 9 
4150) Ge = 04759143328 
= 0) a=; 78843720 . 
299-28 = 97792354 
21) £7 = D 87040 — OT 
* L = — —e— 
25) Me = IT 


on 


ET. 


10 Log. 2 =" 24374359 — 78629507 © 


"4 = ,071146245059288537 5494071 > | 
3) 4. = 33345 713214995043214 
-.5) Hed +. EEE 
E <4 _ we © — 
an bor Sorrel 5 3354 


3 Log. 1738 =' 507 114957985948 126355 
H. 2 10 = 2, 3925850929940456840179917 &c. 


„ * n : » — * r 


G09 1 2 9 "Conor. 


— 


gest. H. #PLUXIONS. 


Cox ol. Hence therefore the Number M. mention- 
ed before, and made Uſe of inthe foregoing Examples, 
will be known for the common Logarithms. For 
ſince the anne 10 is 1, therefore 


2. e Ge. KM SL Whence M = T 87565 Tt. 
= 24942944 9448 1903251827651 1289 &c. 
the 


For let the former Series or 10 Log. v P; the 
latter Series or Log. 20 =2;. then the Log. 2.= 


30 


The Log, of 7= Log, 8 x4 Lag — 2 


3 
ample the 4th. And likewiſe 


Log. 3 = RET Log: 2 ii 57 ff oh R 


+ = = 2 om whence had the Lg 


7 
469 | 
Or the Log. 9 Log, 3 


4 5 + Ee and Log. 11 = Log, 10 
| * vel - ** 10 70 


r an wn on — 


I 2 3 4 


Both theſe by Example the 3d. And ſo for others. 


— — _— 


SCHOLIUM 


0 
— a - = — 
— — — — — — ä — — —-—⅜ — 
— — 8 9 
by — td 
* i IN 
. i - = 
* = = : 1 


ſame Manner may Brig's or the common 
thms be found, ſince we know the Number M. 


— eee 8 


two Methods by 


n. D Ab iN A th JING 


" — 
ann? „ DES 9097213. one 2 


wy 1 be 
wade in Example the gd ben the ny 
which the . of a Number 
can be found without the Help of other given Loga- 
rithms. - And therefore to find the Log; of a great 


Number thereby, we muſt take two or more ſuch 


fractional Numbers, that the Product of ſome Powers 
of theſe: Numbers may make the Number whoſe 


Logarithm is ſought : And then there will be had 
two or more Series, which will give the required 
0 


Logarithm; in the fame CERN ewe in 
or Ta Ae of the Number 10. 


% 
F=> 


n 2. 


2223 the Number from the given bun-. 
Tei n= any Number, 1 Lat: 
5 I Leg. of it, 


n+x = any other Nunber, * 2 
* = 10 Log. = L. 83 3 
='2. 302585 &c. for the conimon Logar', 


* 
Mx 8 5 2 8 
Then we mall have 2 2 or Mx = #2 + #2, 


1 = 


chat is & mn#Z + a8%Z.. 5 7 


To find the Fluent, by Sir J. Mano Method, 
(Prop. X. Rule 2.) 


o- 


TJ Ot 
Pr DOK GO, T7 mn Toe 
+ 1 '+ m ++ + 
AE . A 2 2.3 5 
5 " minz's minz's 
* $ = mn + mints K | 
2 N 8 * 
2 WTVANTE "WEE CEOS -— WERE? e 
e M3123 min! 2 
* — NZ —— "oY 
_—_ + 2 2.3 2.3.4 
| I Which 


* 
1 


gect. Il. 7 FLURI ORS. 


Therefore Aki 1 +: mz +a _ A5 l 
* 2 


U a * 
Se: 
Ta e : 6 uX: K 


= * N + = + be FF 


ter whoſe og is I+2,\ r A 500 
— 1 5 . ang 3 Therefore 
1. = Na do £5 SDA 40 00S 
Au H . . 
- os OL e 


2.3 2.3. 7 | == 5 
Number 440 *! Legarithm is l. 


ME © B. Ul. 
To drow Tungents' to Ce 


1, In all metrical Curves, where there is give 
the Relation of the Abſciſſa and Ordinate. Let 4 


=x, PM=y, and draw wr 10 45 and infinitely 
near to MP, and MR parallel to A, and draw the 


Tangent MT, and let Pp or MR=#, Rn. Then 

Ne TT ON £::93 

Fr the Subtangent, that is 2 32 = PE 
D a . Therefore 


Which is nes, decade ben aer 


25. 


: 1 
£ 4 
: N 
. ä 
. 
1 
Y 
4 
_- 


—— 


202 ec /Doorninn® © 4 
FE A ae by He ofthe e- of the ce . 
1 terminate er y ou N the Nn f and you will 


get the Value of the Subtangent. 
2. In mechanical or hd Curves referred to an 


: Avis the Subtangent — may be clear'd of the Fluxions 


HY the Equation ef the Curve, by the Help of thoſe of 

8. the known Curve it is related to. "PRs 
26. 3. Aud in am Curve 2M referred to a ft Paint 4; 
draw AT 3. rag to AM, n let A 4 =AR, 


j 1 &; and ige. 8 wor 
| F 2 
[| = AT the Subtangent, out of. which the Fluxions may 


1 be exterminated as before. 
= Is There are ſeveral other Methods of drawing Tan: 
=” gents, but this is the moſt general and eaſy. 


= Exanreir , 
= 27. To draw a Tangent to the Circle. Let AP x, 
1.2 PM=y, Radius AC r; then will 2rx — xx = . 


3 „ A2ꝛ2xu —Xxx 
fore PT 2 yy 2. — 4 
Ex. WR” 


28, To draw a a Tangent to the 2 Let Tranf verſe 
AB za, Latus rectum S , . 25 PM=y. Then 


| | by the Nature of the Curve 2 — = ' 2ax=—xx, and 


abx—bxx 


1 in Fluxions 7 S — 2xx, or j = 


of 'PL UX TOWNS. 


Sect. II. 
enen 27 == 


ba—bx 


— © 


Ex. SITES: 


To draw 7 angents to all forts f f Paratolas 1 0 
AP=x, PM=y, and v=y* . peeing! the Parameter 


21. Then a . J, therefore s - * 


= A.. And therefore. in in the como n 
whers n=. e | | 
To Sas, Tangent to an 2 JP Let i 


PM=: 7 Tranſverſe =24, Latus Rectum S. Then 


| the Property of the Figure is, 299, e in 


” 


' Ib 7 


herefore-Þr = 28 3 e 
a; ba+bx 8 


IR e 1 l 5; PR Kr 
* M B be an Hyperbola between the Aſymptotes ; 
Pur 4, PM=y,. and aa ] then zxy+3X 0, 


or x ; whence PT = e, and the 


J 
negative Sign ſhews that T lies on the contrary Side 
of PM with A. 


Ex. 6. 


"To Faw 4 Tangent to the Ciſſoid "1M. 1 4 


=x, PM=y, AB=a, BC the Aſſymptote. Then 


by the Nature of the Curve y —xy = #3 ; whence 


__ 2ay—2ay, 
2ayy — 2999 — = 2 2. or &' = = 


'Dda whence 


 Fluxions SY = Hat + . bet i £5200 ”" 


We LL — PIG 


— 2 


23. 


25. 


29. 


30 


ad; 


= : \ _ \ =_ \ - on 
* Me - —_ oY 2s l M4 11 BW bas 'T — WP Z 3 1 = 


pat 455 
n a 3 EE, 2 27. or/equnng | 
8 4 
. PT = — „ A a 5 


| N 4 3 We 
13, 1 n N V 15 Wi. "TEE IP An 4 Nai ks ity 
1935712164 203 $0132 KID 


or. draw 72 5 e 14 018 : 6, 
1 2 2 1 x, : the Nature of =, 


*- Curse, A V 2 5 = d bence 20s x7 
e Senn 


0 — it ler ————— 


$60 . Otherwiſe, thus ; Cai AO» 


CO ec ad * 


3 AM=y, PM=s, AH, Mk; 


32. 


[ | Then by the Nature of the * Curve" 5 1 = and 
1 N . 1 2 7 
v= y * * th Gimilar Fe Pom = 15 and 
f "A NETS NN 5 94 G34 * 1 
| — 22 —.—;, ede b. by 7 
* | „3 
. 


* 2 — 54 323 
wu”. $3 9113 11G 23 7 1 = 2 
Ex. 8. 


Let AM be the Catenary, AP=x PM=y, AM=z, 
57 by the Nature of the Curve e + xx, whence ZZ 


= ax +5, and 6 = 6) r 
r 


. 2 


— 
% 


22 
22 


$2 = (expanging 
22) 


Lan E FLUXTOWNS. 


aa © 
, and of in ene PT = 2 
2 — 
—_ TI NN * „ 0 . 5 91 A * 7 N. 4 I 
= be ebrtuaOQ un * AY wo gr — 8 „ 4h ya 
8 AK" £2 4 "iy 1 E „ | 


;* 3LI JL 


75 A rep =" cli. „ e 
PH ACE e AB= 2... By the. 
Nature of the Figure ul. 35 thence j yJ=2 +1 i, * 
but tom? the Circle 22 2 a | and 6 ua — Abende 


bo f 7 'P 


: M „ 


Y i e PB 
1 3 *. EA. 10. * N. b. 


n a * Das 


To draw 8 Fangent to the — AMB. Let 
= CB=r, Abe, PM=y; PN=2z, Nis, 
CM=v, Mt, RM=u. Now by the Nature of the 
Cutve H, therefore 3z=75, and by the Prop 

Ll 


of the Circle ri =12; whence z Ez . 2 


. By har Triangles 9 =, and thence 
tj 431 =u5 + , chat is (becauſe #=3—x or 


. — 1 


aan Wer ty — 


+ » _ 5 Therefore * 2 4 + 


b $ y I 
» 3 22122 5 
e e e nV er . a 
Sinn : 2 a” 5 
& aa Ex, 


3 


0 . 


33. 


34. 


35 


37. 


F1G. 


Th 'Docrainy, I! 2-2 

e , * 910125 Rr. gy = * 828 5 
Let AS be any given Curve, 3 
ſuch that AP = Arch AS, and Ordinate PM= 
AQ, to draw the Tangent TM. 


Let Abe PY, A9=v, Tangent Ri, 9R 
=t, AS=s. By the Nature of the Figure x=2, and 
v 2, therefore & 5 884 ; and by 2 4 


Triangles 1 We = 7 therefore 2g. 
- SR: 5 
2 = 2 
5 * i _ _ 5 * 


Let BM be an exponential Curve, Ap x, play \ 
* = =9: Let 4,7 be the hyperbolic Logarithms 


oy wennde. g Aue ** whence 


42447 2 7 170 *. 
n ES — - an. " invarizble. Quantity: Therefore e 


BM: is the ee Curve. 5 


33 


Ex. 13. 


Lt be Nature of an exponential Curve be expreſſed 
by this Equation x* ; Let A, be the hy bo 


Lampe e 2; nnd 3 += f==7; 
but x * ad => „ (by Prob. OS: 


A e e whence PT == 
1. 
N 5 I+X" 
Ex. 14. 


7 beef ho to Archimede? s Spiral. Let Radius 


AP =r, Arch QP = 2, I c a 9 os 7 


5 


SeR. II. "i FLUX1ONS. 


Þy che Nature of the Figure rz = 9, and thence F 1 f 


oy 4 
== and by ſimilar Triangles & S — te, 


25 n 
EA 15. 


37. 


To draw a Tangent to the e e Let . 


* BA a, Arch BC =, BP =, A =. 
N A. The Equation of the Curve ic. and 


therefore D o; and by ſimilar Triangles * 
-, Or yZ= 4, whence 25 —- 4 S o, or # = 


49 Therefore r = 2 = 2 =, a given 
Quantity. 
5 „Ex. 16. 


I AMD 5, a Siral of fuch « kind, that putting 
AM or Ag, Arch MC=v, AD=a, a given Line, 
and au. = y*. Let Arch BE=z, and by the ſimilar 


Sectors AMC, AEB, av , whence expunging v, 


p ROB. 


= 


* % l 


* 


2 wo FIT 3 II Be 


Nandi Eos 3 = $3 09H oi fo 912894 wh ya 
5 > 12 5 | . #* 4 | 1 5 
e Ne nenn aim eg bm = 
' OR : * . 
r wer « u 
"To fond the _ of leis or rontrary Rare 
. | of a given Curve. 


Fl 6.5 The Point of beer e r 

4. which ſeparates the convex from the concave 

art of the Curve. 

JI. la the Curve any „padus te the Axis A5, 
= let AP = dinate 1 PM — yz draw the Ordinate 
il | 2m parafle Ind infinitely mk Par, "and N parallel 
"I to . 3 Mandan: 
= _ or leaſt poſſible in — Point of N F Nute, 


* that 1 is wk... er" or — is a Maximum or Minicvuh 
1 myr 7 T3611) 


© ov ® ov — 


whence (by Prob. I.) its Fran __ So, or Jx 


= 201 5 hence il Z F=0s 0 . or, i ir o, 
* 2 

41, In Carve BM referred to 'the fixed Point P. take 

15 M wiinitely fmall, and draw P, and Afr per 

pendicular to it,, draw the Tangent MT and PT 


parpepdicular t® tg and let PN. Curve Ara, 
Mrs, mr - Then, by ſimilar Triangles, 


pr = 8 2. =.0p 2 But a be Poet Inflexion 


1 


, ” 
— — 4 — 


the Perpendicular PT i is a Madam or Minimum, 


therefore its F luxion or the Fluxion of 2 = 0, that 


1 2 + 92 — D* 
&* 


— =0, or JEX— XZ + #JZ=0. 
Out 


Set. II. F FE UN IO NSG. 


Out of which any of the F lyxions may be extermi- F I G. 
nated by Help of the Equation 2* =x* +5* and its 
Fluxivn, mabing an of the Fluxivas' invaviable," or 


= 
„ 
* = 
„ 
2 


the ſecond, Fluxion . Hence therefore os _ «$4 


che Point of Inflexiog, the Rule is 


$4.7 14 3.4, 5 


1. 3 e tris, let 8 5 


t the. Equation of the Curve into Fluuom, and a 7 — 


put the reſillting Eqtiation into * e b 
and y given Duantities. 


om 


2. "Ind Curves related to a Pals or 5 N 5. lt 
PM=9, BM.= x, and Mm, mr, Mr will % 46 
Put the Equation, of the Curve into Fluxions, 


2 the reſulting See into Fluxions again, writing 


5 n ben you will 
drtormins the os bor Flunion which muſt bs ſubſtituted inta 


one- of the following Equations that contains that other 


3 Aud then 22 will get the Value of y. 


cu = 24. = ä 


r WS 
F I. y = 7 2 —C——— 1 
X w Jos 4 — 12 1 . ©. 1— [ 
FSI. yy = 2 — — . 


ExAMPpLE. I. 


Let the Equation . of the-Curve be ar. = rey + aay. 


This in Fluxions is 2ax%=293X +9 +07 3. which 


put again into Fluxions, 2% =23X* + 2xx) a 
=2yx*+4xxy, and expunging 7, = 3x +235 
, 
aa T 
whence * N. 


Ee Ex. 


# ; that is, by. Reduction a , 


41. 


| T0 | 7 a ; * ' 1 1 * 
| | JOGCTRINE. T3 
SY ” a4 = , ; 
* * 5 1 
3 VN: 8574 a e 


Ex. 2. | $351 "4 Tow 


F 1G. 0 K BM be Nichomedes's 3 Abe, 22 ; 
42. then its Nature is yx =b+ V=. In Fluxions 


, and expung- 


Va — xx 


r ia = — 


ingy, — iss and this again in Fluxions 


„% 20% — . — 3aabxs 2. = 0, and reduced »% + 


* aax = x5: Vaa — A 
Et: TIP.” * 


Ex. = 2 

Ta Arx be a Cytleid of ſuch. a Kind, that Arch AD: 
D:: IDB: BK. Let AB=2r, ADB ga, BK=6, 
We Su; then 2 + and j=2+ 
1 — * 


—— 
1 : 


43. 


= ; 3 by the — of the Circle 2 2 


E x. 4 


f 44. _ Let BM be the Belicoid Parabola, Radius PB or 
PE r, Arch BE=v, PM=y. Then by the Na- 


ll ture of the Curve av =7—) » whence av = — 2} 


| whence == RFI» 5 = 


250 


Arch RT =v, and 1 =vy 7 its Nature ; _ 


=444, whence y = 6/4. 


Seck. 1. of FLUXTONS.. —— * "i 


(parting # = 15 and = == x 27, whence 


= = . d 
i 
punging 5, * = 3-95.05 e e 
=== 
—— chat is 4y 7 ＋aarrxq f + aarr 


X M o. Which reduced gives - 129 | 

9 2 =O. * 5 C 
Ex. g. vx 

8 BM to be a fort of Spiral, PT or . 1 


putting 
. and x = 
24+ 


X+x3 | 
— 25 therefore 5 =EE = 29 4 . or 


whence 2 + G = 0, and * = = 
— 


fc x z and expunging v, 4 = 


F. R. 0 A V. 
To find the Radius of Curvature in Curves, 


Let Ang be a Curve referred to the Axis AE, and 46. 
ſuppoſe C to be the Center, and Cm the Radius of 
Curvature i in any Point n, and deſcribe the equicurve 
| E 2 Circle 


he bers ms Tt 


FI 8. Circle D m-coinciding with the Curve in mn. Draw 
46. D, ur 


Prratlel, und perpendicular to AB; und 
rodoce h to H, and draw +4 parallel and infinite- 
h near Z and cal the Abſciſſa AB, 1; 

icular JETT, 3; Am, 2; C, 3 5 YA 23 


2 AF or BH, 6 N, x4 1, 9 and wa 22 — 
U. 


By the Nature of the Circle DHx2 5 2 
Em, that is rr IIa cc LAS 
which put into Fluxions r - - => +yy@which 
pur into Fluxions again, e 

therefore r Cameras X e. + =2*. 


by ſimilar — 125 — 2. and W, 


=== 20-33, '* | wheneoheformer Equation-becomes 
ny | £544 | 
2 — 9 which reduced gives = i 2 OY — 

2 . 


ſor the Radius of Curvature of the Circle Dm or of 
the Curve Hm in the Point Ww. 
No ſince e Are at Liberty to take any one of the 


Fluxions # „575 E, as invariable ; we can, by the Help 


of this Equation 2*=x*: 5e and its Fluxion, exter- 
minate either of the other indetermin'd Fluzions but 
of the Value of r, and hy that-Means, find ſeveral 
different Forms for the Radius of Curvature, to ſuit 
different Caſes. And the ſame Way will ſeveral 
Values of H, CH, be determin'd. Thus we ſhall 


find when x is given, the Radius = = KDA — LM 
—xy 3 
2 2 


r 


when 5 is given, the Radius — 


* 


1 

Draw 
B, ant 
nfinite- 


yi b; 


then 


— — 


-DH= 
YEW 5 
Wh ich 


+, But 


% 


ade 


— 


n or of 


of the 
e Help 

exter- 
ons but 
ſeveral 
to ſuit 
ſeveral 


ve ſhall 
2Y 
* _ 
—4* 2 
S* 
wa 3 


= 


— — Oe we 
= 


1 


4 


- 


*®. 
2 


4 
. 
22 
* 322 - 


* 


+. 
AS 


- x 
* 
* 


Vs 


td 64 
ewe — 
s* 85 
- 
5 


* 
e 


Ae. 


5,2 


2 


% 


* 


— 3 0 bh. of 


* 
W 
— — 


8 


- 1 


——— — — ud 4. 


| 


> 


a — 8 . * * : 
2 * % * 
: - 
* * - 5% 
* * — * A . 
* * 
o 4 d 
: n . = == - 
— ». ” W - 
4 „ * 
as; * * C , 
5 - 
* 1 * > 
: , 1 
„„ ——— — — * 1 0 
- PA : — Saw 
1 2 / g OY „ 
*® , * 
4 = N 
1 es. | 
- | 
: : 
E 7 
| | 
* | | 
4 > . 
. : : 
« 4 6 on 
1 — 4 
5 . © FF: — * 
— * 
8 %. 14 d 
. J i at 4%. + 
i 1 4 
1 2 A 
* * — — 122 } 
* 1 = P T . 
1 E ' ©. 
* * . * „ 
* F 
* 7 
\ , . 4 
— A 
N — 
* d 
* 1 
\ a 
* * \ : 3 * v1 
% * 1 - 
* 
% 1 
1 f 
\ — waa end 
_— —— _— —„ 


. 
Cx 


» 


= 


7 > 


| 4 — — 
„»„n„ * * 


1 2 , FN 1 = 
„ 4 — 

2 wigs, 7, 1 — 
" wa 1 ie _ 


a 4 


> "> 2 
g 4 l 
4 1 
| 
*. F | 
+ % 
1 AS 1 [ 
a | 
: \ } 
z : % 
1 IF 
. bony 
"4 4 ' 
- > : jy . 
» a : 
* * 9 %. 
W +44 . * . * 
„ 
p * 
9 ' 
- = | 
. 1 1 = 
— — _— * * p 
* 4 . x 
— « 4 ' - | 
* 
1 | 
"_ . 
%.1 + * - 
IN 
* * 
— 9 
. xg + — 
— ads 
— 
* 
— 4 * - "9 — - 
* —— — — * co. — * " - 
wot & 6 „ > & 4a» 
' 
* 
. 
* 


| 
{ 
. 
d 
| 
d 


: 

c 

0 

U 
1 

x 

n 

2 

0 

* 


— 
- 


of ELUXIONS. 


"= Cc (OR the Center, and CM the Radius 
of Curvate i in any Point M, and deſcribe the Ore 
DMs coinciding with the Curve in the infinitely fm 


Part Mu. Draw I infinitely near BAG and (D, 


Mr perpendicular to BM z and call 2 7 Curve 


AM, =; Radius CM, | r; DE, v; E, b; Mr Mr, 71 
Mn, Z3,7M, y. 1 the ſimilar Triangles MEC and 
Mar, ME LN. ===, 


* % a N 


therefore v= r ＋ ts 2. and thence vi Log rrns 2 2 
And by the ſirilar Tihungles * Br, UM SE : 
e * n> 29: ebe 


3 ++) JET 1 5 which emvltiply'd and e. 


duced gives 7 — — .: for the Radius of 
24S 


192 
Curvature of the Circle D 1 or of the Curve 4 M 


in M. Hence alſo ME = = 2755 -m. 


2x* +Y/VZ— 32 

Now ſinee me can make any one of the Fluxions 
x, 3 Ys 2, invariable; we can expunge either of the 
reſt and its Fluxzien by the Help of this Equation 
S =#*+9* and its Fluxion, and thence obtain Variety 


of different Forms for each of the Quantities CM *. 


EC, as before. 

Otherwiſe thus, when we have thePerpendicultr 
upon the Tangent drawn to any Point Mof the Curve, 
we Gan find the Radius of Curvature CM very _ 

thus; 


Spirals or Curves refer d ad a ſixt Point B, why G, 


213 


- 
Lo 2 tC Bt ML and or r = 
= -; 


n 


. 
* 292 ** 
MIS 1 
— Yew by 
— 2 ————-— 4 


C n 8 * wh = þ ap N 2 þ * 
A l | A bu V = iP l 0 1] 1 . 8 4 
— «£3 Cx. aff es ics Mins 7 1 (dh 1 e 


/ 


F 


214 2H Doctuins, 122 
F I G. thus; let BP, "By be perpendicular to the Tangente 
18. MP, np, and let BP, p , the reſt as before. 
* Theo. by the fimilar Triapgles 2 Mg, MCn and 


Men, 'MPB;\ rs e Mb =p, or 1 =», 
whence : =2.. Har nts Cen 
of Curvature the Rules are, 


46. 1. In Curves whoſe Ordinates are F to 
© the Abſciſſa; for the Curve, Abſciſſa, and Ordinate, put 

2, x, y: Put the Equation of the Curve (reduced as low 

and fimple as palſible) into Fluxions,' writing 1 for any 

. one ef the in Fluxions contained in it; then put the 
| refulring wg Equation into Fluxious again, writing 1 for 
| ſame rſt Fluxion. From the firſt E quation the 
other Fluxion will. be determin d, and by the ſecond you 
will get the ſecond Fluxion ; which being had, Jubſtitute 
them: into one of tbe following | Forms That contains this 


. n_ ny Fluxion. _ 
"Forms. wands 
= x. 
Fx =, aH = . 
CH = IXL4Y* — 2X28*—1 
* | 'Þ #4 — — 
| OOO EAN = 
Radius n C „ ee e e 
If y = 1, H 2 — DL 
| * I+x* 2V S —1 
c = 


— 


gect. II. I rLux Loe 


But in the Pertites 07 Curves, ede, they cur the 
Abſeiſſs at right Angles, take 2 for ibe Radius, of 


Curvature and-in the higheÞ Point, where they cut the 


Ordinate at -Right- Anyles, m H is the Radius. | 
2. In Curves related to a fixed Point, let the Curve 


AMS, Saen BM=y, and „ Pur the 
1 2 eee ee e 
ke luxions invariable, for which write 13 and 
turned into Fluxions again, write 1 


be Equation- 
fir the inveriable Flaxlen, a: before; T bus you will de- 


termine tbe other Fluxion and ſecond Fluxion, whoſe 
Values being ſubſtituted into one of the Forms below 
which , cantains. that irſt and ſecoud Fluxion, you will 
eg rad 


Forms. 


. 
24 81, Kade A2 22 PLE + 
TITER on 


47- 


26 
FIG. 
. ent drawn 10 am Point of tb Curve, 5 this Per-. 


Ws eos” 2s 


pendicutar = 1 aud Ind the Value of . fromthe 
the, 0 ec Hind this is the Radius 
8 of ile Curpe: x f 


. en A 
ne ves bnow the Perpendicular upon the Tan- 


D N . $ 


Feuer: I. 


Let the. Equation of . 
* AB x, BM=y, a=a given Line. Let #=1, 


then putting the Equation into Fluxions = 
a2 +297%, We 5 wheneey= 


==. f. 2—29*, o —2 N De 


on * 


11 ——__ 


EV 


4 
eee. — Whenee cheRadiu 


Am is 1 Arch of a Circle whoſe Radius i Is —— 


2 
Ex. 2 i 


Ta 4m * Elligfts, a= Tranſverſe, b = the 
Parameter, and abx=bxx—ayy. In Fluxions ab — 
* 10 (where #=1),andthis againinFluxions—2þ 


Pans 4 


no and = 


be e * | CA * 
1 77885 1; 282 i ee found! in 


ho rf Te th and Ce | 


D TD I ui nud To Fabel 5 
my" 


Sn nie irs, 82 1 v2 


WR, ry £00" wy 

mon) == — — 87 75 ay 
4 1 5 g a — . 

DL, Wha wt = As . 


1 4 
— 
nd 


cone thus : . | E og 
Let Tranſverſe Sar, Conjugate Sac, B the Fo- 
cus; NE, BT =s the Perpendicular on the Tan- 


it at M. * the Con = 5 
gen TT, onic ections «. * TT. 
= = 2729" the 


2 7 | — 92075 & 7 
Rados of Curvature in 4. ' P's 


57. 


l 2 TO 8 4 - „W 


Ts * « 


and g4= 


4 
— n — 
. b TXT 5 * 

- 


E x. 3. 
nn. Parablla ars, thin ae and at = 2 ; 
(puiring 5 = 7) hee Kaen mT = 2 . — 


0 : . Pg bas . 
— vo E 1 . „ 181 20 | . ww "s x , * 1 
— hy ; 
d 1 * 
v% 1 


=_— ec been 


AC 


* \ 


. 


* 
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, , einen Lins a, Ag g, BME, MESA) =, — 
= by the Nature of - the Curve 5 72 1 — 
4130 1 | ; * © L a 1 N I a T 


a hence 2 9 => = 7 9 3 52 5 


— HC a. the negative Signs ſhow they muſt 
be taken upward (and t n Right Hand): But in 


\ce the Vertex Y, MH and Care . * to : 
vid Evglyxion: begins Wl inn nll A Dan 4 1 
2 Let. YL —47 . LN then V 2 — . | 
5 — 4 | | 1 I 
- » andy = = —: Alſo Verl. and 4 
5 Wen ao: = | | uv 
aa 8 | L "1, : : 1 = 

= = —aay : = 


=), — and y 
y aa =(expunging 3 3) 4 4 


Equation to the Catenary, therefore FC i is the Cate- 


nary Curve. 


2 Nee 


; Let Al be the Cifſoid whoſe Equation is ax*—yx*= 57 
=0, Wl "> toe woes a= 05 14 l the Nek Cof ibe 
F e 
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FIG. ade when 3= 2, *I. By a former Calculation | 


| N of the Curve. 


3 4 


. 


2 | . 
Docrithe' 5 


* =" — 


Xe td 
; whence o Prob. 


= = 


(Ex. 5. Prob. V.) 


D 7s: 

4 227 8 | 16X 16 
WD . 2 BL. ad Hf 2 T E 
2242, and LC = 22. r 


bf nr. . 

ROW But 17 ib Vibe. Spiral, _ METS to 
BM; and let £34: T 2. BM, — 
Ex. 12. Prob. v ndl 2 „ There- 


fore ſince the Angle BCM is equal BMT, the Curve 
BC is GRE "__- en with BM. Rs 


1 
. "Ex. 8 


9 BM Shu an Hyperbolic Spiral; BE beperdkes 
lar to BM, M perpendicular to the Tangent in M; 


let Radius 22 Arch AO=n, BM=y, then (by 


Ex. 15. Prob. V.) Radius of Curvature in M = 
. — therefore draw EG perpendicular to EM and 


2 
and GC perpendicular to GM, and the ion Cis in 


the Evolute required. 


PRO B. vfl. 
To determine the Length of Curve Lines. 
Draw the Ordinate BM perpendicular to the Axis 


AB, and n b parallel and * near to MB, And 


— —— —— 
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© : . -= 
' , * — — > * 
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- 19 ' by d 
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n 0 2 
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. =" 46 * 1 
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N 323 * 1 * 41 - * 
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* 
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Seck. II. 


AB x, Ordinate BM=y, Curve AM=z, Mr = 

45 rn =, A = 2. In the right angled Triangle 
on ay . 

Mur, 2 Site, therefore à = = Vx +53whefe- 


fore +* 1. 
By the Nature of the Ci i bösen er Mnate & 75 out of 


the Equation & N 1 and the Fluent . 
the e of the Curve. 8 | 


. 
OI 


— 


Exateesn 1. 


Let the Nature of the Curve be = 4 E 75. 
| Then its Fluxion — . Then & * = 
4 e == * + =_— 2 
(by RT "|. * the Fluent i ee 
no Correction. | 

„ 5 2. 


ts 1 common Pirabala atb. Hete 4 SW, 74 


= if V 4 And by 


Form te A 13th, the — 2 Fluent z = 


1 


Vers: +== 2. . yt Log eee. 


1 X EA, 3. 
In the ſemicubical Parabola ar- = 


=—__ s = 


a* 
and 


' f BLURIONS. 37 
in Spirals draw By infinitely near BM; and let M F FI G. 
be perpendicular to g or þ.' Let the Abſciſſa 72. 


r 
A: b -, l = 
= E IF by” » Mo a 8 2 


_ Maga at 959 


8 e Ad eee e . 3 


4 0 sli Fan nat, e 


== 

By 
* 14 2] pat it be Vester y and'2=5; there. 
BB dee ge gehe Flr ehe 2 


in the Fluent of ,y 25 +3. * ® will A had 
by Form the rtl in 9 when m is 5 any 
poſitive even Number 


11 095 [ 
And likewiſe the Fluent of . 1.4 by = will be 
found by Form tbe r ich, when m is any odd Num- 


ber; finding firſt the . +5 
by Form 9th apd. 13h, 


_—_— — 


Ex. 5. 


COPE — —ꝛ— ́ —— 2 —— 
% - 
- 
- = 
” i « 
8 x 


"OO. fPAUXTON 8. 


ee 3 214 133 Be. þ ge = ove 
Te fad the Length of fle rb of-he Coco d F 1 G. 
Loet Radius AC = r, Sine 1 2 e 76. 
Wade of ide Eiele are els 


dn by Foim"the OY #274. 


r 22 G. whe 4, 
2.3.17 4-517 6.7.17 
B. C, Ve are the whole foregoing Terms. 


— 


Otherwiſe thus, 


Let Ar, Tangent AT rr, TI, AM=z, 56. 


My = 2, then cr + it. By the ſimilar 


/ 
re 


Triangles CAT and Tir, Tr = and by 


mall , 
the ſimilar Triangles, 2 cr. 23 


3 „ 61 4 th 
. ee et: od a9 
whence (by Form the 16th) the Foes = 2 t — - 
2 9 #7 t9 8. 
r 

Now if 7=1, a oy of then 1= V4: 


I 
And . 1— 2 PET — 5 


— &c. the Circumference And half 


+ FE 


| the Circumference = 


, - 


+ 5 I 8 
716. — == &e, where 4, B. C. Ge. n 
| 4 {l Sonny {7h *. 5 Ne BY 


Or thus, by two Teris into. one, 
we ſhall have chal the the TE erence = V 3 X into 


1.3 65.7.9 911.9 13:15-9* 
Adel.. - CD, Sc. 


then half the 5 = — + — 5 4+ 


FL 1.3 * 5-7. 
45 3. — I 
BY: FIT ha + 4325 9 4 17.49 l 00 
which Series will be as follows. 


3,07 201 ; 435678 c0gorr 58 
38651 455917..07 
3455 893 97 203147 1 
N 259 930478 900749 5 
21 794996 295857 
| 1 943340 8 68 
* 1230239 667580 << 
ok Bn 17189 683703 
| 1672 167602 79 
e * | * 238193 NN 
, 16 530067 76 * 
| e ; 1-670177" 49), -. 
| 170147 80 | 
„ 17454 35 
| i801 o6 © 
_ 100 V0. * 
an + 19 46 
i \.# - ” , ” 11 T 4 2 04 
5 | | 22 


3.141593 __ 293238 46 Ce. 
= Half the Circumference. 


+ 44 8 


= += + IE Ga, Se. that 


=_ > 


„ erbrtons. 


* = = . — NH. G N CES N 
It EA be the Quadrant of an PI 2055, F 1 G. 
„ eee *FM=z. Then byithe 77. 


atüs of che Curve » Vi and = 


r H 43 * CE win 0} 
| . Aaxxcccxx 


Pl 
TD 
. 
13 
* = 
— 
ad 
— 


EY — \ ACA. 4 Aid nn = 


gt" PE. IP AT” 2 
24 ＋ A * + — r; vent | 
pus hon 75 + SID — 
+ Sc. for = Arch 2015 
N | 


"Ink 


OR | aa—xKU 


2 * 7- — dy $1 47 
* Sc. but 
2 *r 4 "Was 
220240 ——— * C $101213515 - 
the Fluent oy 2 = 3 of the deb. 
* . | 


$i vo iy \ — A. 4 = 
ing. Quadra of the Circle divided by a = 


beter the Quadrant FD or KS l — 2 I 


2 * 2 2 75 Fer Se, by Form o. 


4 05 Ex. 7. 12 5 l 0 oa £368 
| 5 fat the Logth of nbe Areb of the "Hyperbala. "8, 
Let e a= half the Tranſverſe, c=AF half the conju- 
Ii gate, 


.. I; 


; 242 b : | Te Docrarve: A. Zo? 
'F 16. en AB =, BM =y: Theny = v/er + a. 


Sen th 


| ; deb LV 
E. 8 a of» — 1 2 2 ” 
x. & 44 94 no} a3 4 


29. Lit AM bethe Cycoid, AB r, BM=y, AR=a, 
BD=v, Arch AD=s, then y=54v By the Nature 


ax —2K * 


e . YR . and 
12 2 20. 3 therefore 5 =5+9= ebe 
ETD; [3 302 10 you _ 0 e f 
| GB—X '. x 
= vo 8 — = NVaa-— 4 
8 9 0 r 19 
4 — ax 
— — * 4. J Therefore = 2 
1 Cord 4D. . 95 b 
79 * Ex. 9. | F — * N 


bg. _ Lat Gfdathe Lag. Caros Ar, BM=y, AG=b, 
Subtangent BR], then ay *. therefore 2 * = 


VEFF N = 3 


99 


08. U oF FLUX1 oNs. 243 
wy _ Whence (by Form the 3d and ge) * 


e * 
2 a 7 FI — 2.302580 x Log, - 5 2 2 


and corrected (by Prop. XII.) z or GM _ I 


. Fr 3025850 x 1 = 
X. 10. 


ua. cha DM, let AD=a, 4B=x, BM=y, $0. 


— 1 
— „„ end 5 = 
Vir — xx | JT" wp 2 


2 — . , whence & = * N 
2XX 3 
| —#. 


 o& Ja tae” an 
=", — = os and 


(by Form the gth, 13th and 12th) z = 2. 302 

| la + 3x 

Log V - And 

8 | # ' | ; | 
the Fluent corrected, zor MD =a —_ — 28 
. A +/46 

2.30258 x s 

+ NG TO 

Ex. 11. 


"Bla AM be the Quadratix, Bx, BM=y, Arch 
AK=t, Sine 19 1 — * (by Ex. 5th) 


5 ＋—— + &c. = y, by 


6aa 404+ I mo 
the Nature of the PK Then by Reverſion 


of Series 2. * 2 
* Sy 12044 Fogon Ve. 


N then 


* 


D e 75 * 


— Oc. 
2085” * 
= e and by r r be (KG v: GC: . 
(MB) 5 (BC) 12 Th 7 4 2 — 


ry * * — Non * 17 51 27% 
Se, whence x = n —— &. and 


. KT; — 3s. * 45 i ” 
"vv 27 ay 
— RA + £7000 n, 4 = 
| 145 . 


- 
$ 
2. 


82. 


. 7555 1275750 
Ag =" Lagt- 
en Tone 8 6e. 


Sc. and 4 


K | 

"x 1 El. 115 

Let BM be Archimedes's Spiral, -whoſe Equation is 
q, putting vr Arch I Then rd = ꝙ, but 


(oy fimilar =" vx 3 wheace & - 2 


Therefore Z= 7 x*+y* = 2 Kactch 700 and 
7 Form gth and ze Flacks e i HE 


LO TS 2 SE xLog 3 2. 


axe V. 84 


E. 1 


Let BM be the Log. Spiral, and let c, t, 5 expreſs 
the Ratio of the. Tangent 7 > Sabrangemt TB, and 


Ordinate BR. Then 2= — ac the TH. %= 


| - 27 M. Tepe 10 os of. the Spiral 


MAB makin an infinite Number of Nepp is 
_ to the 1 MT. A*. 


[72428 | Ex. 14. 


Q = +» oe Fo ko 


Sect. Il. 


oF L.UXLONG 


* * 9 7 + " * 
* . 5 * 
016i boats bs ai 20G SIAE e 
14. I 


245 


1 FTE the e F 1 G. 


ba, _ SI — _ RR and _ 


er e = and thence * bogs 


«# © To 


Form the 3d and 9th) is is Z = BID —bx 


2, 302585 Log. $+4/bb N: Wbence taking 
any Ordinate l the Db of the Arch 
2M N + 4dd—y/th + y 2. MEE 
h+yV/B+ dd 

74 N % 


ROB. 1K. 


To 3 Spiral into geometrical Curves, or 
geometrical Curves into Spirals of equal Lengrb. 


Let AD. be a geometrical Curve: related to the 
Axis 48 let the perpendicular Ordinates BD, 5d, 
be infinitely near together; and let the Points B, 3 
be ſuppoſed to approach one another, and to coincide 
in B, whilſt the Particle of the Curve Dd remains 
the lame; then the Parallelogram 504 -will be 
changed into the Triangle B Dd. In like Manner — 


83. 


84. 


246 \ TO»; C TY 1 N E 41.85 
F 1 G. all the Points i in AB be  ſuppaked to be Ft 
ot; one Point B, and then the Figure IDd will be tranſ- 
fotm d into the Spiral 9Dd, v whoſe Center is B, in 
which the correſponding Ordinates are equal, and 
5 the Triangles Dar in both Figures ſimilar * equal; 
3 and che Area of the Figure ABD twice the Area of 

tze Spiral BQD. 

6. Again let Du bea Spiral, ABD its Complement; 
BD, bd, two Arches of Circles infinitely near each 
. _ other, whoſe Center is A; AH a geometrical Curye 
(to the Abſciſſa 4B=AD) equal in Length to the 
Spiral: Let BH, I be * infinitely near each 
other, and HK parallel to 4g. Then the Triangles 
Duc and HbK are ſimilar and equal, therefore C K. 
Now let AB or My, BI. Arch BD=v, and 
by ſimilar Triangles : v:: ::: Bb :bC—v 


= Ho Therefore c. CD. or b4—v=Kb 


+ * Bb: Therefore (becauſe the Moments a are as 


the Fluxions)v = = 6+. b. 4 | 
„ © 7 Berefore in Curves riferr'd to an Axis, let AB=x, 
BD=y, Radius BR or BT =b, Arch RT =v, Dr=x, 


1d=y, TS=v. In the Curve AD, expunge x and x 
out of the Equation of the Curve, by 2 of the Equa- 
tion bx==yv ; and the Fluent will the- Nature of 
the. Spiral. Likewiſe in ibe Spir e all 
Quantiti es except x and y and their Fluxions out of the 

& =yv, by Help of the Equation of the Curve; 
and the Fluent will axis _ 8 of * er 
Curve AD. 


$5. In the Spiral AD, * there is given the Rela- 
| Fn of AD (9) to the Arch BD (v): By help of the 
rags of the Spiral, exterminate v and v out of the 


My | Equation 


n u 


sed. u. of ELUX1ONS. 


247 


Equation v = + Yell. Fluent gives the Ne. F I G. 
jure of the Curve Ati. Or by the Equation of ne CD oF” 


AH, txpunge u and. d of the e Equation v = + 


| 5 , ind the Fun gives the Nature of the —_— 


+ - 10 0 40.39 


ee x. 


Ut ar denott i Parabols Mu, then we have 
4 = 3 and 4% = av; whence the 
Fluent . eos the = VP is that of 
Archimedes. Wurd Arnd d * VL 


ett: - 


It "4D bes Circ, 8 Atch Abs, 
— > | Ort = 2 = therefore 


aa - 5 
0 — | 2 * . A x ; - — * : 
* © x * 5 « . — þ = V% 
* eos. 1 Ls © 2 1 24 . y Ay \ ay , . 
>” N , 1 — — 
cl \3 * - Ly 
4 — - * 
> 898 — — — 


1 v=2, chat is RT = - AD, — 22 
=TF; draw GD, then ſince BG=BT,'and BD=TF, 
and <DBG=<FTB, therefore EZGDB=<BFT= = 
n anne 


| . 1 JV At 'Þ x 7 A. W * 35} 
67 X. 3. . 


-I# — 2 the Equation of an equilateral Hyper- 
bl — the Aſſymptotes, then Do, and x 


„Mee — 9 
N 


. and thence v = = or putting 5 = 24, 
Sun, for the Nature of the Spiral Ma. 


Ex. 4. 


84. 


86. 


» 


87. 


3 —_. : Dota ins: . % 

1 G A $1 i 5q tonal wigs 4 A ee 
1 - Lat ED be the-Fagirithinic Capri, ebene 
* 5. . TY 


b At Yo vagina” 6 at Lb WB .- 
therefore V — — Therefore any Portion of the 
1 Dpagt 


+44 : Arch RT ot n isa BNET 22 being 
| the correſponding Ordinates. les. * . N 


2 | 
10 Aufl ei OY lege „Siebe: n 48 10 


Let fo”. bly a plain Triangle, then bed, 


werte = 5, confequinit v=axL 
83 WO x Dd 3% or go * 


Equation ade Lag. Sp 'S ral. 2 


Hes, Anand 22 21012001 


101312. r —Ex == Ig — 

af W Ze the Spiral of 4s 2. , whoſt\Equation 
is . or =adg, and 
is = avy; — AK 77 ef Bel 8 = 91019794: : 


the Platt LIE h e 


EEE ap ad 55100. 2 bar oignA 2d gl & 
83. Or thus: Let — D= u, . 


2 
s =# hee + M04 4 = X 


5 — adi; ane W e 
Fob therefore 24u= h an ; Equation to the common 
2719 —— 8 — — 
Parabola, as before. EINE - - 
WG : #4 % f 
t = & Rüniudg 10 Ex. 7. = ann ws e 


8%. Leu QD Ge thr icy. Spiral, whoſe - ation. 16 aj 


=dx, therefore 2 bs a _ Triangle 
7» 24 * Ex. 8. 


ect. II. FLUX IONsõ. 249 
| Ex. 8:- 
"Is 2D be the Hyperbolic Spiral, "then ab =vy, and FI d. 
vj +50 =0, ads Da W hes 
7 TR J h 
= FITS the Fluent 3 = Log. , an 
Equation to tha Log. Curve. J 


. 
Suppoſe „ =av* t denote the Spiral ad, then 85. 
5 25 214. =. 1 + 2 ; therefore # = = 
55 = 
_ whence « 4 2 1 or gau = y3, a ſemicubi- 
cal Parabole. 
| Ex. 10. 


V v2 5 * LE, be the Equation of the Spiral; 85. 
ws = 5 =i+I =4+5 _ 
oF Any + 


2c + 5 
S # 2 1 whence 1 = = — 2 =\[heres - 
1 ca + ca + | 
fore 2 = 2 Va + 9. 
| E x. 11. 
Let BDaE be a Semicircle, BD=y, BE =a, by 89. 
BD x rd WW 


——— — " 


ſimila Triangles Dr = — 008 
ſimilar Triang ED . WF 7 


whence v a . when corrected x = 4 


Vaa—yy = BE—ED, therefore ADL is the Qua- 


drant of a Circle, whoſe Radius is 4, 
9 10 K K Ex. 12. 


899 - Te DoerrInE 


Ex. 13. 


F 16. L. 2Dd be a:Perabola, B the Fochs, 4 . Latus 
90. Rectum, BD=y, DP a, Tangent: By the Nature 
of the Figure the 1 BP= Vn. and by 


therefore x = V ay 4 = Ordinate DI. Hence 
the Curve will be the ſame Parabola referr'd to the 
Axis 4B; making A= W, and AB perpendicular 


- a 


PROB. X. 


' To find the Areas of Curves, © 


gi: In any Curve AD. related to the Abſcifla AB, 
| produce the Ordinate DB till BE be equal to a given 
Line, and compleating the Parallelogram ABEC ; 
If the Arears ACER and ADB. be conceived to be 
generated by the right Lines BE, BD, moving along 
the Abſciſſa Ag; then the Fluxions of the Areas 
ACEB and ABD will be as the deſcribing Eines BE, 
BD drawn into their Velocities of moving, that is 
into the Fluxions of the Abſciſſas: Now lince-BE x » 
AB = Area ACEB, and therefore the Fluxion of the 
Area ACEB= BE x Fluxion of AB; conſequently 
the Fluxion of the Area ABD'="DB x Fluxion o 
AB. * | 35 aan T lima 
92. In like Manner in Curyes related to a fixt Point B, 
the fluxionary Triangle BDM is the Moment of the 
Area, and this is = BM x . or = the Perpen- 
41 2 | 1 N dicular 


* 


geck. II. of FLUXTON'S. 


$31 


dicular BT (on the Tangent at M) x by DM; but FIG. 


DR and DM are as their generating Fluxions. Hence 
1. In Curves related to an Axis AB, let AB x, 


BD Dy, Area ABD R, then 3 =7y* , therefore by - 


the Equation of the Curve, expunge one of the Puanti- 


ties y or & out of the Equation à Sr, and finding the 


Fluent it gives the Value of 2 the Area. Sometimes it 
/I be neceſſary to find the Area of the ABD, 


the Rule will Al be the Jame if you make AB the 


Aalen N 

Note, If the Ordinates are not at tight Angles to the 
Abſciſſa, the Area before found muſt be diminiſhed in the 
Ratio of Radius to the Sine of the true Angle. . 
2. In Curves related to a fixt Point By let BD=y; 
Perpendicular BT (on the Tangent) = =P Curve AD=v, 


Dr = x x. Area BAD =z: Then by the Nature of the 


. expunge 3 or & out of the Equation x = or 


Ear un give 2 the Arta. 
And if the fluxionary Triangle BDM can be wk 
any other Way, and the heterogeneous Quantities expung'd 
* the Equation of the Curve; the Fluent will give the 
Area as before. 


ENU "% 


7 18 


bxx 


2 and when * = 5, and y = b, the Areaz = 
K k 2 | bp 


expunge beben ahh Equation 5 = LEA .- and the 


20 554 the Area of a Triangle. Let the Baſe CD 
=b, Perpendicular AY =p, AB =x, 4D (parallel to 


CD) =: By ſimilar Triangles y = = , therefote 


tZ= = 25 thetefore the Fluent 2 = 


wi IJ 
* 


91. 


. 
-—- 
_—_— 


92. 


93 


— - 


The ee E 33+ Fer 


LN 
2 r ſince * — 8 therefore a 2 _ N e 


: 20 r ©. 2 | —_— | | Re. 
| =o — 22. — 3 N 


= n on the: LR 
94. Let the Perpendicular BC=p, BD=y, &=5; and 


ago » 
by fimilar dy Dd = = eras; = = 


| 3 
| 


ty n 
e = Area BD, ere — , and 
2 — PÞ..," „ 2 


thence * = "DV > Now in the Point C, y is 
a Minimum =. 7 Therefore by the Schol. Prop. NI. 

firſt the Part HBC muſt 'be found, which is 2 
5 AB* pp, and then the Part BCD, which will 2 


2 x V= 7p. And the whole ABD = - 


| * AB* — 75 +:; 2 2 me or 3:ADXCB. 
Ex. 2 5 
Let ABD be any Parabola, where x = as; then x 


2 my" 'y, "therefore 2 8 Sy . and 2 2 = = 


91, 


mM 
I 1 * and if 2% Kir by 
Or thus: Let Ab=x, bD=y,'s ha 75 then & 


255 = , therefore 2 2 A * = — —3 "5, and thence 


2 — 


hed FFLUXIONS 35 


by” 2 1 as 
3) dear 6D. 1 Bt | $12 - 98 IE 
5 „Ex. 3 . 3 


. FD be an Fyperbola, Ga AP = =b, Aber, 95. 
os th 


er | 
Or (by Form 4th) e 1 3 is & 
29625 5ab x Log, ———- | 


” 4 
£7 


Ex. n 
* FD be any 17 of Hyperbola, chax. 2 95. 


* — „ and the 


FT” 


Area 2 — | * Fo 7. for the Area CBD. 


1— 1— 
If the Angle ABD is oblique, 2 Area muſt be di- 
miniſh'd in the Ratio of Radius to the Sine of ABD. 
If # = 1 the Space will be infinite, if be greater 
than 1 you get the Space BDE. ras 


Lat AD teaCircls A _ BD =y = 96. 


V ax—xx, then S N = =. ax xx, Whoſe Fluent 


x2 3 
(by Form Ma" is 22 Varx: IX 2 


1. 3x. 3.5. r. 2 ⁰ . Ad 

— 9 e Se. — a DP 
4.6.9 4.6.8.114+ 3 7 
| + 


434 The Doc ITITY N 4s 
2 + 


BY 8. * + . +” e uber BC, Gel 
* are the preceding 1 Or (by Fo ro, 
2 1802 i e (putting | 
le = I 745 * twice the Pearathh in che Arch whoſe he 

=, and Radius 1. 7 
i 21740 be 60%; r 


| 3 8 Fru 22 2 ry 5.4. 9 et ene 


to which adding the Triangle DBE = 52 Vs, you 


have < the Area of the Circle. Here 24 B, C. E 

are the preceding Terms. 

If y Mar + xx be an Equation to right-angled 

 Hyperbola, * ſhall in like Manger find = A* 
ba bh 3:26, wy * 8 

*r f. — 4. 7424 25 4-60.94 | 2 114% 


+ Se. or æ = LEM AS — = % _where 


4 


1 A : 


„22. i — 


Likewiſe the Atea of an Elie fis is found FN the 
ſame Manner as the Circle. Of if you put 7 for the 
Conjugate, tis no more . en the former 


Area of the Circle by = . And thus ＋ multiply'd 


' Into the former Area &f the Hyperbola, gives the 
Ares of the pi whoſe Conjugate is c. 
„Ex. 6. 


97. In the E 72 FDE, to find the Area edjciniie to 
| the Center Re Let AE=a, 'AF=c, AB=x, BD= 


» then y = — Vu = by the Nature of the Fi- 
gure; 


- 


\ 
© 
; 
1 
= 


13 
— —— 
- 
- 
, __ 
* 
n 8 = 


ID — — — — 


"Ts 


0 


z 
\ 


— ———— — — ˙¹- 


N x op, } 
4 - 122 
N . ab - 


„ 


1 


- 
9 = 
o rr Kr r —̃ . —r—Q' T —˙ ͤ — — — — 
oj N - 
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"- 
F . 


Pry 
* 1 ka," 


* 
—— 2 — . --- 


a - . 
- = ** 1 — - 2 4 — * — 9, 1 my — = P43 - . 
S657 e EEG * Sehe u $0o- , rr A W a — Per n 


LA 9 


4 — 


* 


. 
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* f 8 1 | EI — 
F z 
* 
Po. 
; f 
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9 4 | 
& 
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| ST. r be #, 71 : 
WY a. N Wenn * a | 
Poon wy \ l 9 f 4 
T7 . : bo 1 . 5 8 : . a 11 
_— 5 . 4 5 
* . | 
* — * „ * * 1 1 
: * = - ' <; 
* « : — d : * _ : 
. * PR Co d. - 4.4 5 Wow 7 A 
* . * . - —— + x . A 6 IC 7 — — 1 
- - - . - .» b A . 8 N 
* - * 2 j . * 7 
: « * ö a | = 
: 7 x x A " 
4 * ; * : þ- 
1 Wd 
. * . 1 4 l 
* N > a * 
* | a 
© E7 — * * * - * | 1 % * : - FOO * 
- ->c * | | | 
* 1 * 1. | | 
* . * Wow * {> Law | * 7 
0 —- a | 5 
25 3 , 7 * _—_ # 5 * 
, . wy * wy, 2 
| | — j 4 = we f * 
: o © 
. | | 
TH = * «L, + — 1 4 
: * 2 _ — 
* a D — 
| | | T * : — A » 
x 29 . o * s of * 
8 | 4 _ f - % 1 * 
4 * ww 74 . — 8 8 1 9 = X 
” P | 
f *- * 4 _ 7 * 
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. +. | . Y — 
7 g 8 — — 1 * - 1 ® — g * 
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- * k : ka + CRY - * OS # * * 2 — * - byes i - 
— = * A 25 n 2 2 r Xx | x we. a ow ; 0 * 
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* 4 E g * r 1 — * * * * 7 * * p 
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3 — * _ - — EIT... —— 3 2 * Gt 3 
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wir then zn = © /a6— whence fy 0 FEI G. 
24 5 22 e - —Szp * 


= RR IF + vi 
Ge. for the Area ADF. Or 2 = _ 1 


CE pong 9 = ,017453 * Degrees i in the 


Arch whoſe Sine i is — and Radius 1. 
After the fame Manner in the de when 98. 
y= e . We : find = = — — + — 


92 _ 5 | . 3 2144 


er 8 =» SE : A ory ; 
+ V+, putting + = 2.30258 Log. | 
N | | 1 


RIS 
| Ex. 7. 


To fund the Area ADB of the Ellipfs ADE, "hh 99. © 
by the Line BD revolving round the Focus B. 


Let 24 = Tranſverſe AE, 2c =. Conjugate, BD, 
=y, draw the Tangent DT -and BT perpendicular 


to it then b the covic Sections BY = === z 
_— Viz 


De % Radl by Amen 
. W209 —y 

| Triangles DT: + 1 HIER: RD, that is 

Vi- — c 20%: 5 * = —L— 34 

WB US To Ty © axe” an 


, | whence 


2356 


De Doctivs T2 1 


r 1 0 whence 2 . =— —_— ET — Put 


100. 


I 01. 


2 c 2 — yy 
UE), Pp So ou (by Form 27th) 2 * = 


— —1 whence (by Forms 


96 I 


| EY Wo 


— 


3d and 10th) 2 — = vv — — * 01 
Degrees i in the Arch whoſe Sine Ea 4 2. but whin 


| 220, - therefore correcting the Fluent, and 


putting p = Number of Degrees in che Arch whoſe 


Co-ſine i 1s nn —, and Radius I, then we have 
'7 aa — cc 


the Area BAD or z = Eee. — 2 


cc -. And the Area of the Semi- 
ellipſis AME =, 14S X 90 = ca * 2 141 . 


Ex. 8. 


7 o find the parabolic Area BAD, generated by the 
Line BD revolving round the Focus B. 

Let a = Latus Rectum, BD=y; by the Nature of 
the Parabola the Perpendicular BT Vp, 


. and by fimilar THONGS DT : DB:; : MR : MD, ot 


-i 5 9: v=— = ; whence 2 
| Seen | 


= Eno 2 -; and (by Form 3d 
2 0 4 —— 


. ts 9. : 
1 AD. be an * B. the Center, BA= = 


| Semi-conjugate = =, BC x, Tangent AT =, or: 


dinate 


I N. 


Seck. II. F FPEURXIOR BG. 


the Nature of the F igure bhxx=nbbag=aayy=ttxx, and 
= 3 abaa” 

xx = 3 The fluxianary Triangle BTt is to 

the Bob Tm. BDd, as BY* t BD: or ad tb 

05 6 2 2 ws : bb, 

* 1 al J bg « * e * M8 M04 
* 21099 b | mT 
ene A : and he Fluent 2 W 2 7 ＋ 65 

+ act Ss 1 F orm 6h) the F luent 

* | 


| 40 wh 

« = ed $14 esse Lg) Ft WE Ine Hypreboli 

Sector BAD. * . men? je — 
Or: : Since 7 = 2 — 


t r 


2 „ 
==" therefare t = — „ therefore ; 


vb FT | | "BID. 
= { 005 _ Wu e 


c. 


14 Form the fr Or (by Fo Ms hs = x 
Rage x Log. . 29 8 


Ex. 10. 


Let, RD be the Logarithmic 1 AB=x, BD= 
AR b, 5 Sa, by ſimilar Triangles ay = 
— Fhence — and n Area ABDR 
L1 Ex. 11. 


3%«, 


Ci) 


=” 
+5 


102. 


0 | | 
aD 
dinate CD =y; by ſimilar Triangles ay S tx, and by F I G. 


— 
. 
, 
8 ” 
* - * 
7 1 


103. 


104. 


og: 


* Docrains 


Ex. 8 


F I G. I be the Ciſſoid of Diocles, Ae 4Þ=x, 
© 4 


ab by the dune of the Curve = pm 


eee 38302 x d- Fran 
(by Form the 1oth and 11th) is zg Sectors — 


Ai — Xx, chat is 2 n 


Ex. 12. 


Tes ED be the Conceid of Nichomnlas, CASE, AE 
=4, AB=x, BD=y the Equation of the Curve i 


TY as —»y IJ = in Fluxions j V = — 
b+y * * 44 — 2 he, therefore 2=1x= 


n 3 
v - . —— (— x2 


vas —wv 
= WY 
wary e, 
$19 por 8 
Fluent (by Form to and 110 and Form sch) 18 2 = 78 
27 = — 9 + 2.302 384 x Log. — * 32 
+ 017453 gw in the Arch whoſe Co-line i 
— » Radius = = 1. | Ri 


Ex. 13. © 


Tet 4D} Ze the Cycloid, Bx, BD =», AE ING 
FC=u, Arch AC=v; by the Nature of the Circle 


e and iu = 2E, and And 


9 "WR" 8 = © 


Set, . of FLUXIONS. 


_ | 


by the Nature of the Cycloid x =v u, and + = FIG. 


| 3224 2 3 


r 
* e Win. but this is the 


HI * 5 AN, therefore a MD'= 


IL. 
' Ex. 145. 


2 AD he the Vadratix, AB x, BD, then (by 


de Proceſs in Ex. NN EIS + 


458 3156 ; 3a 
+ + -= v9 Se. las 24 
45% 31545 9 225 
+ 7 hs 
Ex. 15. 


Let AD be the Catenary, AB=x, BD=y Carve 
AD=v, the Equation of the Curve is n 


whence v9 = af . Y, and v*v* = a +y N, or 
o+y * l 42 * —#'s whence av = | 


aK * therefore 2 2 * = av —az, and 2 = av 
. „ ria | | 
| Ex. 16. 

Let AD be ſuch a-mechanical Curve, that the Ordinate 
FD = Arch AC of the Parabola whoſe Equation is ry 
= un; putting AB=s, BD or AF=y, N. Arch 
AC=v. Then v=x, and x=v = M= =) 
9 5 Vir ir +, by Prob. VIII. then S 5 


Vir. But v = Fluent ofy Vir), there- 
LI2 fore 


106. 


107. 


108. 


e 


1 


110. 


finite Curvature, the Area of the Segment extream- 


The Doe vis s. 3x .B 


S. for by Form ad. 2 S 55 +39 


16 
Ex. 17. 

Let AD be a Girete, ta fond the Area 48D, extream- 
ly near the Vertex. Let Radius A = 4, n =, 
D , then à = Warr x; but in 4. 
* 2ax—Xx = V 2ax; therefore (by Cor. 3. Prob. II.) 

2 D da; and the Arta 2 & Wax = 209, 


the Area in the very Vertex of the Figure. 
Cor. After the ſame Manner in all Corves of a 


ly: near the Mag is 7 the Baſe into e Height, 


i 234 —— 


EL, - 18, 
Let the Feuation of a Curve be =" = —.— — 
to find the Area of an extreamly _ Part 'o the Figure, 
* 
when n= Here 3 = 3 X * 
1 | 2 1 C78 2 
. N MS 
(by Cor. 3. Prop Ht. ) therefors#= — EE * x. 
fg 


Where & is a very ſmall part of the Abſciſſa. 


Cor. Hence the Area of any compound Curve 


may be nearly found, by finding after this Manner, 
all the Parts of the Area, belogging: to the ſeveral 
ſwall Parts of the Abſcila, and. collecting them into 
one Sum. 18 


Ex. 19. | ; 


Er Di be Archimedes" 8 Piral, AB =, "Arch 
1 BD) by the N A Figure q, 


| whence . 


TY | 


SS .« 


. 


Sect. II. of FI. U XION S. ab 
whence v = = 2, i oper Triangles v = 32 


7 
vbence 4 = EN ; therefore 3 * = — =; and thence 
22 om bt 1094, * 24 (3 } err : 

3 . N © 
the Area BED of = = 9 
1 * Err l = 
Ex: 20, 


Let MN be | the reciprocal Spiral, Rakins Aba, 111. 
Arch A , Arch AP =, BD=» the Nature of the 


Curve gives ab = U whence ro, and v = 
>, and by ſimilar Triangles v= - whence x 


= —.——, e = = 2 Rn 4 — 
* a, and ant 5+ 
un BCD era . 
; "ot 21. | 
Let 2DC be the proportional Spiral, whofe Nature 111. 
1s by . 
15 N 5 therefore & = 1 22 


And #6 the Area nb = 


1 „Ez. Werne 


* BED be „ Kind of Syiraly BD=y, Arch AD. 112; 
(whoſe Center is ) = v, and let its Nature be ex- 


preſs d by this Equation av* = y*, or 7 = ale, and 
Ser, whence b y f and the Area 


89 — 2 


2 4 Jh for the Aren 8E D, 
09. Ex. 23. 


F1G: -: 


27. 


. Docrauzz 


Ex. 23. 


— a Carve be atwe—#) 097 put 
== , and the Equation is transform'd into o | 


— = 45. Whiawte x == ates — 


— + 62. . 

= | a 
2 ND = 
Jazz — 4 ＋ 4⁵⁸ 
f 25 Es 


and x = 


i hg 24. 
Let the Equation of the Curve be 64. + 4x9 
To. By Reduction x = «= 3 2, 
WW = on, then l Sb, and 


SP: =vz and aa -u . 2 DK 


27 4 


W T. e. Therefore * Va-. 


49 
From the two Values of v, we ſhall have Y- 
+299, and y=+v + Vas + vv, and q = +0 + 


= , then the Fluxion of the Ares * = X v 
r 
aavv 


Set. I. of FLUXIONS. 


Fr 
8 ee L0G F-I s 
LE ; whoſe Fluent is had from Form 10, 2 
Sc. of che Table. 
— Ex. 25. 


"It . . .of the Curve be 1 N. Sag. 238. 


— and the Equation is transformed to 


Era = o0f,. Then 218 — - "Ia » and 324 


— 600 » Ind the Fluxion of the Area 3x 


. 
U 
= 


axx * . bh 66. Gs whoſe 


= "on - $6 = Jas _ * 
Floent 3 2 ft 290 v, 2 
. . 0001 
- vg = 
Ti 
Ex. 26. | 

To find the Quadrature Mg mc one by the 
Equation ax EY FCN o. | ? 

Put x = us, ad = =. 5 = 
2 . 3 
ny = wT 2 7 chu # = . Therefore 

A A 
the Equation is —— into this 27 + oo * 
r. 4 Ir = 
n A K 20. Di- 
. 8 — 
ride the Equation by « T2 K. 5 and we 


— — | 
ſhall haves © „3 * + bu + a x 
ö 


„%% WM Deen 11.6 


FI G. —— - . , TW OO: | e | 
2 goers FT Ra 890 20 Nb t t6 ma Nil 
; out of che laſt Term, px its Inden Cry 20 
42. — * 1 — 


50 „8 = . 2 9 k 
TG Lr T, by Ee hey - ER? he nds — 
, e . ee, aa feamſequently 125 


8 : b 1 : id * 
: 2 PR | - 3 4 £ + © 3T w% 
29 at; W, We gy — —— —— — Xt — — 6— 


Area. Hence EN 8 Wann W hk of _ 
1. For Example, let na micro, then F: i 


= 1 ED” X ME * fie An mn yp 117 


1 OS Sensi. & * 
155 y not be improper, in this Plac to inſert 
the Tranſactiohs) a general Method for deter- 
wh the Quadratures of” Curves," With its Inveſti- 


tion. V N 


"Ja 


Sec, u. of FLUXHONS.. 865 
Let the Equation of aCurye be aN Ay vl. 
of. * Ft. So. An its Area ar hp 


Cy ND Ge. =" Flut of 3x. Put 
theſe two Equations into Fluxions, and nas 


two Values of equal to each other (expungi 
y— by the Equation of the Curve) and we bot 


* 
VT. 


th * = 
3 " 
- * * 4 


Por Ss the Numerators and Denominators. al. 
ternately, there ariſes, . 


anAx" + bqAy? xt + 2 ** | "WW IP 
þ 


+ any 141 + 159 BT 
r 


Daman +37 bt s i +Z3% Fl. 7 * 


— . „Lp. 
| + mablye—1 xd +9=x | 


Nos for n the Indices, compare the 
homologous Terms. Thus p=/—1, whence /=p-+ 1. 
Again r=p+/—1=g—1, and thence 7=2p, and 
=2p+1. After the fame Manner =, i=2p+t. 
Put en g, and then f=e+ 1, zern, b=2e+1, 
ge, k=3e+1, Sc. Therefore the Equation. 
of the Curve will be in this Form, ran N“ 
0 - u- Sc. So, and its Quadrature . 
Ayx+ By et 492 hes, — — ech. EY 


= Fluent of 3. * 
1 M m Next ; 


> me $6 Webb & 1195: 
. . 


Ge. Put the Coefficients of the homplogaus Powers 
of. x equal to each other, thus [nd * —=4X a, 


wg. After the: Game Manner B= 


1818 * 


* A Lav ee C= 
. ; En 


ö m — 2þ.Xc ee ue 

"I 
+: 2p=2c—m" x 4 ** 
ee ben xdtefi Tw 
Sc. 


Hence e 1 + av b 2 gt et 
rh &fc, = o, then the Flyent Li 75 or the 


Area of * Curve i Us 
* 2 2 TP 4 
+ . 3 $*5 2 * 
rie. = A¹ | am XI + an * rn 
+ 7 27 K e 1 
| 4 ＋ 

D 8 | * — 2 4 " 
+; #— 8 X e+1 + eu X pF: x —bB R Þ+ anXIpFl 
1 N 
* — 3 {> — 

— . Ki :X TATE 


+ = X 2 71 +e+2 x +1: * —bC 


+ m— Xe 

+ : Dre | 

+: B =P Xl op Hb XFEEX—AED x Wc. 
+: e * — E rt TX Wp+1 


2 1 X 71 ＋. n D. 


1. Here 


| * Powers 


A Carmelo. ermsz particularly in Trinomials 
{chat in Fan canfiſte | 
e ie « poſitive whole Num- 


bers e and you have the Number of 
Terms in the Series. a) 4 


$8.10. , FAUXIQNS. 
2. Here notes, 4, B. C, D Eg. repreſent. the firſt, 
ſecond, Se hand Ic. Terms, day leaving out 


and | 
pls gives the. Quadrature of 


This 8950 
chree Terms), 


79 = 94 Bru (6 5177 


3. But in ä more Term, there are G- 


| veral Conditions requiſite to their exact ability, 


which it is needleſs to enumerate, becauſe ſuch Curves 


ſeldom admit of an exact Quadrature. It is ſufficient 
to obſerve, that if N= Number of Terms in the Equa- 


tion of the Curve, they vill ſometimes admit of ſuch a 


Quadrature when Ge eee + x 
is a poſitive whole Number, but never elſe ; which 
Number will then ſhew the Number of Terms in 
the Series, that conſtitutes the Area. L 

4. When the Quadrature of a Curve is required 


by this Series; reduce the Equation of the Curve 


* the 28 ceding Form, and comparing the homo- 

erms, the Exponents and Coefficients will 
852 determined preg muſt be ſubſtituted in- 
to the oing general Series as uſual. And when 
any particular Terms are wanting in the given Equa- 
tion, , the reſpective Coefficients will be o, and 
thoſe Terms of the Series wherein they are found 
will vaniſh. . 

5. And we muſt firſt- of all enquire whether 
it will admit of an exact or geometrical Qua- 
drature, and if it will not admit of it in one 
Form, it may in another. To this Purpole we 
muft divide the whole Equation by ſome Powers of 
x and 7; ſo that in the reſulting Equation, there 

Mm 2 may 


"2 208 by writing x for y and y for x in che Equation of the 


$268 269 W IT . Hel 
1 net be obe Term without & and another 
" without y ; for this Condition is abſolutely 
* to the Equstion; and thus vou will have 4 new 
Form: And tts we muſt do'as oft "as poſſible. Now 
tte Number of different Forms apy Equstion will 
*adniir'of is NY N, potting N=N umder of Terms 

in the Equat uation... MACOKT &.. ci 8 4 —* 2 
6. If it admit of fuch Quadrature in none of theſe 
Forme, try: to find the Coinplement of the Area, 


Curve and then „ the new W e 
in all e as ” 


C2711) — 4 


20194 50 | Ear 12 os A 
x PLS UE Here = 2283. p=, 

| a 1, 6, an and — N 13 
whence the Curve is Fon en, ag 


* 
5 


1 . 1 f 
- * , . 
- 4 25 a : — 1 - 
"i. Ei i 85K. 
* ' 


arp. ar e Here m S i 1 


1 then . 
A 4 -. r, P =). 1. * — 2 


13 and the Ara = #9 er. | 


234 
Ex. 3. 


Nee 
is not n in this Form, therefore divide by y, 


and then 1.+ J. — ue where mo, 


* | IEG 


$eQt; U. A FLUX10NSs. 


1224. — . a= = b = —— 


* 


FE N. 
— . 15 dae da Are = 


0, 4506." 34124] Ex. * Xe 

Let. En MAT 24 wa. 
y=—1, 4=—&, b=— 2, c= —- 24, Þ=3, ez, 
1 e che Arey of 
"the Figure i is = 2xy —+x39+: For all the following 
Terms of the Series will be nothing. 


£ 


* ww. » 


. 


* 
wv 


- 


—— — — 


ES OUNCE 4 3 
To find any Nuniber of PEA that may be ſquared. © 


and 


Let the Abſeiſs AB=, Ordinate BD=y, 4rea Þ 1 G. 


ABD=z. Aſſume any Equation between x and x, 1 
will determine tht ae: : From that-Equation get 2, 
and ſubſtitute its Value in the Equation 2 &, ns this 


will give the Nature of -the Curve. 


+ of 91 EA AAA 1. — 2 
Let *g, hene a2 , bene 3= 2%, 
and the Fi igure is a a Triangle. 


Ex. 2. a 


1 s- and & 145 x — whence 1/= 
=), an Equation to a Parabola. 


Likewiſe if * ax, then — N a 
** =4y, an Equation, again, ts the Parabola. 
Ex. 3. 


113. 


8 *4 L»( W 4 By — _— 
L 4 Hera, or F= a e, * then 
een | We © 
ITY + 
xx 


: 


La . 8 
| Pres” and 2 IS gen Sor 3 therefore 
J'=- —— Og 


2 — 3x — 2% ? 


punged by Help of the amd Equation,” 


: Ex. 5. G 


Ee + 4 =2, then peg ae 
| a whence q = iz xe+ er 


— # 
x . N 
, RY dd 
% ? * 
. 1 5 . 1 
„ LF J 4 „ " match A © 
x . we —_— > k 4 — 0 7 z CF by * 3. 1 


— 1 - #.4. 3 w—_ . 4 


eren — 2 * 1 3 - 


Þ R OB 2 * . n 


4 Carve ABD being r to ind ay Number F 1 
of Cures ACE: a | 


 affigned Relation ta the Area of the given 9 * 


Let ADF be any Curve referred to un Are or 
DF any mechanical Curve, whoſe Complement is 
ABD; or ADH any Spiral de ſcribed by the Arch 
BD, whoſe Center is 4. ACE the _ — 
whoſe Relation to the ficlt is given. 1 


Put A5 = e key | 
Av, CE =#u, Area ACE = w. 


Aſſume any 60 Equations, ane of whigh may contain 
the Relation of the Areas a, w; the other the Relation 
of the Abſcifſa or Ordinate of the” given Curve AD 
(* er y] to the Abſciſſa ar Ordinate (6.97 x) of 706 
other Curve AE. By Help of theſe two Equations, and 


this third y , expunge all Quantities as far as poſſible, | 


except v and u, 


e 5 uy = ty and you 
will ge# an Equation ture of the Curve ACE : 
Hu the ſecond a 1 will determine the 
— — — 
to have the regured Relation. 


Ex. 1. Let AD'be a Circle, whoſe Equation i is 


ax—xx=yy. Aſſume ax Su, and , then 27 — 
2 


2 
e Whencewv = e = Aa- = 


. : qherefore 1 eee. the 


of 1 e ec Area is equal to chat 
of Circle, when ax = vv, * 
: 2. 


114. 
115. 
116. 


117. 


114 


117. 


1 
1 
T 
1 
bu 
FF 
Ci 
I! 
1 
14 
4 
1 
bl 
| 
n 


- 
% 


2m oberen, 1452 


F 1G. Ex. 2. Let ax—xx=yy as before, and ax +2=0y, 


i | Un 3 
114. ke ad 1 
Ty 8 6 TRI ves =v=2Z = = F 2 


v — 0 II 
2 Wherice u= - 


2 Then . 


Ex. 4. Let ar ty as before, tains 2 


= , and xb. Then 1b = = * — WL 


— 9, = 


1 5 
4 Jl to 


PP room 20 hence 1 ue. s 
ah - 5. Again let ar xx SY, and 2* = w, x b.. 
Then «v=w=22Z= 2% ZAZYUV =4ZVV/ 4X — Xx 
' = 42V%/aV* —v+ = 429*vV/a—v* :. Hence u 


42VV\/ a—wv, an Equation; to a 9 Curve. 
Ex. 6. Let cc+xx=yy an Equation to an Hyper- 


bola and aſſume z to, — Then uy = =w= 


C1 n 
— r * Ver Hence 
N 


2 


ER * Let ep $2 as before, 2— <q N 


gecdt. Il C PLUXIONS. 


ax 


* R 2 Et) $93. 
o, and 5 5 + ite and x=. 117. 


Then vb K = * + = mY" | 
r 


* 
— 4 


— — ts =4/aV—wv. 
Henee # Nabe b, an Equation to the Circle. 
Ki e 2 I ama 114. 


En "LAS. 


e 2 then will x= - 


Ex. 10. Let BD or y = Arch AR of the Parabo - 118, 
la AR, | whoſe Equation, js an, putting Rp. 117, 


BR=s, Tangent TRL then ? = =D.” Now al- 


| lnozmw, 7 U. ee ee Gan. 

| 2089-206 ar- ar 2 r. 
BET ET e ere, 

85 | ES Nn | eon; 
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The Derain ; 


Fl G, conſequently 4 = , a mechanical Curve, 
115. Ron 11. Let AD be a Cycloid, Diameter of the 


117. 


116. 
117. 


by che Property of the Circle * * — 


NE; Circle = a, FG=s. Afſumey=v, z=w, 
then by the 1. de of the Cycloid yx = whence 
w=v π ν = d; and therefore u; 
conſequently A 15 a Circle the ſame with AG. 

Ex. 12. Let AD be a Figure of Arches, where 
Arch 4G = AB= x. Aſſume y=v, x=. And 


2 — 


Then ab A e x 2 = ——— . 
| 2 _— 24/aV—vy 
Hence y = 

n/a0—v 


Ex. 1 3. Let AD be the Spiral of Archimedes, 
whoſe Equation is þy=xx; and aſſume x=v, and 


f 


| . . : ? 8 9 
Tr then ww=w=2z=zx=w= * v = * 3 
; whence zu vb, and AE i is a 8 convex to- 


wards AC. 


PROB. XIII. 
. To find the Surface of a Sehd. 


As the Flurion of any Space is equal to the 
deſcribing Line drawn into the Fluxion of the Axis; 
ſo the Fluxion of the Surface of a Solid (generated 
by a Line revolving about an Axis) is equal to the 
== hery of that Circle drawn into the Fluxion of 


Let 


ine generating that Surface. Therefore 


— 


Seck. . of FLUXIONS. 
Let the Abſciſa Arx, Ordinate PM=y, Curve F I 0. 


AM (6r-BM) 22, 6223-14 16502 = ih Circumference 
| of theCirdle 9 Radius is 1; then to find the Surface 
s generated” by the. Curve AM revolving about: the Axis 


AP; by the Equation of the Curve expunge one of the 


indetermined Quantities and its Fluxion out of the Equa- 
tion 5 = qq, or o/#* +5* z (and fnd the Fluent, | 


ExAMPLE 1. 


31 WH *- us 


Ex. 2. 


Let AM be « ſpherical Surface, Radius= a, by the 


Property of the Circle ax = yz; therefore. 5 = 92 
= (68s whence 5 ax. 


* Let AM be a . odd 2 then y = 


we. — whence s=09 /FIEf* = — te 
caax gc 


and the F luent (corrected) is 5 = —7 y aat 4xx 


324aa 


ca* 2x Ga + 4xx | 
* x 2.302585 Log. tate found 


by Forms the gth, mY and OT 
Ta ar = Sean Ern, to 22 Parabolas. 


— 
By the Proceſs in Ex. 4. Prob. VIII. zi h 
3 whancs 


* " 


219, 


g 120. 
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120. 
121. 


3 


119. 


3 * oP 


5 


F. whence 1 * N 


29 


141 


The Nerz 


Therefore this Flicte-of f ur N- d wil be 

had by Form the 18th, when 1 is the half of any 

negative odd Number : And che Fluent of 
* 


9 m b+y n be bah alſo by Form the 
15th, when m is any politive whole Number. And 


LES: likewiſe The Plbent of . 4 4. Fa will be had by 


Form the irth-when w is the half of an bdd Num. 


ber; n 3A 
by Form the th and 13th. In other Caſes, Form 
on 15th or 46h will give the Fluent by infinite 

ies. 


— 
e. e e H —— 


caa 
12 


Ex. 3. 


In tbe elliptic * BM, whoſe Center is A, let 
2 AB =b, AP x, ARNE, then y = 


Ju and y = = A and 2 = 


vu = 2e Ter. = Ve. 


Putting 06 $þ = 4d. Therefore 5 
va*Fdgex. TONS 6017453 Degrees in the Arch 


92 = Ad 


whoſe Sine is a , When a is greater than b. Or 
2= 2.30258? penn _ —, when is is leſs 


than 5. And we ſhalt deve (by Form roth and 13th, 
2% iv > | | or 


Seck. II. of FLUXIO Me. wy \ 
ric; 


16, 


or / Form the gch and 13 b) «= 7-2 


a eta, for the Surface BAf revolving 
round ME 


"Oy * 


Is the ge een BU, cribed revolving about 2 
AP, let the — 7” Semi- tranſvers * 


12 
AB=a, 15 Pass: then 8 — —* 


j= ; „and /x*+9* = = 
putting dd g b. Therefore 5 = = = 


„ bene (oy Form tbe geh and 13th) 


z : 3 FI haa 
EEE EE=T — 77" X 230258 Log. 
te N -: And N corrected, 


2 248 V =o — "2 * 2 


= 0 find the Surface deſcribed 5 the Hyperbola revoluing 124. 
* * d. and & 


2 dd 
2 d 3 1 — 22 - 
[We gry „ an Vr FF =y EM 


The Creunſerence 2 by Mis cx, whence i 12 
93 VU +29, And (by Form g and 
DR 13) 


12 2. 


0 5 * caax 


De Doc rxiuE 
| eee. 


In the right angled ben CM, let AP = x, 
2 = = — aax 


PM=y, and a0, = 
bene / x. = DPS and therefore ; 12 


| canxx 
—.— ee. Form 3 and 2 


2 e es. 
But in C, let xa, and zg, iN the Fluent 
corrected 165 * — Vr + ** + „ 


2. 30256 Log. e for the Surface de- 
aa X 1 


| ſcribed by CM about the Adymptote AP. 


Ex. 9. 
Lit the Ellipfis Mm revolve round the Line AP per- 


penditular to the Axis CA. Let CA gd, RM = Qn a, 


then 5 = c2x PM c x Pm=2cds. Whence s = 


2cdz, And the whole Surface NE by RD 


— 


cd c Semi periphery RDY, 
Ex. 10. 


- 0 fad the Surface of the Ungula of a Ode cut 
if bya Plane F Let F be the Vertex, en the 
\ Section 


gect. II. of FLUXIONS. 9 5 279 
gection made by a Circle ndicular to the Axis; F 16. 
; FD, NI Perpendiculars on the Plane of the Circle 126. 
| DZ; De, I Perpendiculars on AZ. n 
Put CD zd, DF=4, Radius of the Cylinder ar, 
DI=z, CPR, then r — 4+ PI Coſine of z=y, 
'or PI ; and by the Nature ro the Circle 


n and by firnilar — NI= 7 * es 


r 8 + N J 


ar 


the whole Surface ZFADZ = a X ADZ — ＋ 
X Arch ZDA — Cord ZA. | Ra 


Ex. 11. 


FS the Ci 160 NM revolve round the Aſhmptote 127, 
AP; let AN=4a, APR, PM, then is * = 


Ys 8 3 

a e whence & = —=9g=2y 
„ — — 
Vos therefore & = 2 9 , conſequeat- 

** C 4 : 

jr vines = ee 

— 2, From bende (by, Forms the gi” and 13th) — 

2= rn xa, -3025Log.a+6y+24/ Tg: 
and the Fluent being duly corrected, Ic 
22 cos +; 2. — = 2+6+2/39+99 © 

r cut IT n „ 1X3 af : 


Ex. 12. 


F116. | Lat DM be the Leder: ts fd th pg 


128, deſcribes by 1 round the Afjymptote AP. Put 
f Subtangent PT'=a, AD=b, AP=x, PAH. By 


NY * 
6 © * 4 
* ! a 
: ** 4 0 
. ' : : 2 
. 4 : E 4 
2 oc 1112 l 
« 2 4 _ * 
. 
. = * 


the Nature of the Curve æ = =; : Whenoe 5 = 


i +3 =0 = g. aid by Form 9 and 
F 13) 5= s = 4) aa+)y + da x 2.30258 Log. 3+ 
wWas+y but in D, o, and y=b therefore thy 


Fluent corrected by Prop. XII. is 2 10 Ne | 


e 77 + n kl, 


Ex. 13. 


129. Ce the Gels AM revolve about RG; Let AP=s, 
PM, Curve 2 By the Proceſs Ex. b 8, 


Prob. VIII. a , thererefore 5 S Rx 

= AA Xx N S i. whence 2 

f De © a 2 car = , x v = And when 
n, the whole Surface deſcribed by AC N 

7 ot B 5 

119. Sur poſe the cs Dt he td 

- | AP, by the Nature of the Curve 1 
a r. Yun * =—; likewiſe 


1 2124 an 
| A — 7 — — ame 
the Fluent 0 (by Rule 8. Prop. X.) This 


put into Fluxions 1 = 9 — , or / =e2y= 
CaZZ 


% ” 
* 44 


r r 
* +6 26 alt va RELATES 


LAS WY aa - AX © 14 2 1% 


n 1 Eo DR GR AO IgEO©SS + AWE, Of WWStMHM 


* 
. y * 
| * 
* - a a 
— 
. 1 f 
- i f D 
— 
2 « EY a f ; 
* 
% - 
= 
| * 
— 4 2 
* * : p | 
- - 
| \ 
” % 
'F # 
N . 
: — — — — — —— . — Ce Oe RN — 
* - * * _ — ins 8 — _ * 4 __ — * — n 
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- E " P 
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- - ; 
o N 8 . , 
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- : a 1 f : 
« Wo * * . # {4 . 
* F ; 
— 2 * . 8 
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* k , 4 f * i | 1 
l — A p 4 
ps, 1 Ti A 2 » = — * 
7 2 Z * * ; 
& 54 | pry f 
4 o - * * Mt * 1 a ; 
- 4 — n 
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* > - hu — — - & 7 - * 
8 jo * , | 
: — L F 
x - 
— 4 f 4 
* - 
— * * * * 1 
eye — a 1 
” . | 
— - 
was 7 0 © - a i 
.F we + # ” 
- = f N 
- * 
4 »v * = ” 
f 4 * 
+ "<> - » N " 
- % " p : 4 
* _ « 
g * Ly - 7 * 0 . 
[1 - * : : | 
- %, * 
1 ! 7 , - #4 i 
— my — * - "= . 
* 2 4 Y : " FR * p 2 . ON , 
* * A 0 ; ' , : 3 
o , 1 . 2 # . ""—_ ” . * 4 
| 4 9 * * : 
— — " * £ 2 U #7 £ FR * | 
» * _— 6 [1 — 1 # * : 
. ? : . * * — 7 1 
ö 4 . * 
. : * ** meg A ; 1 PF; 8 { . 
. L P bl » | F 8 1 q 4 
* » A , - ; * — . ' F | 
. m . 98 0 — * 4 6 
1 * "+2 2 5 | a 
; . 1 1 _ . * £ 5 : 
: PT N 6 9 __— L S : " . : . 18 
k |. a 5 — = * of 2 
4+ _— ; 3 3 4 * : * 4 
1 1 9 — pe) . , ; 
= 9 > — : F - E \ q 
I — — —— — - 9 - _w 1 ; © 2 
2 4 s aid — 
* 8 . * x 
— 1 . . 
| 2 | 1 5 7 
1 = , ; 
_ | 
. ow 4 ö 
- we . _ 0 5 : 
* 8 
— — — . FALSE 6 | 8 
bo „ * > : 94 = £ *# ” F * Sf * h ; 
q " et > pap; wy «i PO a * 4 a 
1 v. . 3 K * 2 » 1 1 * = 5 7 4 , 
. * * 636’' 8 Le * WP. * ** * * - — . * =» . . * * © 0 0 „ . 8 *4 5 „* * « * * * 
„ « * . . & © » . a, A . ww +4 74% = JH , + 4 a0 - Ka T.o > 
* 
1 _ 2 
= 
= 
2 = 
> * 
—= _ - = 
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, | 14 0 0 Fl g 
= and (by Form the 30) f = c „ 
ad Ga nes A f | * 2 7 
whence $=cyZ c +22 *= OZ — (48 - cax. 
And when corrected $1 q — cx. | 


ne 
Jo find the Content of ſolid Bodies. 


In any Solid Am, generated by the Space APM 130. 
revolying round the Axis AP; ſuppoſe the Plane Mm 
to move along the Axis AP, and by that Motion to 
deſcribe or generate that Solid; an ſuppoſe a given 
| le B to move with the ſame Motion along the 
ſame; Axis AJ P, and by that Motion to generate a 
Parallelopipedon; the Fluxions of theſe Solids will 
be as the deſcribing Planes Mn and B drawn into the 
Velocities of their Motions or the Fluxions of the 
Abſciſſa P. Now fince BxAP =Parallelopipedon, 
and B x Fluxion of AP = its Fluxion, conſequeatly 
the Fluxion of the Solid Am = deſcribing Plane 
Mm x into the Fluxion of P. 

Likewiſe if the Solid Aab be ſuppoſed to be gene- , 315 
tated by a cy lindric Surface MHbm continually ex- a 

nding- itſelf and moving along the Ordinate PM, 

ill retaining A for its Axis; it may be the ſame 
way proved, that the Fluxion of the Solid AMHbmA 
or HMEmH generated thereby 'is = cylindric Surface 
MHbm multiplied by the Fluxion of the Ordinate 


PM. Therefore, |; 

To find the Solidity of a Body, let the Abſciſſa AP=x 
Ordinate PM=y; MH A, c=3:1416 Cc. s = ſolid 
Content. Then by the Equation of the Curve expunge 
one of the indetermintd Quantities (and its Fluxion) 
out of the Equation 5 =cyyx 8 the Solid AMm, or out 


7 


* 


: 1 
- - * 


123. 


5» 32. 


therefore 5 = dnx +. 


130. 


. Doermine 


4 1 Shy r the cyl 8 


bm or HMEmb ; and 2 5 Fluen. 


| E x4 _ Pp L abofdor 207 BY g W aH. 

Let ABD be a Cone, Height AC = a, CB or CD 
cbbx* x 

Sb, then bay; therefore 2 == - 


_ aa 
N 10 4 9 
char hre 
= — and the wag Cone = 


5, 7 n 
£ - = Baſe x4 Height . 


3 
| 10697 0:65.95 © 
th BF be a Priſmoid, A) Baſes are r f an ed 
Parallelograms, — M tar.” = wr * 
22 its e af eight AL=b, Px, 
Md, BE=s, AG=n, BC n, by Emilar Triangle 


Mm—y7 


- 


= 


Try dle b: 1 81 


— IX; then KI=4 + bed TH=#+ 


— '- —— — — — 


* m—y 
8 then r anne eee 


h of 


b 


PR i 
dns += 48 1 ＋ mel + Ia x Ew; 


bet . . ir. 4 


5 25 


N= 43 forthe Solid NKF. And Roms. 


3hb 
PRs, the whole Solid BF = dm + an + 25m 5 2; 


5 
e + THC 150 6. 


Ex. g 8. 5 4 > | p 

It All be the Kerns of a Sphere, its Diameter 
S a, then yy = ax -, therefore 5 g c = caxx 
-c XX 


=... 


Sed. U. of FLUXIONS 


cax* * 


OX. Therefore 5 — — 2 for the  Seg- 
ment. AMPm. And when: * =, the whole 8 sphere 
-:=+the eircumſcribing Opllader. 


Ex. 4. 


Let 22 bz the Segment of a Sphere if an exceeding | 


ſmall Height, here Na nearly, therefore (by Cor. 3. 
Prop. Il. ) s Schr =caxx therefore 5 = 2 25 
nearly,” 

He b in 1 Solid of a fnite 9 the Con- 


283 
FIG. 


tent of à Segment a very ſmall Height, will be 


found? to be half the Baſe draun into the VO 
£ ö 5 Ex. 5. . 


Eis the Solid be a Paraboloid, where ar y; then 


caxx x 
SM = car therefore A e = = = 


2 2 
i Baſe x Height. 
And in general FD. then * 1 and —— 


E ons zen and therefore 5 = 3 
Joe 


by 30. 


. Therefore in the conic Parabola, | 


m＋2 


where m=3, that is when the Curve is convex to- 


wards AP, then che bolidiry = = — =+# Baſe x 


| Height, 
Ex. 6. 


Let AmD be a Parabolic Spindle, generated by the 
Paraboia AMD (whoſe Axis is DT) revolving round 
the Ordinate AT. 

Let AT =6b, DT=4d, DH=v; MH=u, then MP 
or y=d—v, and av=uu . Nature of the Curve: 
Whence 


130. 
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Fl 6. 


T5 hg ba * 93 | 


FOLRHITLY wn I 547 


Te Docrarns 


Wihence 5 = = — 2 = 


a * 
—4cau 140465 ; | - 
ent = — .+ . in genere is o, 


eh: "hehe the Fluent corrected is 5 = 


* > 4d 405. 455 cab. py 3 
mz $66," . £68. 168 . 158. 


| ad, for the Solid AMHbm and when v and 


28 
1 the whole Solid 2 — 25 = 4 


Ex. on an 
Let Au be an Hyperboloid, Trinfetfe=e; Conju- 
ge = b. Then yy. = = * ax ax +31 and s =o: 


a os | 55 
=——x ax . And the Fluent = 2 
EY hi: Jax Ten 34 ＋L25 

= (expunging 56) "Gabe x = ba6r 
X Baſe x Height, 


Hence if x=0, then the Solid =4 : Baſe X Height, 
and if be infinite, then the Solid 2 Baſe x Height : : 
Therefore the Hyperboloid is always between + and 3 
the circumſcribing Cylinder, and is nearly = 1 
thereof. 

E x. 8. 


Let the Hyperbola CM Re round the n 
, ÜA being the Center, =6, Semiconjugate = 4. 


2 


Ap 75 Nature of che Figure yy = bb + — xx; 


pe wk 


— — —hð˙—Ll. —— aa 


—  wherelore = =. 


— 
= . 
>» ” 
a 


Sed. u. of FLUXIONS. 


whence 5=09% = hx; + —=, and 44 bby + 


2314 | 


2 ichbe + ion, the Solid deſeried by ACP: 


_ 2 Ex. 9 9. 


ende eee DAL reveloe ho the Abigtats 
AP, let AB =, BD= herding Then 5= 09% 


ca*x 


5 2 whence 5 = —, let the Solid begin at 
3 44% ca 


I; and then the Fluent correted n = — = 


= aa Lg. 

Note if 'CAB.is not a right Angle, 6 muſt be di- 
miniſhed in Ratio of the Radius to the Sine of 
that Angle. "When y = o, the infinitely long Solid 
DMPB = caad = cddb = Baſe x AB. 

IT” Let 47 NN aa xx, then z=x= 


- 2 "whence $ = 2cuyj = 21aay 3 therefore 5 = 2caay 
=2c59x, for the infinitely long Solid ae. | 
| Ex. io. 


Let DM the Log. Curve revolve round the ote 
AP, let Subtangent TP = a, then yx = * = 


S cayy z therefore . = Baſe x T, for 
the infiaitely long Solid MPAD. 


Ex, 11. 


Li AM bs « Spheroid, A the Center, AE = a, AC 


bb 
b, then nd — XxX; whence 5 = = o9*x = bbx 


cbbx*x cbb 


+ 7 Sy. And when * = 4, then S 
Baſe x Height. 


Ex, 


Oren 


therefore 5 = cbby — n 880 
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— „ = - a — —_ —— — We 2 — | — " 
=_ * — _ _—_ A =_ = = = oa „— tha - = =_ = — a 
— _ * — FR 
n af of = = = o _ a - 7 
' C « \ 42 [ON = * 2 F þ l 
$1 Weide 214 LTD þ e «4 _—_— 
LY | \ Sa | T = = : 8 


134. 
I 
4 
1 
1 
| [ 2 
i 1 
a 
1 
1 
11 
| ' a 
135. 


„ oz naf os 
F1/G _.. x. 12... t 
2 
4 


| 2 


136. Let the ho veht DMN of 6 a Circle ede 2 the 


Sine AN ;, AN CDs CAZb, AP or CQ=», PMSy= ; 
Hr then Sc = — 6x XI + bb xy 


2bcx V rr—xx e and the F torn: SIZE x ax 


9 88 — che Solid | | © n. 0 
2 7 155 * Exc ery 4 E 
137. * the C3 rid AM revolving round 4 =6, we have 
— > IC whence Je cg ae. S cv he 
a — X*' mo 1 F 
car x — 6x ** wh. Therefore (by W 60 
' | $0) © 4] 91/3 01 81/21 P12 1 ONE 2 
2 — — e eee $ Log . 
&: And a corrected 1$=——Iothooo icant 7 
Naar +2. 30258ca3 Log. 42. 3025860? Log. 4— 4 
* 2e Nu 75 - wt, 3 == 2 ehr. — 1 
caax. 2 
3 Ex. 14. „ 
1. "Let the Ciffoid revolve ron the Afymprte AP, then * 
=p 


N Whenee 5 = 2007 = 209 = 


200 Xa—p*: Therefore (by Forms 1 10, 11 and 1 3) let 


s = ca x Segment ACD + # cx ay =”, for the infi- 7 
vitely long Solid _—_ And the whole * = 
= £0 X Semicirele ACB, 


e 
| | Ex. I "oy by 
A 139. Lit the Chonchoid DM revolve about about the Alymptote AP; | 
g 1 * Mga, AC , then V g, and ux; 


therefore 


Sect. II. of FLUXIONS. ; 
therefope 5 = 20097 = 26: y 

eee . Deſcribe the Quadrant 
K; then c, orms 10 and 13 Sc) — 


A AKLR N= . And, duly corretted, 


S ach x Area AKLR + tee, a for | 


the mae 6 long Solid por in gt 
2 it Ex.. 16. | 


Py 'b+-Conrboid DM revolve round the ris DR, 


here the Circle deſcribed by RM= cxx, and the 


= 20) FE Jan F 


139. 


Fluxion of DR or a—y is 5 ; therefore the Fluxion : 


of the Solid 5=— c= — tx 8 
— 2466 
LEED = — 


cbb 
1 X 2.302585 X 


Log. y ary» And by due Correction (when y=a) 
— B lex + . 


Dag + 2: 30258x 2coah x Log. E 


Ax. 17. 


Let 1 Cycloid AMG revolve about the Axis RG, 
let AR g, AP=s, RP, pM=y, Arch 23 
PB=z, then ga-, and & =, and by the Na- 
ture of the Figure « =v+z, and #=v +2.= 


+ 2—4 Ne . 
1 — — | 4 
27. 5 2 ay 55 , 


then 5 2c; and aſſume s = cy + 7, this put 


into Fluxions we ſhall find 7 = . =; 
"> a—y 
| whence 


Pre Whence 


129. 


— — — 
= — = 2 - 5 
3 4 I _ = I gel = 
_ a „ . — 
— = —— — - 
0 


0 Wan = _ = 
Mat: Le a 
* = - þ 
1 


. Y \ 


S 
= 


—_— 


vain ne, Cale AD ALS Od inn ain 


"9. 
—_— 


. l — - 8 2 — — Rs - = * 3 - — 1 pu : 
\ 2 — — — 42" „ = eis n enn nal od - Z 
\ Ya - | = LY = ® 497 1 0 n 1 - . = l 1 - EE 4 1 Ji o . © 1 a _ 
Nag rr . OT” OP, Mrty. rd fs wks 
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288 0 bDocrzinr "his 
51. eee by Farms he noch anda) 78 fe 


| TH A * Þ ( putting o = 


WY 22 24 
den CBR. 


— 
6 


. Therefore s = cy + 4 cox 


n 


i 

f 

| 8 | | 

Sector 8 — * : , for - 
ti 


. 17 14 


the Solid deſcribed by PMGR. And whe 7 
then = 5 ca x Semicircle-ABR, the Solid deter 


by = whole Space AMGR d about W 10 
. - $7" E 18. 5 


230. * 2 Mop Catenary AM eee * the Avis AP; 

here AP=#, PM=y, AM=2z, and zz = 24x + 3, 
whence (ſee Ex. 8. Prob. III.) 27 = ax. Now ;= Ti 
che, and aſſume c +, this in Fluxions $ gives 4 


72 acc (least) e 1 


| (becauſe ada — ac ** — 2 = cy ry 


* — = = 2cayj acqha; then aſſume f c 
2cayz + u, this Equation in Fluxions will produce * 
A ca acα, whence u=2raax. Therefore the 


| Solid c c -a T acau. 
| E: 


139. Let tbe Abſciſſa AP=x, Ordinate PM=y, P=3.1416; 
| 0 find the Solidity of a 8 deſcribed by the Revolution 
am Curve defined by this E _ 274 + Bx 8 
The Fluxion of the Solid pyx = = A+ Bxo+Cx* : x 


Pa, mateFhen is 4+ + \.. 4a * px for 


the Solidity out of this expunge cher or 


Was 1 he Equation of the e and you will 


* 
woes have 


Seck. II. of FLUXIONS. 
have , the Solid =» + A—TCx : x K = 


y+ 2A + . Bx : x 2 which contains two gene- 


ral Theorems for all Solids of this Kind. There- 
fore from the Equation of the Curve get the Values 
of 4, B, C, and ſubſtitute them in that-Expreſſion 
of the Solid where you have the feweſt of the Quan- 
tities 4B, C, as in the following Caſes. - 


1. Let y=ax denote a Cone, then'yy=aaxx, and you 
have Ago, * * Whence the Solid =»y 
W e A 


* 
9 . e « Cone, 3 Radius * the 
Top, and y — þ=ax, or y=bb+2abxaaxx ; here 
4=bh, B=2ab, C aa, and the Solid = =D +bax 
* . (expunging as) S TN + 3d x <>. 
3. For the Segment of a Sphere whoſe Radius is 
r,y=27x—xx, Here Argo, B=2r, C=—1, and 


the Solid = Y+ixx X —_ = yy Fre x © 


4. For the Fruftrum of the Sphere, y=rr—xx ; here 
A= tr. 8=0,.C Sv and then the Fruſtum = — 


5. In the Shea, a= Tranſverſe, d che 
dax I dd 


r , here 4 = S 


4 .» 
* — 
0 2 ==. Solid =» +- + 


Segment. 


6. For the middle Fruſtrum of he Ppheroid, 21 


cc 


Tranſverſe, 2c= Conjugate, then yy Zoo xx, 


PD: 40% 0; ov 


* * for the 


29⁰ : "The 8 0 c rr I'N = Hos 


2 

8. There A = 3h, B=s, = | the end | 
FEW 2 ee g 
Fo Ins a chunk bell AZ 4 755 fe | 
the Sold =p Es 3 | 

. a 


8. Fer the E rien PF a you ETA 855 hai 


of the lefler Ba e, y=6b tax; ere A 

c Se, then the Solid 2 © . 
9. In the Hyperboloid, 24 Tranſverſe, 2d4=Con- 

Nig, 8 ere le, B= + 


wy 3 . 


, . e wee ts, de 
8 4 * | Jain 4 
a 0 

1 7 7 N ; IS» 8 7 
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140. IH ae 6 the releching Curd Curd „e A, *. umi. 
nous Point L being given; To find the Focus E or tht 4 
B of the pee Rays MF, nF. of 


Take the Particle of the Curve. Mis _infivitel 
ſmall, and let C be the Center and CM the Radius of hy 
Curvature, of the Arch n; and on ML, aL, MF 

„ let fall the Perpendiculars CE, Ce, CG, Cp; allo 

on the Centers L, F, deſcribe the ſmall Rides Mr, 

u; then the little Trian es Mon, Mur are equal and 
ſimilar r, and Mo ur. 55 the Nature of Reflection 

the Angle ZA C. and, LC nF, whetice 
CEC, and Ce=Cp. Now if CE=Ce (that is, if 
T., ills in E or * then oil CG 58 that is, the 2 


=>» |] 4 =o 


ms lll, 


—; CY yy, CU — % NH oo © 


568. f FLUXIONS 


Fi in G — when M and n coincide : But if F 


Jag chat is, if Z falls below E, chen 


then 1.8 
The Triahgles LE 


ſimilar, and EQ = CE - Ce = CG—Cg = SG ; and 


Mr. = 30, ye MG — MF = ME— MF; - 


therefore LM: LE: M: BD © %: S: 
FM: FG: :) FM; ME—ME Wbehce MF = 


LMxME | _ 


Otherwiſe thus : Draw the Tangent WP, and the 


Perpendicular LE, and let LM. LP=s, ME Sv, 
and by Prob. V. MC = = = 7 whence by Gmilar Tri- 


_— 9 La or 1 — uy, JETT ME = _ 


I, e 1 


CE dof pb to 7 a P perpendicular to the 
Tangent M. and we * — Diſtante of the radiat- 
ing Point LM=y, ME So, LP=u: 7 ben compule 
the Value of © v by Prob. V. and take MF = = San : 
And when AM is convex towards L write — v inſtead 


of + v. 
2. Of find u from the Nature of the Curve, by Help of 


which expunge i out of the, Equation . MF= + 5 5 s 
Cox. The Curve FFA paſſing through all the 


— F, or touching all 8 reflected Rays MF, mf 


is called the Catacauſtic or Cauſtic by Reflexion. In 
which any Portion H of the Curve is =LM+ MF 
—L4=AH, For. A mL. infinitely near mL, 
2 Mae, mr perpendicular to m F, ML; then fince 
Mr, therefore Li. or La, 
P p 2 


9 A 
* 


wt BIA 9 fs chan CG, 31d the Interſeckidn ＋ will 
10 0 tos ards M; and the contraty. | 
A L,; and” Fo #, FSG "are 


* the | ius 1 G 8 


* 
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FG. 
140: + - 


141. 


2 292 6 fu | 
F I G. Mf Lm-—mf = 03. and adding FB, LM+ * 


142. 


143. 


144. 


145. 


A 
= 


. Dot zu 


— Lm—-mf =fF; but theſe Moments are as the 
Fluxions, and therefore the Fluents thereof will be 


equal, that is the Curve HF SET 47 | 


AMT > 2 
Let 4M be a rig — chen v is sa, wheve 


Or thus: 1 is a a ſtanding Quanie and 1 , chere 
fore MP = —L—. — BOP "Whence 


27 
Perpen ndicular PF Il dF N Focus of the 
reflected Rays. 


Ex. . 


Let MD bea circle, C the Center; then MF = 
| 2 And when y is Rao MF=3v= MAE. 


And if MD be very ſmall, MF = = FEED 


And if IC= CD, then MF =30=iME=1LM. 


Ex. 2. 


Let MD be a Parabola, and let the Rays be paral- 
lel to the Axis DB, then y is infinite, whence MF= 


3 — 
* zu. But by Prob. V. v =— 


(putting r = = Latus Reftum) alſo 232 = 226 


therefore Mm, and WuM, and therefor 
F is che F ocus of the Farabola. | 


Ex. 4. . | 
Let DM be a Parabola, and let all the Rays be 


perpendicular to the Axis D Let DP==x, PM=z, 


1e, and rx =22: Then by Prob. V. ME or v 


” 
— - 6 44 — — N 


"4 © Pe 
1 
— . 
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F 1 G. 


| =o, and uren by the: Narure of the Fi. 


Ex. Seam 2 
, Daf is the Log. Spiral, the Center L the lumi- 146. 


nous Point. By * V. W 


e 12 * Ex. * 


poſe DM to be an Ellipfis, L che Focus, the 147. 
verſe = ar, Conjugate = 2c; then by the Pro- 


Tran 


perty of the Curve PL or a= a and # 
St whence MF = — — 2 

a 4 i110 "Oi nn. 
1 


27 — =y; — (ſince the 


Ang le Due FMT) the Point Fis the other Focus. 

Aud in like Manner it will be found that Rays 
iſuing from one Focus of an Hyperbola, and reflet- 
ted 2 5 Curve was diverge from the other Focus. 


PROB. vl. 


The Nature of the refracting Curve AM, — the * 148. 


minous Point L being given; to find the Focus F, or. 
the Point where the neareſt refracted Rays MF, nf 
concur ; and where they meet the Axis of the Figure. 


_ Suppoſe the Arch Mz to be infinitely ſmall, and 
let C be the Center and CM the Radius of Curvature 
in 


\ m - - 
— Þ * — - = 2 
Pu - = _ = - — — ——— © hs F"_—_— * zh. = q _ = a n 
\ = | o = = = \ = = I * bs - \ a = 4 1 OY Fa FT 4 = _ 1 = 4 —_ = 
" WT \ az FI [ 0 1 a ſs A [4 > „ 
_ 3 o - f bu o U 5 { « TY” = 1 
DD 8 1 een Dr Wy 1 


29 '/ | bn H. 
10 G. an M and let fall the Perpendiculars CE, Ce on. the 
| Rays of Incidence EA, L, aþd the Perpendicplars 
| CG, Cg on refracted Rays MF, nF ; pon let the 
3 Sine df Incſgence CE to the Sine hf Bgfrafhion 90 
be as m to n. On the Centers L, F, deſcribe the 
ſmall Arches Mr, Mo. Now ſince Ce exceeds SR 
therefore Cg exceeds CG, they being in a given Ra. 
tio; whence MF, 1 inter beyond G. 
+: -'Dhe Figures'GCME add 44557 ie Bender: \thete- 


ve us n 1 : Mp='- ; * and LM 
8 :I9: FOE Ne - — * And by the Pro- 


x67 er e ae Ces Gy 32 CB4-GG::: 
ck: "CG 5 2 9 — . 


and en the ese FoM, "Kd 179 We 
MP = _ mx MG*X 

:: MG) MES. ee ; 

149. — till it interſect the Axis of the Curve 
in O, and le Lis =< as - — AO =, | 


PE =z ther 1 ET. LF) duda = ö 
eee, "adit v5 521. rn on: :. g 


> 


148. If 901 * 70 „ | ER nds + xx 
5 and ain e hate — = | 
' /22+d4+x 
9 ; 


| «4 A 5 (Thgpelyre, | 
| 422+ 9 1 
149; 1. To ud the: Focus F, let CM be the Radius of 
— CE perpendicular 0 Lud, and CG to MG, 
ME, MOD LMrzy, m aud u be Siner of Inci- 
dence Aa a Ther find und by Prob. V. 


uf rake" MP == eee, "If" AM i een 
5 ao fir vo); 10 Ifys 1 —— 72710 5:13 50 


cave 


—_  FEEUXYONT. yr 
(Ig Ml he Gere an, 8 


m $A Are 9 ww wy ie 2 meets 7 = a . 
he Avis of the Curve, u LAMA. | 
mis they by Be ry if ee re 


* or 8 ; tit of th Equation malt nee RE 1a 


7 


" or 


ns 2 * 
ene 


=} 224+" TI" 2.09) 4 of VT one gon = WR 
when... the. C is concave 22 Pap write = fo 
+ „, Gr. — — 
Cok, The Ciiive N FF pant through ill dhe 150. 
Pointꝭ F, 7 guches Al. -che refrafted Rey#KN, 
MF, is called the Diacauſtic or Cauſtic 2 Refraction. 


And my Portion of it voting + 2 — NE — 


LEY K. For * Mn inhajcel (mall, — Irr- | 
15 Mo, Mr, Perpendiculars on 1 n, aL; then by 


inn, 203 120 | — + 
the Nature of Refradtion n 111271120 2 ＋ Th, 2% 


: d 1 = 
Er N 2 : v Wy | 


* 1 
. — — 25327); | __- 


therefore on = = rp = os. that is MY | E 
7 ELN = 0, and adding ff ; we have If = 


Meg 2 —% GER; bur theſe -Momeits afe 
as the 1 Fhoxions; "whence the Fluents will de equal, er VB 
FN= FM — KN ==> — 57-307 is = 


4 | 
—_—_ 8 2 
E X. i of oy 


. 
— — —— 2 — ꝛ _ 
— . ͤ - - Ra > CP" —.. — 
—= IT Soo —— _ 
. a9. 
= - 
. - 
- 


3 * Docrams new: 


x 
— 1 


1 * * 
- PA Lol 


I i ETAUr UE *. 


FIG. Lit AM be o plant Sarface then 9, are inflee 


_— . - = Now let 
vbende my — 59 — 5 nnr 


* 
S the infinite Radius of Curvature, the pe rpendicu- 


lar LA =p, then by the ſimilar "Triangles 7 LAM, 


rn 


- MCE, v =. allo mm x77 — un = = MX IT — vv, 
by the right angled Triangles MEC, MGC: Whence 


uy nr + ＋ vv therefore MF = 
LA 5 yy ISA 


— Huy = 1m un 
i oP VE of ** E 


| 4 400 Em 8. jo.» | 
Le parallel Rays fall on the convex Side of ti the Pere 


AM, then * e and A . — 2 
| | mg — moo—moy 


152, 


— and near the Vertex, a e A, h 


mu = nv 
mx AC 
whence <4 «I 
: - -- +... 2, 


* parallel Rays fall on the concave Side of the Sphere 


152. 
33 AM; then * is. infinite, and hy are negative; 
muy mu 


at he * A, v=u=AC, then AF = W — TP 
nl 


ä 
* AC. 


Ex. 


Seck. II. | PLUXLONS 


3 


2 6 f n 
a, ; Ex. 4. . * 


Suppoſtthe Rays, proveding fro 1, to fallow thetomes F 1G. 
Kue e the Sphere AM; then MF = — — — 154. 


| muy—nvv—nvy 


And in or near the Vertex, MF= NPY" "RR 


- 

4 0 75 * „ * — 
18 = * - 
* *» 1 2999 * »4 ö * 
- 
- ” 
* * y *, : > * 
1 


4 1 74 
it 22 


„ 7 — * 2 05 the Aris 
of the. Sphere, 2z=27x , and 2 . **, by 


which expunge 2 and Z out of the Equation, 
ZZ + nds; 5 +nxx | A. ur -n 


1 


1 


885 * and chere 
e 3 Nong 


15 * A N n , 
Reduction of which F is found. And ia the hn 


8 ad 
A where's o, ER ed te 


E x. 5. en 


F Roof fall on the concave Surface of the Saber AM, 55 


1 
then lf c. e And, near the Ver- 


| yams: "rye 


t = = — 
a, n 2 — 
20 find where MF cuts the Axis, here xz gf 
—xx z put the 1 into Fluxions, and write 
—x for &, — * for x, r for v in the Equation 


122 + udx + n as m - — MZ 


1 N fs: 22 -N 
Qq 


have 


„ and we 


i Dot rin: Þ.55: 


have — = = er mf__ - and 
13 WIN VA fx + oh dae "T 


% 6 x20 V" 5113 1850) 20 os H 


Con. Hence ml; the Sphere in this Caſe 
bas 4 geometrical Focus, or ſuch a one where 


= refracted accutately to one 'Point. "When "this 
happens, HO tat be a determined Woge for all 

Parts of The Curve, the fame as at the Vertix ; and | 

therefore the Powers of > müſt vaniſh Gat of the 


- ow! al Equation: expreſſing 403 — 2 the 
ſtroy one another. Thus the Equation 10 2 be. 
ing n *r HF. = * * | 
A—ab+2re,'then putting # "td Nx : 
SN X7+ 75 * 27—24 x x; bfter teducing the.Equa- ty 


tion, there will be found n*d=n"r—m'r—m f=r = 


155. 


d x 
: mr—m" w = 904m 1 mg from whence. will be 
found d = ==, therefore ef=— — 2 -r,which by 


being negative, ſhows that che Focus 0 lies on the 
ſame ſide as the radiating Pom L.  Ttrerefore when 
the Diſtance, of the radiating Point 1 is ſuch that 4 S 


2. „ then For O will be a geometrical Focus 


for all Rays falling on all Points of che Sphere; and 
4 ill be / 1 n to », and the Rays after Re- 
fraction will diverge from O. lik 
And on the contrary Rays converging to O, and the 
falling on the Sphere, will all be accurately refracted 3 
to their Focus L. — 


Ex. 


. n. Lux tox. CC 


7 . - 

1 lit Rags fell upon the Miete A, te F 1. | 
— = b, 1 Se, chen Lr 15 
Jet and a5 8e Jau and ſince 4%. infipite, I 
therefore the” 'Equatioa for 10 becomes a= — | 
ur + — „ whejice 7 will be found; 
= ali 1 
and in the Vertex where 4, — og K 1 
_ 2 Y 
„ N 
Cor. And to find if the Spheroid has a ecnces 156. 
Focus, we have from the — * M : 4 I 


— 2fx +xx = | 1 


| 

22 1 

3 — i then equalling the Coefficients fin | * 
Bod. 50 — —— 7 | 


*, * — e e alſo. v 


— —_— 
A -= | 


l | » = Ian A ; 

== 2 — "5A From the farmer Equation | 
2m Ne 

25 — ep — x, * r om 


— p N * 
- I _ 2 
T 8 _ 


ama e 
LR ee hence Be bag OD 


=, And from the ſecond Equation we get | 


likewiſe a = . chnenfore we may conclude 3 | 
d that the Spheroid has a Inge Focus, when a= | 


d bxm=w mo _ mn 
— * and then f= 14 75 þ = 


_— 2 — K —_— 
Ls A) _ 


- — 


a 5 8 - 
—— — . 4 
OD CO —_—_—_—_—_——— A x OE Det 1 bo mz 4 — 2 K a 
ww l 1 — = = =_ — 2 l - 
= \ = . ey” WY - = 6 


. 


— A — 
a „ 


EO 


1 
1 


4% 
1 1 
8 
EF 


will be accurately int, to. che further F 


* 


„ Zn 


l the . 1 -therefore f Diſtapce of the: temoter 


Focus from the Vertex. And therefore in this 2 
all parallel Rays falling on alf Points of the 5 


the Figure. 

And on the contrary, Rays ſuing from the . 
ther Focus of this Spheroid and refracted at the Sur- 
face, wi all emerge Et to * N 


* 8 — 655 8 * Fe : 29 e 14 +4 <3 as 


I 1 N Meer 
PR O B. XVII. 


+1 6, - dur nog of a ig ne 


Solid 


The Center of Gravity = a Body is thit Point 
upon which, -if-it were ſuſpended, it would gt in 
apy given Poſition. . »- 

Let MN be any Figure or Solid Body, regular 0 or 
irregular; C its Center of Gravity; and ſuppoſe it to 

be ſuſpe nded in'C upon the horizontal Line SC, and 


| the Poinrof Sufpenſion to be in S. Let all the infinitely 


ſmall Particles of the Body be reduced to the Line SC, 


ſituated reſpectively in Planes perpendicular to SC; 

as at e, d, b. &c, Now by Mechanies, the Force of 
any Particle e to turn the Body about C, is as its 
Weight and Diſtance from C, that is, as Ce x e, or as 


$C—Se xe, for the ſame Reaſon the Force of all the 
i between 8 and C will be SC—ge Ne + 


. —SD xc 4 + $C<Sb , &c. In like Manner the 


Fa of a Particle beyond C, as g. to turn the 
Body the contrary * about C, is Cg X g, or 


TOR Dorin 
2 8 but . '= Diltance of the Focus from 


og 


”: Con EI DD. en Hanoi... ax 


Seck. l. of FLUXTONS. 3001 
Fg and the Force of all the Particles g, 5 i, F I G. 
Kc. will be FN NN. 57. 
&c. But as C is the Center of Gravity, the Forces 
on esch Side will be egual cher i, N N 


Ac 4, &c. = $g—SC xp + DL, ec. 
and SOX f SCx4 + SCxg + SC x4, &c. = 
K + 8x4 + $& x2 Tl, &c. whence S © | 
Sexe +  8dx4+8Sbx6 + Saxa +8 x8 + Shxb, Ke. f I 


e TAT T, &. = MN: | 'Y 
Now if any one of the variable Diſtances as 6b be - zE 
called x; the Body MN, S; then will bd. 1 | f 


ee Saxa + Shxb + Kd, &c. 
8 = Sum of all the x5, or the Fluent of ; and the 


Sum of all the a+b+4, Sec. = Sum of all the v, or 
the Fluent of 5; that is the Body Wy therefore . = 
\ Fluent of x5 Wo Fluent. of 5 * 
Fluent of 7 Body MN * ' Therefore, 
Tofnd the Center of Gravity; tet 5 Line, Sur fact 
or Solid: Multiply the Fluxion of the Line, Surface ar 


Solid (5 ). by the Diſtance (of the Center of Gravity of 
the generating Point, Line or Plane) * the Aris of 


Suſpenſion and find the Fluent 23 then — S Diſtance 
of the Center of Gravity from the Point of Suſpenſion. ' 


K = 


| EXAMPLE, I. IIA, 
Let 88 be a right Line or Cylinder, 8 0 Point of 158. 
W l ; SB = x; then S xx, and 2 xx 
therefore — = 4x, for the Diſtance of the Center | 
| of Gravity SC. Nen et | 


— . Ros 8 = 


= - 
> 9 


— ——_ _ gs — ä —— iS 
\ LSD y b i 
_— 1 * 
— N 1 «© "i 
q . Gr” 4 il 
—_ LIL: RE o . 


# 
® 0 
* —— ——_ — - — - — - — — — 2 — 1 — — 
5 — — — — — 

; a L — * T 2 3 ca 

> dt. 2 - g * _ _- — x — 4 
— K _ — KS 3 3 3 CE — "I — _ 
= —_— —— — — . TEST PTTIH. — . — _ — -— x — q i hy — — — — — 
"he on - = —_— — — —_—  —_ 88 oh — r —_ EE Ie n 1 5 = i 3 
1 _ * n = = \ =_ 
= = — = * F P _ i l . »” Le = & = _ «= 
— VE N 4 ? l _ Z - y CI . 9 
„ ps = 9 + 1's - * To : g 2 S 42 
* 
= - 


FI G. 
159. 


2 D 8 C/TR1 oh . l 


- 
2 „ 9 
x »F 145 : 4 4 Ig] : . 4 
. . 


; "Ii the tris le Wm re Point of Suſpeatibai, iss; 
let 8F Biete i the oppolite Side , then the Center 
C is in the Line 8F;' draw AE parallel, and SG per- 
pendicular to 2P, put Fra, SB=x, Aæv, * 


2783, 4 By aal: funde v= = 


| Und z = Al; =50 = SE, and 5 = 


bbx* — * 
— Therefors g and. when 12 2 2 


3. 
Lier AM be the Arch of a Circle, its Cid" 
, SE=r, $B=x, AM=v, BM=y. It is N 
the Center of Gravity of any Arch AEG is in the 
Line SE that biſſeets it. | Whence * xi = (by the 
Nature of the Circle) ; and a 3 andthe 


| | Fluent corrected is & = br — 19. Whence — = 


| 167. 


— . and when y=0, - = L= = SC, the 
Diſtance of the Center of Gravity of the Arch AEO 
from 8. 
SE 4 4 3 
For the Sector of a Circle MmS, whoſe Center and 
Point of Suſpenſion is S; ler Arch Mm e, Radius 


2 Mm=a, Ex, W v. Then 2g = 
* , and by the laſt Example, the Diſtance of the 


Center of Gravity of the Arch D? from $ is = 


2 * | ax*x ax3 * 
2 — Juv = — ————— 0 
—— and z = a3” there- 


Hs therefore 5 $'= 


fore 


e 


2 


Sect. II. Ff FLUX TO s. 


4 a 2 FAG 
5 — —— «© — 282 and 
fore 37 X i zrv * 30 z | | 
2ar ; Nen V3: 
an, then $C = T7 07 ©1s 4 Wiap/ 
4 — 81 11490 883-6 t 10 22217 7 171 rd 
Ex. 5 S. MIA lo bl od al » 


For the 8 pron P9D, Let SD or SE = 
Sb, Pc, SB, PATv, AB=y, by che Ne- 


ture of the Circle y = e VIxx = 


Ur + tb - he 6. 
PABR = , 1 
= &.” And the Diſtance of W de 


of the whole Ph from 8 is = S 


Again in of the Axis of Suſpenſion 8D; 
ſince the Center of Gravity of the 5 Line 2 


is in the Middle of BA. therefore. 2 = x.# 


TEL OE — — =. But = 
, z=0) the Fluent corrected is 5 = 

} — * * 2 1 3 
— ; therefore == =7X" — 5 


e e eee 
and when x r, EE. Diſtance of 


the Center of Gravity of the * PADS 
own W. 


- 
—— — as ea 


"x6. of; 5 
15 the Parabola rx=yy, let SP = x, PM = jen 
in Reſpect of the 52 Sufpenlion $7, 2 


yr) and — — TXXY rx: And 5 = pay =txV/5ms 
therefore 


: Dy a7 3 +Allo 5 ". 


162, 


163. 


E 


7 


164. 


165. 


— 


| Thi Dorian s: : Mb. 


FI — =ix the Ditane of ig Conte of Gra 
; y from K. 228 


Again in Regard to the Axis of ' Suſpenſion SP, 
becauſe the Center of Gratity of the deſcribing Line 


is in the Middle of MP, therefore 15 25 


Ag. 0 2 0 SE avy 2 
a ad e, Threat = 
* * * | 
ae =p. = 2993-4 243 0 


—_ ® 9134103 I 2 E 5 K bin nr N 
For the Iyperbolic Ares BCMP; bitter the 4 | 
Hp lolei. Let SB, c, Pr, PM=y, 
. Then in Regard to the Axis SD; 3=yxx 
Scha, eee 'Cor- 


2 UP 


SJ N . <> 
A e And — . Xx 

Again for the Axis of e 5 
ebb | —ccbb —cby _ 
23x 2x ; corrected 2 
17.9 17 * 80 T6 1915 — 8 + TIT +» r 911 t! 

2 . BCMP. *. _ 

2 75 3 . E *. 8 | 


rea 
TY” ee and == =] ve 
2 *. = a= ad > Ximy/. + 
$07 


EW] be 4 an Eliithes, s he Center, 4 =a, 


$B —þ- . W= —.— _ en 2 den f for 


enn — 6 


the Alps Space, 7.5 = = 27 = 2 = nd, 2 


N 


ay 4 


3 1 corrected = — = 77” — 


3 36 


TY 
«BS: 1 beser = = 4a x BS 


7 3 Area SAM 0 
— 2 Likewiſe 


Sec. II of FLUXIO NS. = 
Likewiſe for the Diſtance from SB, * * = in = F'1 G. 
a * "© — | , 
—_— 2 and 2 = . 57 whence 
Fe = © Vo bbaay = aayv" = He. Ws — * 2 
7 — 6b x Area SAMY, | 
6 9114 357 AC Ex,: 8 AW vat) F 


b be thechyperbolic Space, Tranſverſe Wat . 
b 
Conjugate = = 2b, Præx, PM=g= enter a 


— 
hence XX 2240 +37 - — — ity, * = 


8 aayy 2 0 7&9, io l 
——. —, whence 5 VFX = 


» bWthty... 1 » 
FG =, \and's 8 Nn 
2 EW HI Ac: 366 $83; 26, 14 * 


. 1.30248 Le VI 2. whencs x = F 
OY =:Diſtance from ST. 


Then for the Diſtance from 9p, "we have Z = = 


1 
gn DX bbs x 2ax+xx, and the "Flame a= 2 


24 
bbxs 2 gabbxx +bbxs 
T Gas ® therefore 123 "bag X Area SPM * 


1 


Ex. 1 


For 191 Surfate o right Cone, let SD f e = 166, 
Circumference of the Baſe, Axis SB = d, S = v, 
Fx. Then it is plain its Center of Gravity i is in 


the Axis SB. — = Circumference of the Cirele | 


M; and by ſimilar Triangles v = A and v = 
2 fx 


W 


9 
=” 
2 
1 
2 
Th 

M 4 
q E 
br 
99 

| * 
= 

1 
5 

1 
= 


= 8 - - 
—5 — 5 ac. N * 1 —_ _ 
— 88 rr — 8 
— — —— —— — A a 
- 


E. 1 G. — 902 4 1 1 165 3 go be 
Lap hereſy x = BE tons 5 


48 2 In - 300 
} -_ ) 
allo 4= 5275 "_— : Thetefore f 11 SC. . 
| Ex: FN f pps EY 


166. For the Cone or Pyrdmid) DE. let thi Baſe — N 
e the reſt as inthe laſt Example; ri e 


i bee 1 
e oo , ale 


"YN rt \Thirefare — = ix =-5C the Diſtance of 
he Concer of Gravicy from 8. "ftw 


WAS, ® 


T1050 — 4 N 
2 *. n 
167. Le 40 be Sphere, SP. E PAM Radius 
Dr, £=3.1416, then y=v2rx—xx, N 


ee xe 
== 27x88 c ; therefore 2 = Ia — G 


and S o. — = (by Ex-4. "Ry XIY.); there- 
fore © — = 2 for the Pitasce of ei Cen- 


127 


ter of i Gerry 8. 


: i 4 . 13. 2182751157 
1567. * the Spheroid SMD, whoſe Center is . let $C= 
„CF, Pa,. PM=y, 't=3-1416, then y= 


2 = X e; and 4 Da * e 


— by — 

and 2= =#., * Wr tid. = 1 * air, 
r | 
and —- = F: . 


bu tw Dd % 


— FS? * 


Sect. II. ux 


7 . 9 72 #4 2 14 4 
* 'OC a3 10 ir 10 1 R 0 eie . 


To fnd the Center of Greviy of | the Solid $BDm, F 16. 
generated by @ par tial Revolution wow Parabols pe 168. 


about the” Axis SB, © 01 
Let & be the * of Senden, let SB 1 


BD =, SP.= beds 4 S , Arch _ 
: 4 therefore à 2 


Dd = c then pa Mm = 
cax*x cax* 


a & xs LL and's = <=: and s= "FF, 
therefore F. = 3a, the Diſtance from S8. 


of the Center of Gravity of the ceftor PMm from 


2 ; 2 2 
. therefore 2 = 5. = 55 3 and 


1 — % 8fy 
= Mr therefore = 7 1600ax* WT 15360 
the Diſtance of the Fas an of Gravity from SP, and in 


the Plane that Ny —_— che Aol and biſſects 
the Baſe. f | 


| Ex. 1 * 5 
Let he Hyper bola CM revolve round the 4 mptote 


P, and deſcribe an Hyperboloid CMB : Let SB=6, 


Nd, 8P=x, PM=y, c=3, 1416. b4=xy; and 
S bbddex 
S D 3 7 whence 8 


And corredted z = bbdds Log, LY Alſo 5= 094 = 


Te and corrected s = 


chodd x = b therefore © __ = = x Log. . 


"hag 


Again for its Diſtance from SB, let Chord Da 
then Chord Mm = 2. and by Ex. 4. the Diſtance 


ah 


We Dbetnineg. 41 


F 6. = Diſtance of the Center of Gravity of the Solid 


+ 4:4 
«6d: 


TIO G. = w 


from 4 
1 16. 


(ive the Sb de. an Hyperboleid, - e © 26, 
2 20,c= 3. 1416, Sig PM=y, "= 


i | | 10 39D 101 cbbx © — OR 
— 2 ;" whence S cr = = * zar Tl 


=y — :.6bb 
whence x = X Tan Fa, alſo s = "mL. 


- | ch r 4 
zar HExx; and 3 = e, therefore = 


= = Diſtance of the Center 7 Gravity fo 


* 


P RO B. XVI. 
| 27 o find the Centers of Percuſſion aud Gelen 


- The Gender of Percuſſion is that Point in the 125 
of a vibrating Body, which ſtrikipg againſt an im- 
movable Obſtacle, the Body ſhall incline to neither 
Side, but reſt as it were in Equilibrio, on that Point. 

And the Center of Oſcillation is the Point in the 


Axis of a vibrating Body, in which if. a ſmall Body 


170. 


or Particle be placed, it ſhall perform its Vibrations 
after the ſame Manner, in the ſame Time, and with 


the ſame angular Velocity as the whole Body. 

To find the Center of Percuſſion; x EY the 
Point of Suſpenſion C, and Center of Gravity, draw 
the Axis of the Body CO; and ſuppoſe O to be the 


Center of Percuſſion ; through CO draw the Plane in 


which the Center of Gravity moves, and imagine the 
Body to be divided into © —— {mall * 


1 


1 
— _— — 


— 


Ta 
2 
— 


ann IT IS nnn f 
aalen & - 12 


- 


1 
„eee 


U2 


GALE ag. OOzt,.c} Fo .cmQo Q 


F - * 
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% . - 
5 — 5 TO * 5 1 Ar . E * " —— * - ” == — "S 4 
— T — 7 _ - — — — 0 4 > WP 3 
” : * f . mY wa_d _ * # ey 
by \ ; "8; _ — — A 
» 1 4 * * = 
5 \ % . _— - - - , 
* * | Es * 2 * 
f | # [ : * 
by n . 1. 1. 
- ' _ i, o CF: 4 _ {- 
"#7? : * 
ö f ; a 
; ff ? #4 + BB %® 8 |; 
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4 - < — 0 4 =y 4 
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7 5 " 4 \ . = 7 1 * ; "yy 5 
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d : 7 p ” 
TE |} 4 I 1 2 E 
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} * — 8 „ 4 | ! ng | 1 = 
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ndicular to this Plane, and let them be ſup- FI G. 
— — to be reduced to, or ſituated in, the Points Where 
inter ſect this Plaue; and let p be one of theſe 
ſmall Priſms, Draw of perpendicular to CO, arid 
pd perpendicular to Cy; then pd will be the Direction 
of. ps Motion as it revolves about C; and the Body 
being ſtopt at O, Y will urge the Point 4 forward, 
with a Force proportional to its Magnitude and Ve- 
locity, that is as 7X Cp; therefore the Force here 
with p acts at 4 in a Direction perpendicular to CO, 
will be Px Cf. And the Force by which p endeavours 
to turn the he Body about O, will be as PX MN ds, or 


F&COfRCO — Cd; that is as pxOfxCO—pxOp. 
Nos ſince the Sum of all theſe Forces to turn the 
Body about O muſt be =o, therefore all the p xCf x. 
COp x Cpt =0, or all SL + 7 =all the px 

refore' CO = Sum of all the p x C 
h therefore CO Num cr all the pXcf © 

For the. Center of Oſcillation. . Through the Cen- 171. 
ters of Motion C and of Gravity G draw the Axis CO, 
and let O be the Center of Oſeillation. Draw the 
horizontal Line Cr, and Or, Gg, pn perpendicular 
thereto, and pf perpendicular to CO. 

By Reaſon of rhe equal angular Velocities of all the 
Particles of the Body, the abſolute Motion of any 
Particle g (and conſequently the Force that generates 
it) will be as Cg and therefore a Force acting at 


2 
i that can generate that Motion in : is as 125 x Cy 


* 2. or ., by the Power of the Leaver: Let 


s = Sum of all the Ca xq in the * and let this 
be as (the Weight of 1 the Particle p. If the Weight 


of the Particle p, acting at », generates any Motion 
K 


2 


in the whole Body AD, then p = that Part 


of the Gravity of p which generates the Motion — 
the 


* Motion of 7 gehetated by chat Force, is. = x 
Op x9, or SEGAL, 19g ie Mu of 4 9is 


Nig 13TH 


LEND, din angular Velocity . after 


the fume Manner any other bee, 7 ag 


at , will generate the ſame ac Velocity in 


an 2 2 Sap] 950 and conſequentiy the Sum of 
———L Az or the Weightp will generate 


the ſame angular Velocity in all the Particles 98 


ther or in the whole Body. Now fince the Weight of 


any Particle p will generate an e 8 i the 


Cn x 
Body AD about G, which is as um of all — Cox 3 


therefore the angular Velocity which'all the Particles 
| es the Sum of all the Cn — 12 
p can generate ip eee 


like Manner the angular Velocity RR the Gravity 
of a Particle p placed. in O would generate in itſelſ is 


N +. Gf 
e or as To * But becauſe of the'E- 
quality of the Vibrations and correſpondeng Accelera- 
tions, this laſt muſt w_ ual to the "Sum of the for- 
Sum xp 
mer; whence Sum of Cp" x 5 = 152 : Bur by 
the Nature of the Center of Gravity, the Sum of all 


the n _ Cr x Body AD = = = 7E-xCOx Body 4D | 


Cr 
= 5 * Sum of all the C/x P. Therefore 72 | 


Sum 


Sum Cf'x "7 0p Ni. 
x = 7o 5 whence CO = 


z10 Wer pn i 
F I G. the Poniele f. and the Force acting 8 6. and the 


| 
( 
0 
8 
|; 
4 


Sanyo all = A 8 ; Fl G. 1 
Oſcillation i is He * with — Neuen 
Alt lines Gn cache. MBs Wo 
Sum of all &. Ag = Sum of all N- Sum 1 


of all 20 x Gf xp: But by the Nature of the Center 


of Gravity, the Sam of all the'Gfx p zz 03 therefore | | i 


Sum Cp* = Sum CG* x Sum Gp* x p.>= CG 


gect. II. "6 PLUXIONS: 310 I \ 


x Body AD + Sm Gp* Xp. Therefore CO = A 
Sum 5 00 Sum of G - And Y 
0 HE + "TOXBody 4 2 n 
00 Sum of all 6 py a b | 
= "op xBody AD * H 
"Therefore if „ Body, e ye, cen N 
then the Sum of all the Cp* xp = Sum of x*;=Fluent | g 
els. and Sum of C S Sum of v5= Fluentof *" 1 
And Sum of Gp* xp S Sum 2˙ = Fluent of us 
LE Ep Fluent of &. Fluent of a | 
215 2 e 9} NK B80) HD [| 
vent 2 1 
= CG + 7g; Ty Whence this i" 
pee She. UL Wat || 
ao a parallel Line to the Axis of Motion, through | | 
the Center of Gravity of the Figure (whether it be Line, | 


Surface or Solid); and find he Bu Sum of all the Produ 

of every Particle of the Figure,” nuitiph d by the 

of its Diſtance from the Axis of Motion, or Pie from 

the parallel Line; which is done bu, 

1, Multiply the (Moment or) Fluxion of the Figure, 
by the Square of its — from the 24 of Motion, 


and 


— U ̃] —wöõq > EI oo or 


—— — — — _Þ©_— 


3 
* 
1 
14 
111 
1 - 
= \ 
1 
4 
3 4 
| x 
Z 
1 
17 
9 
N 1 
} =_ 
W 
LE: A 
1 i = 
+ nn 
» 
= 
| 1 
y ! | 
5 = 
5 © 
\ 
| i 
: ' 
TT 
| 'F 
$ 
? 
* : 9 
= . Y 
, 


— : 
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FEI 'Gl and (by A Y the Equation of the. Curut) find: the 


171 ö by 'the 1 its iid 


 then-multiply this by 


The Doc RUN E II. 522 


10 


2% multiply 
fem hepa Line, and find the Fluent C. 
nents many Gaſes, eſpecially Ne, the. 3 
e had at one Operati Ng. ANY then you mu v firſt 
e 
or, Plane, of the. Figure opoſed i Multiply the 
Moment er) Fluxton of that W Line Pine 
hy. tht -Shuart.of it Diſtance from tht. Axis of Motion, 
orvife from the-paraltleÞLine , un find. the Fluent. And 
tbe Fluxion of the Aale of the 
;*andfpndthe- Fluent F, artelſe 6. 
. Thewraw & Link thro cbeiPota of A pee 
he Center of Gravity;' and from i 22 ing Point, 
Zine, or Plane of i ed let fait a Perpandicular 


cannot 


find the Sum of theſe Products in t 


upon it; and 1 fnd the Diſtance ef that Perpendicular 


from the Point of Suſpenſion ;, then juultiply the” 


of the Figure by. that - Diſtance, and (from the on 
of tht Figure) find the Fluent 1 "And let d Mance 


ram ibe Point af Siufpenſion o tbe Center of Gravity, 


5 Ngure given: e Ar or d 


19.228! 2 5 will be the Diftance' of the Colter of Percuſſo 


en Qſcillation from the Point of Suſpenſion.” 


10 105 


8 0 HO EI * M. | 
If the Center of Percuſſion or Ofcillation be made 
the Center of Suſpenſion, then the former Point or 
Center of , Suſpenſion, becomes the Center of Per- 
cuffion; if the Plane of its Motion remains the ſame. 
And in general, the: Diſtance of the Center of -Suſ- 
nſion from the Center of Percuſſion or Oſcillation, 


| in the ſame Body, will aways remain the ſame; if 


the Diſtance of its Center of Gravity ſrom the Poiat 
of Suſpenſion, and the Plane of its Motion (in re- 
jar to the Body) remain the ſame, For then d = 


[4 
1 
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| G remain the 8 and = = Diſtance of the Cen- 


ters of Gravity and Percuſſion. -* And therefore in 
this Caſe if the Body be put into any oblique Poſi · 


. tion; it makes no Difference. Likewiſe if the Diſ- 


tances of the Center of. Gravity from the Centers of 
Suſpenſion and - Oſcillation, be known in one Caſe, 
they are known i in all Caſes, the Plane of the _ 


tion. remaining the fame. For their Rectangle = = 72 


and therefore they are reciprocally proportional. And 
hence, as to the Calculation, it will be ſufficient 
to find the Center of Oſcillation in the ſimpleſt 
Caſe, and then it may be eaſily had in any other, 
or when the Point of Suſpenſion is at any other 
Diſtance aſſigned. 

Cor, The Center of Preſſure of any Plane 8 
ia a Fluid, and ſuſtaining that Fluid, is the ſame with 
the Center of Pertuſſion of that Plane ; ; the Axis of 
Motion being the Interſection of this Plane with the 
Surface of the Fluid. The Center of Preſſure is that 
Point againſt which a Force being applied = Sum, of 
all the Preſſures, ſhall juſt ſuſtain them; ſo as the 
Plane ſhall incline to neither Side. 

Through the Center of Gravity of the Plane draw 
AO perpendicular to AS the Interſection of the Plane 
and Surface of the Fluid, and let cd be parallel to 
AS. Then the Preſſure againſt any ſmall Part c 4 
is as dA, and its Force to turn the Plane about 
0 the Center of Preſſure is cd c X O = a x Ab 
AO -c Abt, and the Sum of all theſe muſt be 


Sum of cd x A. 
equal to o, therefore AO= gm— Tx 7p» here- 


fore O is the ſame with the Center of Oſcillation and 
* and conſequently is to be found the ſame 
ay, 0 * | * P 42 
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wv af Id 
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FIG. 12 CB: be a; right Line, Ch , 1 Fans 


RES and . alſo A al. and fig =, 


* 2 
aheace c | 3-20 #2 


. N wt 19 46:44 Ex. 2. 


* in a Parallelogram where, et Gia of Motion i is in 


3 


176. 


177. 
be perpendicular to its Plane, _—_ G = * * 


the Plane of rhe * C Bx, BD=, then F 
. and F= 5 5 


55 ; alſo I = br, and Mz 


. „ A = * 2: = 00. 
E x. 3. = $144 
Ia ; ABD be the Arch of a Circle, A CenterC the 
Point of Suſpenſion, and the Axis of Motion perpen- 


dicular to its Plage; let Arch ABD =, Cord AD 
Se, CB=r. Then F=rrs; and by -F 


ee: gh ok 4 LAY therefore CEE = — 925 = 


rs 


— . 


-C 


= 


an.” 


Ex. 3 | 
| Let AD be a right Line, the Axis of Motion per- 
pendicular to the Plane paſſing through it. CB a, 
BA=y, then = AA 1 5, and gv. 


allo M=241) ; whenoe3y = l 37. 


Ex. 5. 


For the Pariphery of a Circle, let CD=1, Radios 
AD==r, Circumference r. If rhe Axis of Motion 


G 
185 45 23 @ 4 N 


But 


">; 8B 


of ud os 


Sect. II. 

But if the Axis of Motion be i in the Plane, of the K G. 
Circle, let 2 = E Pg = 75 then — 21 = 

—— , and by Form 17. the Fluent G= for 
Virr—zz. 4.2 
the bels Circle Therefare d 05 =4 + 2 
12407 ** AN ” . . . nod: 014] 7 


». 898 ; Ex- 6. N 


—— | * - I 5 — p4 1+; I YL 


Puts Plane of the Cale the Axis of Biktion pa per- 


pendiculas to its Plane, "I Circumference at E 


CZ * cz (24 T cri 


io 5a 202 zultibn 132 #3 * Bs ES. + ; 
Then 44 » 22 e ig T 24: 
And if tbe Axis of Motion be in the fr of it, 


e 11 — 2 Ne Is 6 2 — and wh 
N 


2 * 45 + 45 545 2 4 A 2. 
— . — 5 5 EE 5 2 
For the Periphery of the Circle, parallel to the Ho- 

rizon, let 


Radiya Ol tne ans CD=4, then 6= 


4289 = = Es; " and (by Form I7) | the bs 


"4 


S4 an» 


G 
Fluent G = 2 then 1 as 4, = 
2 2 17 a . 
77. 36 6-247 * * A , 
| — N 2 8. E 7 30 


"For So Plant of the Circle, whoſe Point of Sul. 
penſivg is in CD-perpendicular to ies Plane. Let AL 


Des, Gere = * = 42*Z Kr, 
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177. 


8. 
Aris of: Motion be parallel to ED. 


178. 


179. 


= 


oc 


8 1 9. 


b an oreli Triangle where the Axis of Motion is 
pale to the Baſe, let CD=a, CA=sx, BE=f, then 


* K ** 
= . ddt Lee, whence 2 
0 Fas (:4 — r 7 4 
50 MM = ny e 
10. - 1 — g 


Af the A at © * I to the Pline of 
the Triangle, let 42=v, then C x Fluxion of 49 


=x+vvx ab, and x, being given, the Fluent = 


2 + ==, 2 8 7 A Vx + = =(becauſe 
3 2 fa+ 

. 2a) a Sh * whence FE 44 T 

3 _ n2f&+fa_ £# _ 12aatf 

48 „ therefore -37 7 = 

. + 19t [6460 Ex. 10. W | ki Jo") 

Is the Parabola CAF, AC=sx, Ah, 49 =v, 

arg. Let the Axis in C be parallel s A, then 


r = XX ax and EF in Mer; and 17 


Son * and M i Har. Therefore 


If the Auis be is_be perpendicular to its Plane, then 


. C2*x AQ = xx+vv xb, and the Fluent erte. 8 


x being given ; then Pu 


Vx 


e 


; whence Fd ge 
TH 


Seck. II. © FF L-V.I4 OM. 
. re 4 tos + 


% 


* 


Ex. 11. — 5 11 nol 


= 1 4B be the * of a Sphere, AB , BE=z, 
Radius AD=r, c = Circumference.. Then Circum- 


c C23 
ference of BE , and 6 = Q x 
tt! __— * ö Nod N — — ES 9H 12 
E 20. ac c 
2 112 Un 3 oa c 211334 
[Fra . And bees therefore 4 W. 
n 5 +77 
d + 2rr : * 
— | po ; : 
Ex. 12. 


A8 56 4 Payallelepipiden, the Axis of Mo- 
tion pe T to the Plane 45D; let AB a, 
AD=2 b, Breadth = c, GS=x, $Z=y; then G2". x 


its = Y * 4%, and the Fluent = ger + top, 
z being given; whence & = dcr + 4 = 
Ache + 4% ; therefore G S chen + $thix = 
oy + tia; alſo B = dach: Therefore 4 + 
1+ 4a + bb. . - | 
e 
Ex. 13. 42 
4 O let CA=x, AD=r, Ae =y, CH=a, 
S Circumference, the Axis of Motion parallel to 
AB; then for the Circle ADB, Ce. x De x 4 = 


xr+37 HN, and the whole Fluent = _ 


Dee —— = rex? 
Tf» Then þ= —— + —— and F= - 


rex -c. 


+ =; which corrected gives 4 
* | + 


me” 
FIG.” 


f - 
* 

8 ; 
181. 


182. 


183. 


2 — 968 
PVG. | , e , e, 


a | E 22 — 288 rrx — Tra 
then will FLY . \. + — = 


N 3 — 344 5 24% — 244 | 
2 21 _— aur 4a N arr * Waun ai A 12 f 
6 ＋ ra = A Le ul 262 


TITS 
* Mfr Ie _ x. bas — = AA 46 23095 
184. — Let CKB FR Ui? whoſe Baſe | 1s Parallels 
gram, and Axis of Motion in Cperalial to the Side D-. 
Let. its Altitude . AB =f, AD=c, CH , HL, 
Ges * S and EF E , and 22 KT | 
; | 
= ax, and the Fluent '= ==. , | 
ox . — * 4 2 5 ofx*x k 
Oe: OR Nan S J N= ; 
1 88 rt. 21 fins | uber 5 [754 2 7 : 
F Æ = 7520 © Gor © Alſo (= 
We ifs hos n (Pr A ah 
and _ 3 5 F M tg * 
12aa+ff | 1 1 
54 1 * Nn — 
L $60 as i . of — x p 
9 "pi en 
185, n a rigb. Cone, let CA=g, Altitude Sa, Radius 
of the Baſe =f, Ax, BI=z, 7 22416, then de 
lu 


BE or BD = E = TE — zA; " then for 
wp a 480 It G2 43 


the Plane DEB, Ch N = + 222 X44 
y- = e che Fluent = 2. x —— 2 — 


4 


Hot 


© x being Civen, - Ihen # = 2 xXx ll x 
offs 


U 


Seck. II. F LU X'TOM's. 


* 


. + <= | conſequently 'F'= - [ 


2. and M = * — . Whence 
E _ 200g + Sg + 120a + off 2 
＋ - 20g ＋ 154 
IE GA —_ 
For the Sphere AS. Draw the Diameter AS paral- 181. = 
lel to the Axis of Motion at C. And let MD r. 1 
AE=v, Ef=z, EB=y, cr. 1416: Then for the 47 
Circle BE, c x2EfxXF# x Eft = 2:22 ; and the 1 
kluent = les, = ie; whence" & d S leb * 1 


77 ²˙ 20090 + 499; and G. = 9 
ICP UT bert freu. Alſb Alſo. the Fluxion of. the 1 


Solid n e and the Wer the 
Segtnent BAE = ory" — CV), = = Then 2 — 
20 i rv + 3. 


aX: 30 — 10 
I SO rr 


| 
| 
| 


And for the whole 255 


If v "be very ſmall, = Do = 5 7 = 2, 


nearly;- and in moſt Clocks the Bob of the Pendu- 
lum is in this . 
| K x. 


Let HDD be a Paraboloid; 3 AB =, BD=y, 186. 
BI=z, c=3.1416, rx=yy. Then EI x ACI = — 


a+x* +22 = r, and the Fluent =a+x* 1 1 
. mW 
x io ; therefore F 6+ Fa X O98 . 2 


- 
= 


"I 
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D= Diftante from the Center of Force, P perpendi. 


Te Deerkixr : N 


10 * AT c & ir; whence F = daa 


— Icarx®? + ICT x+ + ** Alſo M= 2 N a+x X ox 
= ax xn, and M= xcarxy* + zr. Therefarelſ 
FF Ke bred Is 6 8 


_ — 


M.- 9 .. If 4, ip 3 
1. R 0 B. XIX. 
7 «nd 1 Ld of etal Farce 3 to coſe a 
ee RE CO, 
oy 80 the Place of the Body in the 


Orbit BF by a Force directed to the —. oint C. 
Draw the Tangent BY, 2 the Radii CB, C9, ins 
finitely near each other. arallel to CB; and 
CF, S Perpendiculars to 155 t the Diſtance CB 

= D, perpendicular CY= P, chen the infinitely ſmall 
Eine GR will be as the Forte and Square of rhe Time 
conunFtly, that, is as the Force and Square of the 


Area CBS therefore the e Force ; 8 ES v or N 
that is (n ß: J: 28; W = xD as 


nx D 
BED. But . = Radius of Curvature. in 


the Point B, and the ſame Radius is al £ * by 


Prob. V. «wherefore-the Faure apy 5 2 dhe i. 


jd $3! 


cfoppalng'd to be given) e Fbmin of - E. 
Therefore to find the Law. of 7 Force, 4 


culat 


— w_ co—_ a oO Oo 


—_—  — — ql]... 


1 - — 
— WS 
— A AH 


r 7 g 
L £5364 
- 3 
- . 
GUS 4 


. 
* 
CY 
* 
. 
- 
* 
* 
- 
\ * 
; *w 
* 
. - 
% 
: o 
* 
x EY * 5 EY 2 . ow 
. * 
* 
- a 
* . 
* g 
* 
A 5 . 
* * % | 
| : | % » : 
- . % . | 
* 
* 
wer”. 6 y 
” + — 4 
* | 7 
N 
- 
| ; 
i ; | 
&. 8 ; Sc 
\ | | 
$4 
4 . 1 
| | * I - 
1 : 
; * 
* © | | : 
* 1 * * * i * 
* — — 288 IT 
- : 
m- % * way, 1 
%s -. | : * % 
; CY : | A 
— 
f 8 
— 
FOX.) 


2 


— - * — - 
0 4 2 —— _— —— tors www —ä— — — — — * 1 0 2 - 4 — 1 * 
ap 4 — 3 Nee e R K @©mm.y . HET 2H Oo Og. V Teſb en. = > 63 ute r 12 as St Fa, 
4 * * : * a ; : | 
. 
% 
* . 5 
— 
- 
* 
% 
* 
= 
my * 
- 
* 
* * 3 1 hd 


* 
«4 


»4 
* 


£ 


— 
— 


. r 3 


v 


7 
— 
. 


* 


* 


* 
8 


®” + 


— 


Sea. II. of FL UXIONS. 


ale en the Tangent ; Compute, the Value of P in E.1 G. 


Terms of D, by the Nature of the Curve ; then find the 
Fluxion of —555-» making D'= 1, and then expunge 


all Quantities as far as poſſible, txcept D, and you will 
have F, the Law of centripetal Force required. 


ExAMpLE I, 


Lt C the Center of Force be in the Circumferenc 188, 


of the Circle ChD; Diameter CD=27, the Triangles 


CBD and CB are ſimilar, whence P = =D, chere- 


16r*D I 


21 


fore pF = . therefore F . & Be 5 


_ the Force is reciprocally as the Fifth Power 
0 * 


e 
Let DB be a Circle, and. C at an infinite Diſtance, 


AE=s, ED=y, AD=r, then P= 2. and _ 


— 5 5 ＋, whoſe Fluxion (becauſe D is a ſtanding | 


| 1 8 272 
Quantity) is BY therefore F o Vr 117 > 
F x) 


y 
| EX. 3. 

Let BF be an Ellipfis ; C the Focus, E the Center 
draw BE and its Conjugate AE, and let the tranſverſe 
Axis = ar, Conjugate = 2c; then by the Property 
of the Ellipſis 27D—DD the Rectangle of the focal 
Diſtances from B, is AE, alſo AE or Var D-DD 

D:P ; cD Ar D+DD 
Ct DICS 


—1 
—=; and —— = — 


* 7555 FFH 8 
3 >| TY 2e 


421 


189. | 


190. 


322 


FIG. = — 7D + = . whoſe Fluxion i 255 therefor | 


we, 


191. 


192. 


es Doc r 
Ar | 


L 


* 
* cc 5 N 
| Ex. 8 1 


Let Cbe the Center of the pe: t then by the Na- 
ture of the Figure AC* + CB* r + cc, and AC = 


Lana 5 alſo AC : * Ir P= — — 


— DD 
therefore - — 2 3 — _ whoſe Fluri 


on ls. 2 z therefore I 8 & D. That is, 
the Force | is as the Diſtance. | 


E x. 5. 


Let BA be an Hyperbola, the Focus. Proceeding 
D 
as in the Ellipſis, we ſhall find P= 1 
1 Var 75 


EE 
an e 8 b e 


27 
747 


or 


whoſe F luxion is - >, yl F & 


* | Rs . 
Fam. 
And after the ſame Manner if the Force be in the 


other Focus, there vill * found P= — 5 , 
| vV DD—2rD 


w 


and the Force 3 58 555 [ab is therefore a 


193. 


| centrifugal Force, 


E 3 X. 6. 
"Te AB be an  Hyperbola, C the Cen ter, Tranſverſe 
=27, Conjugate =2c, b = half the Conjugate belong- 


ing to CB. Then by the Property of the Hyperbola 
bb 


* 


ed. 1. f FLUXIONS. 


th DD erco, and þ = V and F'1 Go 


510 i Þ = — aha 
| Ire 
1 N rere D 22 
PP = - — — whoſe Fluxion is err cory ® 
therefore F 2. * — D, and is therefore a cen- 
trifugal Force. | 
"Ex. 7 


Lit An be a Parabola, © Gs Focus, r= Latws 


Rectum; by NS LIT Figure P-. 
whence — 2p 22 5 F whoſe Fluxion is 5 — 3 


therefore 1 DF 
Non: 


"Za AR be a Parabola, C the Center of obe at 


an infinite Diſtance in the Axis. AD=#x, DB=y, 


Dy — 
Hm then = 5 = 7 — 


— 8 
„„ Why aDD — 55 
35 e 5 


X whoſe Fluxion 1 is 


—4+ ') bB. — 
DD ＋ + Dr = ( becauſe — 4 =D): 


4» 250844 rt 
8 1 + 7 xy therefore Fx 1 "2 


or (becauſe Di is infinite) & 2. or . de = a agiven 
Quantity. e : 
x. 


Let C be the Vertex of the Parabols, CA=s, Az. 
ax=yy; by ſimilar Triangles TB: AB:: TC or x: 
——— =; . = — 
* 999 „ 
12 4xx ＋ 
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% 


194. 


195. 


196. 


—— — 


— 
— — 


———ð; — 
> 4a) W - 


— = 
—- 


” 
_ 
2 > . ͤ —— ; f—— Its At — : = — 
* 
il 
= bk a i a A W 0 1 = - = = = : | - Z - 


— — - 
— IIY”RCC 

1 Ly —_ N 
1 


— — 


————— j— ů ů j— j ůj———— 


197. 


ä * * 


e Docr zins 


1 — 
* . 
5 25 
n ut —_XX Ax .and — — 
But DD xx Tax, (hence 4 
F 42a 2DD  4Dd... - 
ar. + = rf F 


Ex. io. 


Let VAR 99 an Elligſi, C the Focus; pay 15 the 
Curve VB be formed from the Ellipfis, thus ; take CA 
Cb, and ibe Angle VUA te the Angle VCb, as m 
10 u, 'for all the Points of the Curve. 7, o find the Law 
of centripetal Force of a Body moving in the Curve VB 

Let the Tranſverſe of the Ellip lis Sar, Conjugate 
= 2c. By the Property of the Ellipſis the Perpendi- 


cD 
cular Cp = FFB + alſo f A, and L BC 


n 11 * Pyth 
= — ACo. * by ſimilar Triangles —p5— 


nc 


Sv add 
mc D- FS 5 Ae 


Il 


" Cr, \whence i Redudtc 


A- 


— Two z whoſe F luxion 


is _— | 25 5 5 2 . therefore Fe + 
*. 


r ce. In the ſame Manner if C were the Center 


of the Ellipſis, it might be proved that the Force is 
mD un — um 


ee 


Ex. 11. 


* 


TS %. * — an 


2 Ex. 0 . 
e. AB to be-the Logarithmic Spiral ; ſince the F I G. 
Angle CBY is always given, there. is ee Ratio 198, 


of CB to c ſuppoſe as # to . Then Þ = — — D. 


r — 255 "whole Fluxion | is. => 3 


E x. 12. 


Lei CB be the * Spiral draw CT perpen- 199; 
dicular to CB, and let CB , the given Subtangent © 


. By ſimilar Triangles V 2522: 


1 r 
* V 4 199 R 
fs 2y 25 * 2. 3 
Shy 2559 231.1 M 4 
"D'* X 
-P ROB. X. 


The we of the Curve ABD forming an Arch being 200. 
given; to find the Nature of the Curve RST bo 
the Top of the Wall ATRD ſupported by that - 
F3; by the Preſſure or Weight of "which Wall, all 
the Parts EX the Arch are kept i in — without 


falling. 


1. Let ſeveral equal right Lines 4B, BC, CD, G. 201. 
placed i in a vertical Plane, be moveable round = 
Angles A, B, C, D, Sc. whilſt the Points 4, G, a 


the Baſe remain fixed and immoveable. T ond 
5, 


326 


if * 


| 29h, Decra In8 


F I G. B, C, D, Sc. draw the Liges Bi, Cm, Dp, Ge 
- 3 perpendicular to the Horizon; and complete the Pa- 


- — * 
* 


Fuallelegra 


m B hit, and make BN, and complete 
Ol ma.” In ſie Manner Make 


the Prod 


Den or n, A. Re Ao and er all the 


lograms in igure as at firſt 

a. Let ſeveral Weights which are to one another 
as the Lines Bi, Un, Dp, Oc. lie teſpectively on the 
Points B, C, D, Sc. Now the Forge Bi, is equiva- 


lent to Bb, Bk, acting in the Directions A, BC; 


the Force Bb i is deſtroyed by the Reſiſtance of the 
Point A; but Bk wy Las to move the Point B to- 
Wards C. In like Manner the Forte CM is equivalent 
to & and Cy; tie Force Dp to Do, op; Oc. Now 


the Forces Bb (acting towards C) and (acting tos 


wards B) being b. Fe ih by Conſtruction deſtroy one 
anagther. Io like Manner the Forces C, Do; Dy, 
and Er; Ev and Ft, Cg. deſtroꝝ one another; and 


the Point & being fixed, it is manifeſt the Figure 
ABCD, Sc. will not be moved by the incumbent 


Weights, Bi, Cm, Dp, &c. but rd its Parts wil re- 


main in Equilibrio. 
3. The Force B: 875 Bk 1 CI: : Sine L 573 
I 


or iBC: 8. L ABi: : IAF AN or Je 


Likewiſe Force · CI: Force — Do:: S. _— or 


g doch r: Fae” B © BG 
and fo on; henry" J's Plein in general, chat any 


Force C1 is. ay „ Now ſince Cm = — 
—_ | 
FX C Lok. BG x Cl. ; therefore the Force 


ES S.Cml "-v8.8CD 


Go . Ie. | 
eh S.nCBxSmcD* 

Now let the Number of the Lines A B, oF 2 
* Sc. bo increaſed and their Lengths diminiſhed 


ad infinitum, that the Figure may obtain the Form of 
2 Curve, 


5 
— 


rn; 


— 7 38 3 


2 


7 2 2 F o 


ect. l. ge P. U x dos. 


a Curve, and the Preſſure will then act on all Parts of 18. 


it; and the Angle BOr will then become the Angle 


of Contact, and the Sines of h and mCD become 


equal to the Sine of C: Therefore drawing the 


Tangent An (F 
to preſerve the 
r at A dir 

the Angle mAn reciprocally. But the Angle of Con- 
tact is as the Curvature, or reciprocally as the Radius 
of Curvature. Therefore the Preſſure is reciprocally 


200) the Preflute on any Point 4 
dee will be as the Angle of 


2s that Radius and the Square of the Sine of that An · 


gle An. 


g. Let BC, Ac, AB=z. Radius of Cure | 


vature in N u if à be given, S. 4 TAN & 
v and g= Then the Weight or Pteſ: 


ſure on AZAT x 9. and char (as has been proved) 


I 
- — , theret, AD «= 
NIN * = "ou » FIT - 


or in general AT 0 5 But when & is given 
R= => or if j be given R = * there 


be 47 = SL fe be given or r « , if 3 


be given. 
Wherefore to find the Curve ST, let BC=x, AC=y, 
ABA; then by the Nature of the Curve AB, com- 


pute = if be given, or I if 4 be given, 


and take 7 proportional thereto. And & may bc ex- 
punged out of the Value of -AT, by Help of the 3 
_ BS, and thence the Nature of the Curve will 
e known, © | 


EXAMPLE 


ly; and the Square of the Sine of 


4. 


202. 


2 


. 


/ 


The Docmatne 5 


4 WT © I Ph 


FIG. . BA be aCirde, Radius AR cer, Bc v, AC), 


Fox 


Bea, given. Thea. W I /Fooe= 27 
=xF 


err | rern 
= — =; then wit . = 


ec: = WET nn „ di 27x Sa 


1.43987 17 
* — = = therefore AT , 
1 Xx rx 1— * 


or = ===>. -- And expungng 8 5 

a 14 55 

nas = AH 
Nh 

the Nature of the Curve ST. 


Hence the Curve ST runs upwards ad infaten, 
and the Perpendicular DE is an Aſſy mptote to the 


T we. for 


Curve. 


$CHOLIUM. 


If K had been a right Line, then the Point 4 
would be preſſed with too little Weight, and B with 
too much : And hence appears the Reaſon why circu- 
lar Arches commonly break about the Top, by being 
loaded there with more Weight than their due Pro- 
portion, 


E. X. 2. | 
Let the Curve DAB be an Ellipfis; BR =r, DR=c, 


CB x, AC», BS =a, x given. Theny= Ni, 


1 * 46. AY cru. 
r* y : Whence 
* 2FN=—=XX 3 0 2rx—x# * 


5 58 74 
by = 3 , Which is as AT; therefore 
AT 


3 


MAY» I. dven. 1 N, and 


in a — "SEG. | | 
Ex. 1 
7 BY be an Hyperbola, Tranſverſe = ='27, Con- 203; 
Jugate = 25 BC=x, CA, BS= =6; y gore. Then 
rryy "x . 
ar- Tur = S whence 22 Vcc. 82 
d ne — 
— X — . T es lars 
t-—vSaty ct 
1 — 7 1 . f ip — 
y X cow | PL 0 


erg. ene 2 ' F188. 


1 


angiog x) — — —4— a LY 


CO — 


for the Nature of the Curve ST, being of the ſame i 
Kind with the foregoing. 
E x. 3. 28. 
Let AB be a Parabola, BC=x, CA, . 203, 


12 = . a given Quaintiry; therefore AT is every 


where the ſame, and ST is the fame Parabola placed 


Hence the Curve ST continually approaches nearer 
and nearer the . Sc $92=(a+*—AT=) 


by” 
a- = Te gs expreſſes che Na- 
cc EY | 
ture of the curve ST. 4+ 
13701. Ex. 5. 1 


Tes, B be 4 Cycloidgi BCN, CAHατν BD'=s5, 


Tra, X given. By the Property of the Curve = 2044 
| Uu | 


* 


203. 


therefore 5 ( = 2 and 5 


17 18 as rd, or AT 2 = * 2 Hence, 


$T is a right Line paſſing through S. 


2 BS; therefore the Arch i is of the ſame Thickneſs 
every where: Conſequently a heavy flexible Line put I Ec 


Let BA te ibe Catenary, prongs CA =), BA=2, if 1 


r+x _. 
3 a x venz £ D AMA *, 2 = 
Sa, gi 5 * a l 


2x r* 


— — 


. —9 149 
whence —— = > therefore 


en 9 


*. I r, then ESE CEC and then 


2. If BSis very ; ſmall, den? At perpendicular to 


the SY * = Gimilar Terigngles — — 
| v rata 


(9 =) Jo (Al. * SV. Mtn 


into this Figure would ſupport itſelf. 
3. For the Nature of the Curve IT, we have 89 


J : 
| =( a + x — AT =) * — —.— Therefore if s x © 
u, leſſer than 7 the Curve is on towards B, and., 


if a is greater than r, it is convex cowards . . 


Ex. 7. 


Jr al 8. 


.. 


ie en F 1 G. 
nos: 


ſymptote, BS Sa, B Der, Subtangent GE <7, 
. 13> bo the by the Property 


1 
of the Curve y = — and if 4 be given, 5 = — 
— x * — N r+x 
— vhence * — rr — * — — 
r+x 39 *. 8 * Pat tt 


s, whenceAT AE or Ar = — — 7 5 ſame as 
„ in the laſt Example. 


For the Nature of FRY 52.= (r 


* =) * — ==, therefore if a=r, then 9 becomes 


the Aflmprore DG, and if, a be leſs then r, the Curve 

re Kis Concave z but if à is greater than 7, it is con- 
vex- towards B. 

01 thus for the Nature of the Curve, GT'= = hg 


= =) r—#+ —— for che Relation of 


en 
ST to the Aſſymptote GD. 
to 
. | Ex. 8. 
-4 Lit AB be the Cifſoid, whoſe Equation is ax. 
Su, in Fluxions 24 =» 4 = 3y*y ; this 


= I zgain in Fluxions (making & = o), 24 — . — 
wy — 2x8 — xj =.699* n from the tormer 


Equation. = — r , and from the latter, 


j 2— con Sn... ai Now if #230, 
0 +xx 


2 FEST ele u. x=1, to find A; here = 


£78 #5 — 5462 ; whence _ E 293 for the 
7.1 VU u 2 7 | Value 


33t 


332 | The. DoeTRINE. He 
F I G. Value of AT. And to find it in the Vertex where x 
and y are o, and y infinitely * than x; we ſhall 
5 4 e 
A a 


Y 7 3 1 2d 
have a, er - = 
— 415 2 


5 . 8 3 r * \ ; * 
= ————}; whence ——— . Infinity. 


Ls: Mare generalh . a 
Since axx — = gx = , in Fluxions 2064 er 


— 32 ＋— 
—K =)» whence. # = = OGG 


Fluxions and reduced (making 5 y invariable), % 


* + 2X —— xy = (eipumiag 10 


7. this again in 


| 75 
| 9 x 2 — (expunging * — = 
| Wang! Ku b 
rd gie * 
(expuoging 1 — ae, e. —; . _ 
V9 2472 KAMI >» 1: and 
— 1 . : Therefore AT er- 
a—y * nk FA ai 
7 9 8 X 1 
: K ! 41 AS $4 t * 
ME PR 0 b. W aal ai 
5 20%. The Cur os BI Rn given, 55 whoſe e about 


. the Axis BC there 1s generated @ concave Surface or 
| | Vault; To find the Height AT. of a Vall flanding 
on the ſame, and ſupported by. that Surfate, Jo that . 
all the. Parts may remain in Eguilibrio. 


Leet PBS be in infinitely ſmall Part of the Surface 
"ani between the Planes PBR and OBR, draw 


x che Ordinates DC, AC; and take Dd, Aa 1 — 
5 | en ma 


＋ FLUXIONS. 


ere # ſmall equal Parts of the Curve. Let BC, CA=y, Þ 1 * 
ſnall Arz: By the Reaſoning in the laſt Problem, te 
* Weight inſiſting on 725 ſmall Part of the — 
ls will be a, when the Particle of the 
7. Es 4: on 
44 Curve is given. But this incumbent Weight is ab xx 
3 ADxX AT, But AD eh, therefore the Weight i is s 
Hes AT xy and this « — , whence AT e - p 
45 G Ny. 
in in 23 
7 Or in general AT « - Ry Whence | 
1 Putting BC x, CA=y, BA=z. Take AT o 
2255 N. be given, or Ar. c * y is given: 
Au the Nature of the Curve ST will be known by ex- 
F MS Ss, bis 1. 
0 | EXAMPLE. I. 
_— Lat BA bs: a' cubic Parabola, „x i; chen * 203. 
FIR = 39, and (if5 5 be 3 ** = byy*, whence 7 | 
* 
| — 5 therefore AT i is as 2 a given Quantity: 
Conſe equently the Curve ST is * ſame Parabola with 
2 7 ; placed in a higher Poſition, _ 
* E x. 2. 
| Let BA. be.a biquadratic Parabola, rx = Sy and 208. 
about 4 given. Then 73x = 49%y, and x = 129*y*, where - 
ce Or 
1ding fore FA = > whence AT = or AC. 
tat | | 
ET. 3. 

| Let BA be a Circle, y = V 2ri—xx, x given; 209, 
rface Np rr — 8 
draw | then) 2 . JE z 
irely 2 21x - N Zr 5 
mall | — 


jo: N Whbence ebo-Peopendiciilat RY 
DA are am" OT. to the Ow. . : 


N _ 
#.Y t * N 6 
wm a hd : 


- #,# . 
4 


R OB. XXII. 


. the Refibonee of a — ad moni 
in a Fluid, inthe Direction of its Axis, 


210. Let ABS be any plane Figure or Solid whoſe Au 
is AA; dtaw CB parallel to the Axis A9, and g D 
aud Ordinate BE Perpendiculata thereto; BD 
155 at B, and Df perpendicular. to it. on _—_ | 


- 


x EB, y; AB, Z; Bu 21 . rn, y 
Let FB repreſent the Force ar Refitance of 3 
ticle of the Fluid, ſtriking againſt C with a given 
Velocity, then will FD be the Force againſt the _ 
Line or Surface ar Þ m Direction f D; and Fg will 
be the Force or Reſiſtance againſt the Curve in Di- 
rection BC, which alone is the Reſiſtance that hinders 
or oppoſes its progreſſive Motion in Direction of the 
Aris. But by — Loc 7B: Js: 4 t i 


: b. DB-: g- 2:9 djs Leal 
£ os 


08. Turnen * Force of a Particle gpl Gang Bare 


0 = x/B, that is as 3 to 5 . Now the 


2z 2» - 
| Quantity 
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Quandty of Fluid firiking againſt By in the Curve is FI G. 


28 5, and againſt Bu in the Solid (generated by AB re AN 
volving round its Axis) as Wy: Therefore the Force 
againſt the Baſe : Force againſt the Curve : : :yto 


1 18 - 
z 4% 3+} 
2, or as y to Iz 2 or as y to 2 , that 
2 * + 1 ** 
* rn f 
JF” i 
is a8 y to * fc And Nees againſt the Baſe: | a 
1331 1 172 ö 2 2 
an 8 TP = | 1 
1 
Force againſt the e Solid, is as * to 8 IP i i 
* | '- 
I — oO e 


Note, by the Reſiſtance of a plane Figure moving | 1 
in a Fluid is meant the Reſiſtance of a priſmatic Solid 1 
of any given Depth, 'and whoſe Baſe is that Figure : | | 
And it is ſuppoſed to move in a Direction paralle] to a 
that Baſe, [i 
Hence to find the Refiftance by the Equation of the | 


Curve, exterminate &. out of the Quantity — rl 


for the Giver and fo the Fluent P; or out of the 
Quantity — 2 = for the Solid, and hid is Fluent 
- : + 


6. 7 * will 117 Reſiſtance againſt the Baſe : to the 
Reſiſtance Ne Curve: : y: F. Or the N 
againſt the : to the Reſiſtance againſt the Solid : : 


"EXAMPLE I. 
Let there be a Triangle (or priſmatic Solid) ARS 
moving in Direftion QA. Let AA, Mc, AR = 


211. 


% 


5 336 
CS 


| 
; 
| 


211. 


mia 


Whence the Reſiſtance of the. Baſe to that of the Side, 


b 


** 2 whoſe Fluent F 2. Whence 


hy PA 


"The Docrzixz IN 
Are E = j and by Gmilar Trizngles * —— 


— 5 
I+—— — 
Sn} as! | 


=, =", , Whoſe Fluent F = 2 


22. 


is as z to a that is as dd to ce. 


Ex. 2. „ en e. ; 
Let ARS be a Cone, whoſe Axis 1. 1 chen „ il © 
2 x* = _ , and 66 


* cc ba” 992 34 win 6 


1+ 
** 


cc 
4 7 Y $A 


ns nds Fluent 6 2 23 27 and 
2G . + Therefore /the Reſiſtance of che Bak 


to that of the Side is as 5 to 2.0 or as 5 4 to ce. 


22 E x. 2. 
Let AB R be « cis Radius Ag=r, AE =, 


* 5 
EB — Then * = — = —— and — 
S9. 7 * 5 5. —5 b 4 9 


=> 25 ; therefore N 2 — 
ee, eee 


the Reſiſtance againſt the Baſe, to the Reſiſtance ? 


_ againſt the Circle (or cylindric Surface) is as y to) 


- that is as 3zrr to zr : which when y = titie 
7 37 3 0 371—9 72 , 
is as 3 to 2. AF | E x. 4 


— * 


„ 


7 
7, 


4. 
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2 Ex. = 7 
Le AB 9 be an Hemiſphere, then — » — =F1G. 
= Lr: 1 210. 
1 | . , 2 


therefore the Reſiſtance againſt the Baſe, to the Re- 

ſitance againſt the convex Surface, is as y* to y* 
8 

— e or as 277 to zrr— yy; which when y =7, 


is as 2 to I, 
| | 


-Let ABR be a.Spheroid, Q the Center, QA, 210. 


Latus Rectum = 2r, AE=x, BE=y, E = ax; 


then an = 4 — , and & i — 2 
| *. a 
1 


* 1 * „. ryy | % 
* r 
Fluent, by Form the 4th-and 11th, is CS 2 


24—27 


| Ireenagongh 1, ces e, we. 
2— 1 

the Reſiſtance of the Baſe to the Reſiſtance of the 

convex Surface, is as yy to 2G; and when y g 9 R, 


EO ar a 
TA 09/08 64/0 . x Log: I re 


Ore 3 | 
Let ABE be an Hyperboloid; denoting the Quan- 210, 


fities as in the laſt Example, uu = aa + _ Y. and 


X x 75 


210. 


210. 


212. 


Te Docr art 
| 22 4＋˙ 


8 7, whoſe F luent G= 
1+ JE, rra+r+aXYy 
ry | . * 2. 
1 43 r+a rra 


Therefore Reſiſtance of the Baſe ; Refitunce of the 


convex Surface : : yy to 2G. 


E x, 7. 
Lit AB E be a Paraboloid, won BE =3, 
* 72 Wy 
2 . then & = 3 and 2 


. | 
+ ——. whoſe Fluent 0. 302 fr Log: V. 


And by Correction G=2, 50258577 xLog: 2 


Ard the Reſiſtance of the Baſe, to the Reſiſtance of 
the Surface of the Solid, is as yy to 2. ee 


Log: ZE, 
Ex. 8. 
Suppoſe 43 to be a cubic Purubola, _— 


* 2 „ 
then x , whence _= rg? 
I + 7 N 


whoſe Fluent G (by Form the gth) = > 


Xx Degrees in the Arch whoſe Tangent is BZ ; 
and the Reſiſtance of the Baſe : Reſiſtance of the 


f 


Surface : : as yy to 2G. 


Ex. 9. 
Let 452 be the Solid peurrated ly the Cycloid 
ABD revolving round A 9, D2= 4, 1 
= 


N Haw ma 


F 
tl 
tc 
8 


Set. II. FLUXIONS. 
EB=y, AZ; by the Nature of the 


1 + 


11 4 
Fluent @ = . ,; Whence the Reſiſtancs of 
the Baſe, to the Reſiſtance of the Surface: : as yy, 
n or a8 1 £0 I ww End in the whole 
Solid it ie as 3 te 24. / 


RO B. XXIII. 
7 find the Center of Gyration of any Boch. 


This Center is ſuch a Point O, that a given Force 
ating at a given Diſtance from the Axis of Rotation 
N. will in the ſame Time generate the {me angu- 
ler Velocity in that Body, as it would do if the whole 
Body was placed in O. 5 | | 
Let 4, B, C, &c. be any Particles of the Body, 
and let fall the Perpendiculars Aa, Bb, Cc, &c. and 
Or, Pp, on the Axis of Motion SR. And ſuppoſe 
a given Force & apply'd at P, acting at the given 
Diſtance Pp from that Axis, to move the Body about 
R. The abſolute Motion of the Particle A being as 
Aa A; the Force acting at A that generates it muſt 
alſo be as Aax A; and a Force acting at P that will 
- TY . \ 
generate the ſame Motion in 4, is as Aux. 
or . Likewiſe the Forces at P that gene- 


2 rates 


* 


8; 1's. mal . 
22. e _ 5x9 e 
eee „ 


339 
þ Curve, y FIG. 
ee 


2392 


4 


34⁴⁰ 
W G. 
239. 


Surface, from the Axis of Motion, and find the 
| 5 Nr 


240. 
SA=a, then Z=x, and Fl. wx 2 


khen WE Bn or 1 or 2 = = Diſtance of the 


Exliader. 


"The D'ocTrINE 


rates the Motions of B and 0 vill be as CE: 
and 5 f Se, and 'the Sum of all de = n 


| Ang the Force at P that can generate the ſame angu- 1 


lar Motion of A, placed in A, will be as . 


| Uikewiſe the Force at P that can generate the Motion 
of the whole Body, placed in O, will be 5 oo a 
25, by the Hypotheſis. Therefore the Sum of all 
Aa x A BG B Cc C 
the g o+ = += „ Sc. = 0 
Or: x Bod E 0 
, L, whence Or => x x Mun: 0 
Therefore if 2 = Body, x = Diſtance of any Parti- 7 
5 Sum of ** - Fluent of xxx js 
cle, then 0 . 2 


n this * Mg Wt 10 


- Motriply the Fluxion: df — Fi igure by the Square 
&f the Diſtance of the generating Point, Line, or 


Fluent; which divided by the whole Body, the Square 
Root off the Quotient, 18 the DUNG: of the Center 


— 


r 9 70 Ex AMP E. 1. | 
Les $4 be a right Line uu round 8 Let 65 At, 


* 
ray and $8, 


Center of Gjration SO; the we. | is true of a lender 


e. 2 


12 1. of 'F LUXIONS. 


Ea. 


a the * of 4 Circle revolving about the Dis- F I 6. 
241. 


neter R. Let CA=r, BA x, A x, c=Cir- 
cumference, then & = — = And the owe” 
Vn. 


8 * 


Fluent of — (by Form 17) = —— SA 


Vrr—xx 
* 8 
and for the whole Circumference it is _—_ 
then 72 = = C0, the Diſtance of the 


Laney of Ge. 
EEx. 3. 

Dar the plane 7 a Circle, or a - e 
round the Axis in C. Let CA=r, CB=x, c=3.1416, 
then Circumference at B = 2cx, and Z = 2cxx, and 
Fluent 2cx% Ac; and for the whole Circle, tis 
ir+; but the Area of the Circle = crr, whenee 


View = 11/4, the Diſtance CO. 


' EX. 4. 

For the Plane of the Circle about the Daa RC. 
Let Dor, CB=x, then Flux. Figure = x rx, 
and the whole Fl. of * V- rr—xx, when x=r, is 
#7. x Quadrant; and for the whole Circle, rr Xx Cir- 
cle, this divided by the Cirele gives rr, and \ 8 
or zr = Diſtance CO. 

Ex . 

For the Surf of a Sphere about the ae RS. 

Let DC r, CB=x, RD=s, c=3.1416. Then the 
Circumference of the Circle deſcribed by D is =2cx, 


and vat = Fluxion of the . = — , 


multiply 


- 
+ | 


Sf 


bo _ GY —_ a = = =_ . _ 
; b n I "20 
211 3 Y _ l CTY ww 
* * y . U 


242, 


VW 


243. 


243. 


342 
* g &y * multiply by xx and we have 


243. 


4 


car 
: ing by a xx, we have 2caxix — 


dity of the Cone is. = „all, then 2 


De Doc ral x 
2x x 
- but ow 


Ve ma 


== , and (b 1 
Vr, oo (by Form 


17 the whole F luent * 5 
Vr 


nk "whats F ** of 


— = tr4, * for 


the whole Surface tis = cri, and the — of the 


8cr4 


Sphere = 4crr, whence ——— N N Lomas and Vu. 
or oak th = CO the Diſtance required. 


BE » 


Let RAS be a Globe revolving about the Diamter 
RS; let CD=r, CB=x, c=$.1416; then 2cx Xx 2DBxx 


or 4 rr xx = 2 = Fluxion of the Solid; and 


| the Fluent of 4cx%% Vrr—xx = 4,07 x15 (by Form 
17) = $67, when x r. And the Globe = = ter?" 
whence * 3 ot * 7 = Diſtance CO. | 
Ex. 7 


Let ACB 3 Cone revolving about. the Axis AB. 


Let AB ga, BC=b, BE=s, (O05 1416 ; then DE= 


25— Fax 
po — 


„ — 


. And E i0N Lo anden. 


,whoſe F luent 


.  Cax*+ 2Cax5 
— — — — — 
hay "2 | b 38 


= vocaþ+, when x:=b, "The Soli- 
2cab+ 


Ioca = 


Vn. 
| Ex. 6. — 
Let AD be 4 Paraboloid revolving about the Axis 


AB. Put AB Sa, BC=b, As, FD 58, cg. 1416, 


Then DE = = 4 —— — : and Z=2cxX 
* 


and rs xx. 


get. II. of FLUXIONS, 


*, which multiply'd by xv is ac 
. , whoſe Fluent i is —— — 2 =4cab+when 


x$=4: . Paraboloid | = icabb, therefore —.— 


— „55 and Vο = Diſtance BO. 


PR O B. XXIV. 


To find the lateral. Strength of 4 Piece of Timber 
++ 7 Whoſe Seflion is any Figure given. a 


Su * a Beam FA fixt with one End in a Wall, 
and a Weight P ſuſpended at the other End F to 
break it, and let ABD be the Section of it where it 
breaks. Let the abſolute Strength of 1 Fibre of the 
Wood be 1, and put AB = a, BD, AC=x, 
CE=y, BC=v, and BF=1, When the Beam breaks, 
the Barts at B don't ſeparate at all, and the Parts at 
A ſeparate the firſt, and the Degree of ſtretching at 
any Plane C will be as BC. But by Mechanics the 
Reſiſtance any Particle C makes, will be as the De- 
bree of G and therefore as BC. Hence 


2: 1: : v: S the Reſiſtance or Tenſion of a Fibre 
C; 2 by — of the ge: Leaver ABF, whoſe 
Fulcrum is in F; 1 :v::=:= — theeffet of thatTen- 
lon upon the Weight * Fo the Weight ſuſpended at 
F to ballance that Reſiſtance 3 and therefore — — 


Weight at F to balance the Reſiſtance of all the Fi- 


bres 


344 | e Dbec rains 
I.. brs in the Line CE; that is - = Strengrh of al 


246. 
the Particles in ¶ E. Therefore the Sum of all the 
_ in the Figure, or the Fluent of or 
2 will whole Weight P or r the Streogth of 
the Beam, 453 
RU L.. 
Expunge v or y or & hc the Nature of the Fi igure, 
and find the Fluent of = or of , and that 


will be as the Strength of the Beam. 

Cor. If that Fluent be divided by the Section (or 
Fl. y* or yv), the Quotient will ſhow the Diſtance 
from B, where the total Strength of all the Fibres of 


. Beam being collected, it will be equally ſtrong. t 


Ex Ax PI E A* 


Eos VA 54 Parallelograim : then y =, and 2 
| 4 3. 2 by . 

22 ot 3 whoſe Fluent | is 32 2 (when v a) 4 

aa, for the Strength, 3a x Section. 0 

: | L E X. | 2, | I 

Let ABD be a Triangle; then) = =, and = 0 

TE rk I 3 | : 

4—#x; Whence —— = ——— & 4G — 248 + XX. mi 

= . 2by* x 


And the Fluent is + =% 
',. 434, % 44a 
when x=a, for the — JR = ia X Section. 


a the Vertex be at B, then y = = ., and 2 


ect. ad o#FLUXIONS. | 106 1 


| a... and the Fluent ==> = = as, when 26 3 
"= | For the Srength 3 = 
V. ABB b « Cie, ud =y/Z= = AS; 
and = 2 = but F: v Wav—vy 4 


« ET = — Semicircle : And by Form 17 the 


whole Fluent of * or v*iv Wavy = 
nas  Semicircle, and when doubled, F: — dS 


1 x Circle = CERES b. Sl of 


te whole circular Sei = tue X Section. 


| Ex. 4. "ad 
1 4 bollvia Ge or the Periphery of the Cirele 
AEB. Let the RR 095 = 2, and & = 


N = la x g therefor Fl. of — 


V 4UV—VU 


Va—v 


= . And by Form 17, whole Fluent of ( — 


145 


or) 4 X 
micircle, when v=a; _ for the whole Periphery = 2 
js x Circle =- +, the Strength ; or z 
Section = the Strength. | | 


The Problems delivered | in this Section are . 
ing ite Numb each of them comprehending an infi- 


umber of Oy Caſes, and are ſufficient 
Y yy here 


96 


Ne Doc rains 


" ,” 
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F I G. here to ſhew the Method of inveſtigating ral 


Problems by the Method of Fluxions. I ſhall now 
proceed: to exemplify the ſame; Doctrine, . in the Re- 
ſolution of a few particular Problems, belonging to 
Phyſicks or Natural Philoſophy ; and the rather 

becauſe this Sort of Problems has not been 6 com- 
mon among the Wien of Fluxions. 
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-$e&. III. F LUXIONS. 
5 fry © + Wa at 9914; 1 Pro” 


| | ” 
„re 
8 E E I 
1 ö a by ; 
| 5 1 0 mr o 


The Sn of Phyjical Problems, or 


ſuch as occur in the Phenomena of 
N. ature. 


* 


ON i RE * O & . 


To find the Relation of the in of the Times, 
Helocities, and Spaces deſcribed by Bodies in 
Motion; being atted «upon any nn 
Forces. 


* d= Bib e of Mater. 


5 
— —— — — —— — — — . = FO — 
— — — — n 
. o — 
— ———ʒñf— ̃ - „ — * 0 
. 


m = Motion generated. 
F = Accelerative Force. 
t = Time of moving. | 
| v Velocity. 
. Space deſcribed. 


Let S Moment of Time, or an exceeding ſrmall 


* 
= 
— - — — 
© — - —_ » 
— - _— — 
* s * = — 2 a 7 * 
= = _ 


Parr of Tk S Moment of Space, v = Moment 


of Velocity, m = Increment of Motion. Then what- 
ever be the Lan K the acceletating Force F, it way 


"SME 


* 25 9 a N — 


. 2 De D6crTiitns a | * Se 
F 1 G. be dees as uniform for the Moment of Time : | 
1. Then by the common Mechanies, the Velocity 


| generated i in the Time 1 will be as the Force and the 
Time Grey, and [ener of Matter anal ” 


= hare. * * Likewiſe the Velocity may be 


look'd upon as uniform, for the Moment of Time 


i; therefore by the Laws of uniform Motion, the | 
Ml I deſcribed will be as the Time and Velocity, 


or 5 G vi. Alſo the Motion 1 is as * 


Force and Time, that is . H. Now 5, 7, b, m, 
being ſuppoſed infinitely. ſmall ; ſubſtitute the Flux- 


10ns inſtead of the Moments, and we have mn & Fr, 
V O _ , and 5 & ut, univerſally. And fince by 


Mechanics m is as bv, therefore m & bv. Hence 
from theſe Equations we ſhall have, 


” 


10 * ei, and f F. 
ry . 
2. i andi . 


2 . 
vs 5 * , and : & ED 
was, win . | 
And in any of theſe Forms, if 4 or F be conſtant- 
1y the ſame; then ſuch conſtant Quantity or Quanti- 
ties mült be leſt out. Likewiſe if the Velocity or 
the Space be decreaſing, you muſt write , or — 
inſtead of « Vs 5. | 
Con. Hence, put h = 16g, Bu, he Space Beſcended 


by b, in one Second ; thin 26 = Velarity acqurred in one 
4 Second. T hen will A 2 2 


. 1. f FLUXIONS. 


; v= 5 or 2 a | Fw 

"len v=2b, and P=b; which is 

a = vor 2bt ſhe Caſe of falling Bodies. | 
i=. ab 1 


349 


FIG. 
* 4 
1 


For the Velocity generated i as be Time, there- 


fore 1 (Time): en) Ti 11: IF u, and c 
=2bt. 


Likewiſe the Space deſcribed with the uniform 
Velocity 25, 1 as the Time therefore, Ah (Space) : 


(Time): 421223 t, and 20. 
Theſe Forms are general, and will i found ſer- 


viceable in the ahnden of man * and me- 
chanical Problems. | oY 


P R O B. . 


To find the Motion of a muſical String, vibrating 


at very ſmall Diſtances. 


1. Let AB be the String, and let it be drawn to C, 
and there let go; now ſince the Force to move the 
Point C, by Mechanics, is as the Sine of the Angle 
AC, or as that Angle itſelf when it is very ſmall; 


and preſently by the Flexure of the String in d and e 
theſe Points will alſo begin to move, and then. the 

next Points to theſe, and fo forward. Now by reaſon 
| of the great Flexure in C, that Point will at firſt 
be very ſwiftly moved; and the Curvature in 4 and 2 
being thereby increaſed, theſe Points are continually 
3 and the Curvature in C being diminiſhed, 


its 


iX wa 


therefore the Point C alone will firſt begin to move, 


214. 


+ on : 
4 


+ P 
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＋ J G. its Motion will be leſs accelerated. And cniverſall 
. 214. theſe Points that are too ſlow being more accelerated, 
As... and thoſe too ſwiſt being leſs accelerated, it will come 
to ' paſs that, the Forces being at length rightly 
. adjuſted, all the Points of the Striog will acquire MW = 
. * ſuch Motions, as to be carried to the Axis together; 
. and will continue to 8⁰ and return together ad inn 
_ tum. 
* 22. No that this may be regularly l the 
"IF "String muſt always have the Form of the Curve 
ve 0  AFXB, whole Nature is ſuch, that the Angle of 
5 Contact, or the Curvature in any Point F, vill be as 
=. the Ordinate FE; for then the Force at F being as 
the Curvature that is 88 FE, the Velocity generated 
will alſo be as FE the Space to be deſcribed; and the 
$2 conſtant Accelerations and Velocities, and the Pam 
bot the Ordinate deſcribed, and thoſe to be deſcribed, 
wiu.ill be as the wholes; and conlequently any cor- 
reſpondent Parts of the Ordinates, and therefore the 
5 whole Ordinates, will be deſcribed in equal Times. 
3. To find the Radius of Curvature; Let AB or 
2AZ =a; ZA =6; AE=x, EF=y, AF=z, e= Radius 
of Curvatute in the middle Point OE Let 2 be given; 
And by Prob V. Sect. II. the Radius of Curvature inf 


== _— ; chrefore by the Nature of the Curve y: 4 


a» 8:5 $8 ts 2 255 and rr aca the Fluent i 18 


13 | 3 7 
1 — . dot 1 Krb, and Stk Therefore 


iz 8. and «bx Wl there 


X 3 


_ * . 1 * 
- * a 
o : 


| the Flucht corredted i is 22 


a 2, S == 2 2 ＋ 57 „ and byRe the E 


F . © 1 7 Now 
"26 — 
| dufion, * „ —— 2.5 08 locity 
To e 5 oy 55 


— 
— 


1 


dect. II. of PLUXIONS.. | 16 


- beat, e is v greater chan 3 * — 

7 ha 4s if 9,0 ES "IN 

NTTT canes When (by Form the 10th) the 
VS” 4 ̃ 


Flvent 4=/B& ant whoſe Sine is 5, Rad by; 


and 2 then x a, and then x n x 
2141 4 2. bon 6883. n Therefore 


oF 
| vg 


” = 2 b, — 4 e= = 2 © the Radius of Cur- 


yature in * 2 Therefore the Radius of Curvature i in 
aa 


—— 


. * 


. 
4. 'To find the ; "2 = any - Particle of: — 
String as ſuppoſe of I the middle Point. Let p= 
Tenſion of the String, or the Force that extends it; 
n= Weight of the String; IZ =x, v * 


1 1. t = Time of deſcribing AT; x, 0, 1 the Mo- 
ments of x, v, and f. The Radius of Curvature m 


Tis = a By Example 16, Prop. XIII. The 
Force where with any Particle of the Curve at J is 
urged ; is to the Tenſion of the String (2): : as 1 


Farticle @): to the Radius of Curvarure i in I 2 cox. 


FOR the Force afing at [= = 225 oy And hence 


the Force upon the Particle Z is as the Diſtance x: 


Now by Mechanics or the Laws of Motion, the Ve- 
Momentof Space Force | 
locity x Moment of Velocity be I bt 


5 ths PPS is as the Mager); which is a uni- 
Verlal 


LORE. 


* 


1 ae © I Docv ur d 


F I G. verſal Proportion for theſe Quantities. (See Prob, 1 
8 14. e it is known that any heavy Body falling thro 7. 
Were" ; or f Feet gains a Velocity of F in 1 Second; 


1 fl 
{Wa Hitches * 2 = Velocity generated by that Body i in fal- f 
1 x 
1 liog thro! x Eh that Velocity 2f, becauſe the Velo- 7 
1 Cities en are as the Times, or as' the Spaces Y 
> of and x) uniformly deſcribed with the given Velocity = 
. . Therefore, in this Cale of falling Bodies, we * 
have the Velocity X Momeni of Velocity = =2f*: ad 
| Force X Moment of Spa "* r 
4 likewi iſe. * Weight —— ec! . 


5 Laſtly i in che Caſe of the vibrating String vo = Ve 
— WO 2 en bed Velasahte ortho becauſe the 


String is homogeneous # 112 4 e Wecut: 

— Moment of en Therefore (by the 

Rules, Prop. XIII.) we get iy Ae (how th 

n Proportion before nd. gown) afe * : v0 

BA EXPE. Mie yp = = Ee Gi 
&. "A = 


4 | | 
22 


* — —3 ke the Fluentl is v = —2 . 


But in , vo, x=b; therefore the Fluent. cor- 
redted (by Prop. XI) is wv = = LE, Fm 


; one 
And in Z, , the Feet ce 

| Selcribed | in Aa Second. E . 
. Weig 


1 
* 
þ © +4 ; k 
© 7% * 
41 „ 2 1 4 l ſt! 
| : ; 5. 2 7 
0 » 4 ' 


1 


gect. III. / FLUXIONS. 


5, Laſtiy for the Time. Since the Moment of the F 1 G. 
214. 


Moment of Space 
Time o Velocity 


wy Body, f (Space): rSecond (Time): ; (Space): 


„ univerſally. And in a 


= Time, of deſcribing x by the falling Body. 


755 
And likewiſe. — = 2 therefore from 
of Velocity 


— 


4 * the Fluent /= 


6/2. IE EE 2 


(putting 4 = Arch whoſe Sine is — and Radius 1). 
22 Correction (for in X, # =o, * =d;) 22 

- — (putting B = Web whole Coline is =)» I 
* JP. 


and when'x = 0, the wits Time Sue 


It or the Time of one entire Vibration = . - Tp ir in 
ends. 54 


Cox. 1. Hence all the Vibrations great and ſmall 


are 1 00 in equal Times; for they are all erpreſſed 


by V 257 in which b is not concerned. 1 


Con. 2. The Number of Vibrations performed in 
one Second is V . | 


Cor. 3. Hence the Square of the Time of Vibra- 


tion of any muſical String, is as it's Length and 


Weight directly, and it's Tenſion reciprocally. And 
| Z 2 therefore 


353 


354 


214. 


| The DocTRINE i” 
F I G. therefore in the ſame String and Tenſion the: Time i is 


as the Length. 


scHOLIU NM. 


To conſtruct the harmonical Curve AFX z lets 105 
the Arch of a Circle, whoſe. Radius is 3, or XZ; 
d the Diameter of another Circle, whoſe Citcumſe- 


rence is a or AB. Make AE or = 4, and erect 


EF=y, the Sine of 5; and F is in the 3 
BEES LE 


For we found & = —, and e = —— 
- FE vV bb—yy 3 


the Nature? of - the Circle) 4 whence x. = ENTS 
Therefore AFB is a mechanical Curve. 


I took a virginal String 2986 Inches long, and 
weighing 85; Grains; and fa 


ſtning it to the Virginal, 
I ſtretched it with 85 Pound Weight Avoirdupoiſe; 
and cauſing it to vibrate, I found it to be Uniſon with 
the Note Ela in the Baſe (the Note below the Cliff): 


By this Problem it appears, that the String made 300 


Vibrations in a Second of Time. This Experiment I 
made ver) accurately. However, by Realon of the 
Reſiſtance of the Air, and the larger Vibrations that 
the String makes, it is probable that the Time is a 
little prolonged ; and that the Number of Vibrations 
in a Second may be ſomething leſs than is aſſigned by 
this Problem. 


Sec. III. of FLUXIONS. 355- 


P R O B. III. 


To find the Velocity of a Projetfile at A moving FI G. 
in any given Curve boats about the Center f 215, 
Force S. 


Let the Diſtance SA=D, SB the COL EM ; 
the Tangent at A P. Radius of Curyature CAR, 
c = Velocity of the Body at A, e = Velocity of a 
Body in a Circle at the ſane Diſtance SA, and ated 
on Lich the ſame Force; take the infinitely ſmall Arch 
Aa, and draw am, an, parallel to SA, CI. 

Then by ſimilar Triangles, P: D:: an: am:: 
centripetal Force tending to C: to centtipetal Force 
tending to & :: verſed Sine of the Arch Aa: verſed 
Sine of the Arch A in the ſame Time) whoſe 


ee 


| 
F 
Radius is $4 TY — : Therefore PR: DD, j 
de: . | | | || 
a | . DD ny 
[ Or thus, by Prob. V. Sect. II. R= . there - | 
t fore cr r ce: Px = + DDD; that is cc:ee:: il 
g n | 1 9 
Con. 1, In the Ellipſis and Hyperbola, the Square A 


or the Velocity of a Projectile moving round the Fo- 

cus : is to the Square of the Velocity of a Body 

moving in'a Circle at the ſame Diſtance : : as the 

Projectiles Diſtance from the other Focus: is to the 
Semi-tranſverſe. 

For let 27 = Tranſverſe, 25 = Conjugate then 

(by OM zd. and 5th, Prob. XIX. Sect. 75 * 


B 2 2 2 Harbtbb' 


The DocTRINE Ii + 


. e DD. 


of the Parabola, P= 2 


Whence cc: ee: 22 — ig 


bDhb br Di 


e e 


1 2. The velocity of a Body revolving i in an 


_ Ellipfis round the Center, is to the Velocity of a 
| Body i in a Circle at the ſame Diſtance ; as the Con- 


jugate to that Line of Diſtance, to the Diſtance i It- 


ſelf. 
For (by Ex. 4. Prob. XIX. Sect. II.) P = 
2 br and þ = = DD ; 
V= 55 D 


DP 


rr + bb — DD: DD. And e: e:: Conjugate of D 
: to D. 

Cor. 3. The Velocity of a Body moving in a Pa. 
rabola about the Focus, is to the Velocity in a Circle 
at the ſame Diſtance : : as H to 1. 

For let r = Latus Rectum, then by the Nature 


2, ad f JJ 


9 
9 
ee 4 


* = = "Y o a Y 1 4 - - 
* = 9 So b = * 3 bl ee | | LE _ C2 4. 


gect. III. of FLUXIONS. 


p R O B. W. 


To find the Velocity of a deſcending Body in any Place P, 

let fall from the given Point D towards the Earth or 

amy atiratting Body; being acted upon by a Force which 
is as any Power of its Diſtance CP from the Center. 


Let the Earth's Radius CA=r, CD=8, CP=x, 
DP = a—x, whoſe Fluxion is — x; g Time of 


deſcending thro* DP, v = Velocity acquired by that 


Deſcent. F the Force at P, which let be as &“. 

By Mechanics, when the Body is given, it is uni- 
verſally vv -E & —x*3 ; (ſeeProb. I.) and 
—. But in D, V=0, X=0, 


the Fluent d Q& my" 


therefore the F luent corrected is 9 * — — 


But if 3 =— 1, then vv Q Log.—. | 


No we muſt find the Value of v at A the Earth's 
Surface for ſome determinate Values of 4 and x, in 
order to turn the general Proportion into an Equation. 
Thus, it is known by Experiments, that a heavy 
Body deſcending through a Space 5s or 1677 Feet will 


acquire a Velocity of 25 or 325 Feet in a Second of 


Time. Therefore writing 25 for v, r for x, r+-5 for 
| Tot 8 1 * 


#+1. 


4, we ſhall get this Analogy, 


Sf tt 424 11 
42: D AX 


FIG. 


216, 


388 
F I G. 


216. 


- The ans 


_ 8 "+1 pt Tir near! ) | 
2 41 72 £ oft > * l 


Wo and v = TE 
"+1 x1" | m1 Xs 
Feet * in a Second. | 


Cor, 1. If » 1-2, then ora / NEO, there. 
-— ax 1 


fore the Velocity. of a Body falling from an infinite 


Diſtance to the Surface of the Earth will be 24/75. 
N 
Con. 2. If »=o, then 3 CEL 


Con: fo Ifo=1,then ez * aa. There- 
fore a Body falling from the Surface of the Earth to 


the Center acquires the Velocity V/ 275, | 
"Cor. 4. If the Body had been projected downwards 


from D 4710 any Velocity c, then inſtead of v=o, at D, 


put v=c, and the corrected Fluent will be vv cc * 


OE. 1 whe 0 1 „ * 
* Or r e N —, 
n+1 . VI 7 
Or if the Body was Ne upwards, cc vv & 
— "Kt 8 2 
2 b * Or — X =_ 
_ 13 2 * r 
1 | 4 * Nn 1 * 
and in * Caſe vv gc A K — 
n+1 xr 


Cor. 5. If n be equal or greater than —1 ; as —1, 


7. An2s Ge a Body falling from an infinite Diſtance, 


will acquire an infinite Velocity: For then à will be in- 
finite, and a*+* will be in the Numerator. But if 
u be leſs than —1 ; as —2, —3x =o Sc. the Ve- 

locity acquired at the . in falling from an in- 


finite Height, will be Sc. 
Denominator and infinite, — * is Sr. 


, for then @ is in the 


PROB. 


ng 


Seck. III. % FLUkION S. 


— o 


, b F 
| of 4 = 

* - . — 1 * 
a . . 'F * . « : 


_— „ 


PROB. De RS 9 


* — —— ˙ 1 — 


fo find. the Ti ime * Boch will deſeend F I G: 
- through any Space towards the Earth, Ic. being ated! 216. | 
upon by a Force which is as any Power of its CRE 
frm the Earth's, Canter. ne © 


The ſame Things ſuppoſed as in the laſt problem. 


M 
we ſhall have, the Moment of Time & — —.— =, f 
univerſally. Since a deſcending Body at the Earth's 
Surface acquires; the Velocity 25 in the Time p or 
I Second, therefore by the Laws of uniform Motion, 9 
$27 8:22 * 1 * Moment of Time, wherein x | ] J 
is deſcribed with Velocity 25, Hence from the uni- | N 
. 2 x + . = I» | X " 
; \ If 
e? ' — 4 i | 
fore 7 = Ln = (becauſe p=1) And 1 = | 
<5 3 (b dhe! Problem == I 
| = M 4 ) ESTI wi | 
. „„ l 
f 55 di IX 1 
vhence = Fluent of — — 1 ==) expreſſed | 
p OO „ | 
F 2. oem 
e a+1 Xx Ir” 
in Seconds. 


I FR Cor. 


1 


FIG. 
216. 


us 1. And the Time of deſcending to the Center is 


Tho) Door wy 


| reds oh. 

Con. 1. If -a, t=Fluent of 8 *. 
— ö 

=(by Form 10 and 11) -_- Xxx ar- — — 


7 101745 3 x Degrees in the Arch whoſe Sine is 
V+ and Radius 1. And when duly corrected, 


ET 
r =. + LE L De. 


grees in the Arch whoſe Colinets AZ, and Radi- 


i 
l 
V 
al 
L 
- 


3.1416 ops 
* 4 71 ; * p Toca 4 . 
— I 
Cos. 2. If n=0; dien'f=—D==—, and = 
I» Vp xa=s $9 
"fax 
5 a | 
_—y : 


Cons 3. If 121, (then? =v/ * — Wd 
Va 


(by Form 16075 _ — X, o17463 Degrees of the 


: 
Arch whoſe Sine! is 2. and Radius 1. And * I 
duly nts #= ,017453 ws * Number of De- 901 


2 vel 
grees in the Arch whole Coline i is . and Radius I, — 


Hence che 3 of deſcending to * Center will be — 
EA: And therefore all the Times of Defe fi deſc: 


cent from *  Altirades whatloever will be h , 


SCHOLIUM. 


80. l. S rluxfo ns 


SC HOLIU Uu. 
If Late ge bude, find es 


"+ 


2 TEE > a - 3 
white Series TS revert * Series. And if either f or 
v be given the other may be found by firſt finding x. 
And henee a Body being projected upwards or do n- 

wards with any Velocity ; its Height may be found, 
22 be of its Zleende or Deſcent. For then 1 
16 4 MJ HY ew; p x 91 f 


* 


— — * 
"Bo —— ; byCor. 4. Pr. 4 
ö A 2 Lz naß & a+ 1 KR FORT 
YICTTON: (215 It 8. £001 
{3 9111 88 \ 
2 i 


J 5 21 3 & * 3 i af * 
* 
PR O B. VI. 
48 
. 


The V. bah and Dire lion of a Projefile, and the Low 
of centrinetal Force being given; to find the V. elocties 
Times and Angles of Revalution.'' 


* C be the Center of Force, and let the Body be 
rojefted from Y in Direction YA with Velocity b 
deſcribing the Space þ in the Time g; and let p be the 
Velocity and g the Space which the Force at F will 
generate in the ſame Time g. To the Center C de- 
ſcribe the Circle LAH, draw the Radii CA, CY in- 
finitely near, cutting the Trajectory in ] and K, and 
deſcribe the Arch 2 Call ed a; CH, * V1, u; 


VI. 23 Ir, x; Kr, Jy TH, a. IK, u: And let i= 


Time of deſcribing V, and 7 of defcribing 7K, «= 
Sine, e Coſine E the Angle (VA, — let the 
r Force 


. 


WIT! we £ F . 


161 


216. 


— — — — — 


1 —_— —_ — A 


* 
o ® = 
= . 1 
" 4 : 
— — : — 
— M — — N — = — — 
— = - 1 
— rr — 44 Er — __— 2 _—_— — A — _ —— _— — — — — — i 
24 7 — * — 4 , 4 c 7 ny ee — : PIR — 4 - — 2 1 g wu. 8 
bay = C 0 —_ _ = \ * 
& \ l i LO = y : 
3 „5 g * al Ka 1 OY OOO re WO IDES) YL a0 8 
147 3 hap _ 9 =" 3 & bn i FR * N 4 - - r = 4 b l =" = \ | OY [1 = = \ \ \ = 1 
| 1 AL— 4 Ss — \ l ul = —_ _— — 2 an — [ : l b 


0 
— 
hes | 
= 


— — — 


„ = E 


= = * - 8 =_ 
PFF ERS. = Sabi Jr om: aan .. 
2 * 3 * = N 5 "I" un Sh. OD N — %, 4 } oid "AY FR _ <> "OA 2 1 b = = 


8 


= IN D = *%. 


2 
„ fork 


The DacTaiNE 1: 


FA 2 Force i in any Flace 1 be as 775 and v 2 Velo! in J. 


Then. 


1. By the Reſolution of Penne the Force to acce- 
lerate the Body in Direction of the Curve is ** 


21 N bar by Mechanics a (i Prob. 55 


. 
/ 


Annen nas 
v & Foce *, Ein \Whence 1 8 1 5 


X 4 & . Hence 5 the 3 * Ve. 


—_ depends 1 not at all on the Angle KIC, but upon 


4 the Moment of perpendicular Deſcent, and i is there- 
fore the ſame at all Inclinations as if tlie Body de- 
ſcended perpendicularly. ' Now to find the Moment 
of Velocity in “/; by the Laws of uniformly acce- 
lerated Motion, the 2 generated is as the Time, 
vr as the Space uniformly deſcribed with a given Ve- 
;ocity : And Une | in hy Le of ty 24, the 


Velocity 9 is cw. therefore 29 5 :: x: 2 
— Moment of Velocity generated at Y. whilſt x is de. 


ſcribed ”o_ Velocity p. Here therefore the Value of 
. 


WW vo 18 , and Forces X Moment of Space is 0's, 


oy, 


I / ' ** * F * 


Therefore from the ahiverfa 1 Proportion, 2 r 


19 1 722 
vv: -:: vv: - K, whence v = 


320 


and the Rane = —= Pb —. But in 7. * 4, 
— DIA 1% 6 n+1Xxge" * 


and vb , therefore ping Correction vo Ur 


*. w- 


Pp 
1714 


Set. II. f FLUXIONS. 

' * ein r | 

— 2 But here if 22 —1, then vv=bb+ 
_ n+1.q40" | 
2 . 
2. Again, ſince the Velocity is every where reci- 


procally as the Perpendicular let fall on the Tangent; 
and theſe Perpendiculars in / and 7 1 


: | 
1 . WP" „ 463 
. therefore : v i : 56, then is y=—6 = 


——asbx 


» 


a5b : th _ F by Red \ 2 p R 
But by ſimilar Triangles 9 7 41 — 
2 . 


==, therefore 2 = , 
g Allie, vio! Nur. -an 


3. Laſtly, ſince # oc 2 the Moment of the 


Area, or the Time ce Area; and in J, the Area = 


LS therefore as g : 45h :: 4599 i. then 


gy Abe 


will 7 2 or 7 = — 
” orb. ra 8 


Conſequently ſubſtituting for vv it's equal, in the 
Values of 2 and 7, the Fluents will give z and z. 
Cor. 1. Hence the Apſides of the Trajectory are 


= 
eaſily found ; for then it will be 4 = = 4, or 
| | 3424232 Pa 


ab = vx; therefore vv = = bb + 
G «$4 "#-FIXq 


n+1 . 
3 HR Whence * will be had: And if 
u IX | 7 


A a 2 2 two 


43664 The bannen 111 
F I G. two Roots of this Equation be found; then the cor- 
217. reſpondent Fluents a will give the: Poſition LL the 

Apſides. ; 


Con. 2. Since the Sine of the Angle dah = 2 


- therefore If that, Angle be gives, the Di. 


Auen i navy be Wund; or if # be given, the Ange 
may be found. 


Con. 3. If the Body be projected at right An 
to CV, — 2, and, by Cor. 1, we ſhall gl 


z "+3 
dae + ee, in whith 
+1 1 * 4 11 * g 
one Root is 4; and finding x another Root in the 
Equation, the Fluent 2 may thence be had; and con- 
ſequently the Motion of the Apſides. 
Cor. 4. If in any Part 8 the Orbit, ur Sau, andv 


be greater than 2 ppt —, the Body will fly off 
200 
4 from the Center; but if v be leſs, it will approach 
| the Center; if equal, it will move in a Circle. 


For by the Laws of centripetal Force Vaaꝗ will 
be the Arch deſcribed in the Time g, by a F re- 
volving in a — at the Diſtance az and 29: p: 


Hag: * = the Velocity of a Body moving 
RE WO IN And YT; ** 
29 / he — = the Velocity of a Body 


4 


moving in a Circle Fn the Diſtance x. Conſequently 


Il when v is greater, leſſer, or equal to * AE = — 
24 

6 the Body will fly from, or approach the Center, or 
1 move in a Circle. 


* 


n GR LUXTONS. 


* «$a 97 
LE 


* 
. 
. 


, : " 
7 ” * * 1 ig 
" #d 14 4 * £ Y 
0 : 


anne 


PROB. vn. * 
b Tin if a 205 OY thro 40 


. * 


eee. DF, 4. Orchid, Le FIG: 


A= a, T=, VP = x, Bf 3, BD x, — 236. 
s = 164; Feet. 7 = Time of e BD: And 
let the Body fall from B. 

The Times of deſcribing any Spaces uniformly are 
as the Spaces directly, and the Velocities reciprocally ; 
but the Velocities are as the Square Roots of the 
Heights fallen from; and 25 is the Space uniformly 
deſcribed in 1 Second, by the ad acquired by 


falling through 5: Therefore 1 Second :: 


b | vs 
Il tt == of i= LD Ts 
g 12 
— Xe — ede as Fluent Num 
x * = — (by 1 
the toth) is j= 2 » Arch whoſe mm is AI. and 
Radius 1. And when x = 6, then 1 e. 


Wbence if a Pendulum be made to vibrate in the 
Arch of the Cycloid, 27 or the Time of one entire 


Vibration will be 3. 1416/7, in Seconds. in 
B. Cor. 


366 
FI G. 
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Cox. 1. Hence all the Times are equal in which 
Bodies deſcendin ng from any Points Z, B, D ſhall ar- 


rive at the loweſt Point C: And all the Times of 


Vibration will be equal among themſelves. 


Cox. 2. It appear by Ex. g. Prob. VII. Sect. Il. 
that if ZP, Pꝰ be two Cyclotds, whole Cuſpids are 


at P, and .,Vertices at Z and Q; then if a Pendulum 


PC be fuſpended at P, ſo that in oſelllating it may 


fold about the Curves 25, P9; then the Point C 


Will deſcribe. the -Cyclaid ZCT: Apd. therefore, the 


. eee ee N N 


Peri ut ED is 


Time of its Vibration will be 3. _ * N 0 a 


PROB. II. e ff 6 

To fd vie Fees bribes Cigars Þ ph ante) 6 
zo. the Plane of a Circle EQD, according zo any. Law A 

' of centripetal Force. ar 
Let Abe the 8 and AP 88 to the | 
Plane of the Circle, and let the Force of each Particle 75 
be as the x*> Power,of the Diſtance. th 
Put AP , AE x, 23.1416. And let the 3 
Body m attract the Corpuſcle P, at the Diſtance d, ch 
with the F orce f; then the Force which ny Particle ane 
fi pot 

x Attracts By Corpuſcle P towards E is = *- ; 


U = the Force of all hs Particles in the 


Ten: And by Me- 


_ 
chanics the Force in Direction PA= * X whe 


aa xx 


X 


Xx 


; and the Fluxion of the Force = 


| md" 
2cfa as. Tan | 


* ; whoſe Fluent is _ X _ 
But in A, x=0; thetefore by Correction, the Force 
exerted on P by * Plane of the Circle &D1 is = 
— * x 22 — ur n 
. 5 Preny dun ec | xg a 

— 1, then the Force = << * 2 1.990505 Toy 


22 Dag XJ — TS} 
„ 
Con. 1 Esse 1 2 1, 1 end ür — 


ererted on ehe Particle P will be my „the ſame 


5 the {i faid Gircle, were whally collected; into the 


nter 


Cox. 2. Therefore if 1 , à Sphere will attract 


any Particle P with the ſame Force as if the whole 
Sphere was contracted into the Center C. For taking 


the Circles ED, ed parallel, and equidiſtant froth the 


Center; the Sum of the Forces will be as the Sum of 
the two Circles each multiplied into its Diſtance, or 

25 either Circle into half 1 Sum of the Diſtances, 
that is into 2 PC or both Circles multiplied into PC; 
and it is the ſame of all Wan Circles that com- 


pe the Globe. pp] 
us TIT 
Cox. 3. If n=—2,the Force= agua," X I — — 


m v aatxx 


Con: 4. If u be leſs than wr, then the Force of the 
N _"_ Plane will be . 


X—— 


PROB. 


367 


2cafxx F 1 G. 


219. 


220. 


219. 


. Backs IN * 


3 #.a a 4 - * 
1 Ae 2 — 
—— 2 22 201 2 3 20358017 203-Das ;. 7. 


= * — n * - a \ 

* R * \ : , Lad L : 
. o 4 ; . * * r * * 1 
* . — 3 93 21 * : 'F 1 "Y "> * , : as 4 


CI th | 

, " 

= , hides a 5 7 7464 
21654 — 3 4 P J 8. 1 „ SDL e. 1 

1 *% >s i 


18349 267 vo * 0 dere! 


a pee 


— * 4 — — | £34 


FIG.T find the Rows bm av ache Solid, 
- 221, oe 'Sids LI, attrafts a Corpuſele placed at 
poſing the Law ef Attraftion to 3 * 


ee the Diſtance'greater thay . 1 501 ,1 


Draw the infinite Line CGK, perpendicular te the 
Plane Lol, and through the Points 7, X, -infigitely . 


near each other, draw two Planes parallel b 
and let. C4, CI #, JK 5; nnd the Force 8 
**; and by Cor. 4. Prob. VIII. the Force where with 
the Solid contained between the Planes #7, K 


NA} £7 dee euren Fr 
1 +, ey hi Smeg 


»+1 I * Mya 3 x md" 
Con. 1. If 2 be ſeſs chan 8 and the Solid infinite 


5 mm 0 
hh towards K the Force will be 2 
FFT x Trax mt 
NS) 2. E therefore che Force at different 
Diſtances from iche infinite Solid (when = is leſs than 
—3) will be as * or CG. 
Cox. 3. Hence alſo (if „ be leſs than 3), the 


Fot orce of a very great upon a very ſmall Parti- 


cle, 


Seck. III. of FLUXIONS. 
cle, at any extremely ſmall Diſtances,” will be as the F I G. 


1 Power of the Diſtance, nearly. | 

Cos. 4. And if the Corpuſcle be placed within the 
Solid at H, ſo as GH = GC, the Force will be the 
very ſame as if it were placed at C, fo far without it. 


For, taking IE = GH, the Solids HG and HI deſtroy 


one another's Effects. 


PROB. X. 


To find the Force wherewith a Sphere attratis a Cor- 


puſele P, fituated either without or within the Sphere; 


_ ſuppoſing the Forces of all the Particles to be recipro- 
cally as the Squares of their Diſtances. 


Caſe 1. Let P be without the Sphere. Draw the 
Axis PAB, and the Ordinates ED, ed infinitely near, 


and let $ be the Center, put PS a, PD = x, Dd © 
=x, A$=r, ED =y, bb a rr. Then PE 


Vr = uxx+rr—a—s = Vrr—aa+2av 
Va -=. But by Cor. 3. Prob. VIII. the Force 
of the infinitely thin Solid contained between the 
2 fcddæ PD | 
m * PE. 
therefore the Fluxion of the Force is = = 


* — —, Whoſe Fluent is 3 
Nax — 06 n 


Planes of the Circles DE, de is = 


— 


. 
* 


— V 2ax—bb, but in A where the Force 


iS 0, #=4—r; therefore by proper Correction, the 
B b b Force 


* — 
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7. py 28 Moers, 111 5 
* Foree of the — EA is Fes 


ah hon x=4-+r, the Force — the 2 Wen q 
_— acfdd. 203 
— mM X "=" © f 4 4 


223. Caſe 2. Let P be within the Sphere. Let Pg, 


PD=x, then PE = Vrr—aa+2ax = Vbb+2ax, 
therefore (by Cor. 3. Pr. VIII. ) the F luxion of the 


Force at D is 4 3 3 Whoſe 
ſy 


* U 8 
rie h K! "a. 2 Enos: bu 


in P. x = oz therefore the ol of the Zone'or 


þ 1 
e QEDFR = + De, — = 


, 


Ig whick's writing a+r for x, there comes * 


ke bor de Arration of 3 
And by a like 3 the Attraction of the Segment 


= — 22 . whoſe Pigerence 
2cfdd © - 


ee ”* the abſolute Force of the Corpulch 


P towards the Center; which is the ſame as the Force 
of a Sphere, whoſe Radius! is P, acting on the Cor- 
puſcte N at its Surface. 

Con. 1. Hence the Force of the Sphere upon the 

Paxticle P placed without the. Sphere is the very ſame i = 
as if the whole Sphere was collected into the Center 
and exerted — Sum of all the Forces from that Cen- 

. by Sphere, divided by the Square ” BY 

©0001 | the 


tr. For 


Sect. III. of F - UXIONS. 
: | 4 c 4004 
the Diſtance ; and . * 3 J 2 2ma* % ac 


very ſame Force of the Sphete before found. And 
hence it is alſo, evident, that the Forces of Spheres 


ate accurately in the feciprocal Ratio of the Squates 


of the Diſtances from their Centers. 

Con. 2. The Fotce wherewith any Corpuſcle P 
within a Sphere, is attracted to the Center, is accu- 
ö ratety as its Diſtance from the Center; and is the 
; ſame in different homogeneous Sphefts, ab long as that 
. Diftance'is ſate. 
© "Cot. 3. Hence alſo, the Forces of Gravity at che 
e Surfaces of any domogeneous Spheres, are 48 the 


._ op 
G Radii of the Sphetes. For tha Force is 7% * 
2 
Yr , was as —=—, and ben d r, as de as | 
5 2 | ern: — 
r 
m R O, : Br: XI. 
nce 


To find the Force wherewith a Spheroid attratts a Cor- 
ſcle ! puſcle P, lying ron its Surface in the Arts PB: 


zrce | Let PB= 27, Diameter GH = 2a, AP: =: then 


ame = * zrabx TT -A = Vir Ter, 

der. putting 3b S r — 46. By Cor. 3. Prob. VIII. the 

Fluxion of the Force at A is = * —25 
B b b 2 


4 | re” aa —— 
AE = 7 zx xx, and PE = Vxx + * X 2Zrx -A 


9— rY 
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E 2 We . 52 


Hara +bbs | 20 


* Log: . bs LEED 1 , if r be greater than a: 
2raa 


or @. = X mo in the late, whoſe 


be is 2 if y is leſs 50 2; and the Fluent 


; ad 
b 22 N: * * 5 Y —3 Me N 
Force wherewith the Segment PEF attracts the 


Particle at P. 
"Cor. 1. Hence the Force wherewith the whole 


| 2cad 


2. 302585 


24% 2x3 ' 
21 + 8 7 — = where © = — 


Vrr Rs | 
Pn „O1 
2 Log: ra — 6 2320 1453_ 


GA——TY 


" the Number of Degrees in the Arch voy Sine is 


* aa—rr 


X twice 


„Radius = 1, accirding as r is greater 


" bras 


Cor. 2. F be | very PA the Force 8 the. Seg- 


. N 27x x 
— — no — 
ment EI Fx ius I + 


= 4 DE near. And "the Force of the 


2X 
2cfdd 4rr 
7 .X into 27 — 32 + 


1043 


whole Spheroid - = 


e as will 8 by inünite Series, or Form 
the 1th. — 2 


© = ou nw, e Dc . 


* 
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Axis, PN the leſſer. Put o = - 2.30258 X 227. 


V 

| AC —POC 

Log: Sr : then the attracting Force 

at A upon the oblong Spheroid, generated by revolv- 
. . 

And (by the laſt Prob.) the Force at A upon a Sphere 

whoſe Diameter is AB, is 3AC. Therefore the Force 


of the Spberoid, to that of the Sphere, is as ACX 0 — 1 
x 3PC*, to AC*— C.. And ſince the oblate Sphe- 
roid generated by revolving about P, is a mean 
roportional between the oblong Spheroid and this 
Yohere z therefore the Force upon the Equinottial at A, 
upon this oblate Spheroid (which repreſents the Earth) 
is nearly a mean between the Forces of theſe other two 
Bodies. And this may help to determine the Figure 
of the Earth; 1 453 vs 1 


p ROB. XII. 


7 find ibe Motion of a Ray of Light paſſe into 4 
92  refratting Medium. 1 


Let there be two Mediums ſeparated by the re- 
” WW fatting Space RAdD terminated by the Parallel 
Planes RA, Dd; and let the Ray, moving in the 
p Direction GH, paſs from H to J, and in its Paſſage 
be acted upon, in Lines perpendicular to the Planes, 
n by any Force which is equal at equal Diſtances from 
either Plane, and at all Diſtances as any Powers or 
dums of Powers of the Diſtance therefrom, * 
P | ec 


225. 


4 | 2 n e un Boz 
.Þ 1 6. 1869 = Veldeiy in 2 v = Vetocity in P. che 


. Prem PEI f Hide of deferibfüg PF, An 
let the Force as A + Ba": Cx Dx: &c. =9; 

| 

| 


hen wilt the Pore in Direction PF be > And fince 


* 791 ye 52 18 £001 3 I! } RC 40 5 Th 


the var c. e —— of Velocieys, 
Fette x Time, tete v0 C. 235 5 55 | os. 
aſſume wen Quantity, aud. 

let F e of. 2 n 25 84 Fg 


Conreetion jenna and v0 =): 
the Ray will e wb ve'the fame 
ſame Mediom DIR, neter be the Ae of 2 
dence: 
get he Motion of we Ray 077 be divided into tyo 
GA. All, one parallef che other perpendicular to the 
Plane NI. Then fince che purallef Motion Hs MY 1 
not at all changed by the Actions of che Fits per- 
pendicular to theſe Planes: Therefore if ID be made | 
= AH, and D R perpendicular to DI, then IX will 2 
be deſcribed in the ſame Time as GH. Therefore 
drawing JE parrallel to GH, the Velocity in I tothe 
Velocity in J, is as GH or ET to IX, that is as the 
Sine of the Angle of Refraction tothe Sine of the 
Angle of Incidence, And therefore the Velocity of 
Lig ight in Vacuo, co ite ho Bark in Air of:4;.mean 
e 


N 


dence are in that Ratio 1 25,1 
Cor, I, T be Sine of the Abl of Leides a ont 
Plene, ito 4be Sine: of ile Ani 1t of . Emergence from tht 
ether Plane, in a given:Ratio:( For the he Velocity d at 
the ſecond Plane will always be equal to the given 


Quantity V2, and the Sine of Incidence to 
the Sine of Emergence, as ths given Quantity to b. 


Con. 


Se NI; 8 LE ru oF ons uy 
| 952 as ta fall on I in Direction Xl, F 
with py as at I, it would return in the 2 Ge 
7 "4 1 1 10 C, and obtain its n 
or the ſame Forces that did before accele - 


— 
a= 
v: 


ſame 
Velgeiny: 
rate We Paſſage, will no ca retard an, return- 


e 0 

| 5 7 ihe Ra Baue 4 greater Pecity in the if 226, 

„aum, * in the oft and the Angle of Incidence 
GHA be continually dimini * the 1 will at laſt be 

refletted ;  and-the Angle of Renin gh gba will be _ to 

the Angle of Incidence G HA, . 

Fos let dhe Angle GHA be fuch, that the Ratio of 
ics Coſing. ta the Radius may be equal or greater than 
the Ratio of the Sine of Incidence of the fiiſt Medium, 
te the Sine of Emergence in the ſecond; and the Ray: 
at R will be moving in a Direction parallel to the 
Planes; but being afterwards acted on by the ſame 
Forces as before, it will be turned back deſcribing 
the: Line Rbg ſimilar and equal to RHG, and the 
Angle: gba = HA. 

Con. 4. Hence if there be 10 ſimilar Mediums whoſe 
Dey/ities are p and g and. the Velocuties after. Refrattion 
or een and y: an it : = 

"hs fb the F orces of ben are wade towards 
Bodies, theſe Forces will be proportional to the Cauſes 
that produce them, and therefore will be as the Den - 
ſities of theſe Bodies, ſuppoſing the internal Form and 
Conſtitution of the Bodies to be in other Reſpects the 

. ame. The Forces therefore exerted at any equal 
Diſtances by theſe two Mediums will be as 2 and 
on Ml 42; whence will be had zz 9 a ο˙α, and n- 
e 222 F; whence 22 —5: yy—bb ::'p: fo that is as 
„n tbe Denſities of the Bodies, 1 0 
vel Cor. 5. If Light paſs thro* ſeveral refralliag Mediums, 
the Sum of all the Refractions will be equal to the ſingle 
; Refraction it would have ſuffered, by paſſing immediately 
' «x WY _—_ es an into ce laſt. 


oB. N 5 . | | | F or 


PODS OE 


= NT, 


" 
1 = - _ . - Rm x — = _ _ — - N — 
. ² C ²˙ A ˙ eer ene _ ——_— — 
= g _ = 


r 
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| _-The Doerrine 
For ſuppoſing theſe ſeveral Mediums to be ſeparated 


by parallel Planes, the Refraction, Velocity, or Mo- 


tion generated in approaching any one of theſe Me. 
diums, will be deſtroyed again in its receding (on 


the other Side) from the ſame Medium. And there. 


fore the Motion of the Ray can only be affected with 
the Force of that Medium it at laſt moves in. 


SCHOLIUM.. 


Though it is not known to what preciſe Diſtance 
the refractive Power of any Medium reaches ; yet we 
are ſure it is contained in an exceeding ſmall Com- 


paſs. And therefore the Curve HPI, and conſequently 


the Points H, I may be taken in Practice only as one 
Point. lt * 


There are few or no Examples among all the 
Phænomena of Nature that afford ſo clear a Proof 
of the prodigious Forces of the ſmall Particles of 
Matter, as the Motion and Refraction of Light does. 
For notwithſtanding the amazing Velocity of the 


Rays, and the extremely ſmall Space and Time that 


any refracting Surface has to act in; and yet to pro- 
duce ſuch a ſenſible Refraction as we ſee it does, muſt 
evince that the Forces exerted on theſe ſmall Bodies 
mult be ſurpriſingly great, and do really exceed all 
Comprehenſion; | 


PR OB. 


S Y „ 5s TT Sms *+ 


F 1 @ Ot 


all 


B. 


gect. III. of FLUXIONS. 


' 4. 


PROB. XIII. 


The Pelecity of à Globe, moving in a right Line, and 
iti Beh, and ibe Denſity of the reſiſting Medium 


in which. it moves being given ; to find the Ti ime, 
Velocity, and Space diſcribed. 


Here we ſuppo ſe the Medium to be n and 
that the Pro ele is ated on by no Force but the 
Reſiſtance of the Mediug, and that to be as the Square 
of the Velocity. 

Let 1/=Weight of the Globe, d = the Diameter, 
q =it's Denſity, FA. = Denſity of the Medium, s = 
a Space of 16.7; Feet, b' Space the Globe at firſt 
can deſcribe in 1 Second, or the firſt Velocity; x = 
any Space deſcribed, . Time of deſcribing it, and 
v=Velocity at the End of that Time. IF I mea- 
ſure the Velocity by the Space deſcribed in a Second, 
and the Ti me is Seconds. 


1. It is proved by Exputiments t that the Reſiſtance 
of the Globe is to the Force by which its Motion may 
be generated in the Time of deſcribing + its Diame- 
ter, as the Denſity of the Fluid to the Nenſity of the 
Globe nearly. The Velocity generated in a given | 
Body is as the Force and Time conjunctly, therefore 
the Force is as the Velocity divideq by the Times or 
by 4.04 uniformly deſcribed in theſe Times, there- 

30⁰ 


fore F: M:: : TT = Force that will ge- 
nerate the Globes Motion in the Time it deſcribes 


id; therefore Abe Fs Reſiſtance of the Globe 
; | =» | with 


— 
F 1G. 


| Therefore FA 


The DodTREND a 
with Velocity b, and likewiſe 7 W = Reſiſtance 
with the Velocity v. Now 1 Second: 25 (Velocity of 
a falling Body) 221: 2 = Velocity generated in 


the Time : by Gravity. Now ſince the Moment of 
Velocity is, in all Caſes as the P orce and Moment of 


K 2 
Time ; therefore 244: Was: : Kees LET 


A =p". or v = 127 , whence 


the Fluent v— = ==, But when #=0, vl, 


therefore the Fluent corrected i i FE * 5 
which reduced is Sago + e == Bagh. 


4. 1 Second: 29 (Space uniformly deſeribed with 


velocity 20 : : +: 254 = Moment of Space deſcribed 
with Velocity 2.5. And. Gnce- Moment of Velocity c 


2 — x Moment of Space; and the Moment af 


Velocity 
Velocity in falling Bodies was found before = = 2, 


LEY Wy 
- ark $, 


e e Bf — Ar — 2 


fore the Fluent is- Is = 2.3025 N Loſs v. And 
P:, 
by Correction - T7 =-2.302585 Log: - 


E 
Con. 1. Hence x = hex 302g8;Log: I+ 4 
#his appears by n v. 


Lon. 2. 


0 


2. 


Sect. III. of: FILURIONõ. 


gd 3 
Conia Ir i they v = FIT" and x * I 


Log: . 5 and Log: F- = 


= bT x 2.302585 


— 


70 , | 
Cor. 3. If the Reſiſtance was to be as any Power of 
tbe Velocity wv" ; then by the ſame way of Reaſoning, we 


gal get — = Neſſtance of the Globe with 


we 0s 
Velocity v and 2 = z and the _ 
— yy; | 2pt 
Een, —_ — — — : But 
rect Fluent, - = 7. u 
bt 
when rt, Log I = 2 
g AY — 3 
Likewt —_ gg... 
Litre = 
32 3 


= 
Con. 4. Tf it was reguired to find the Motion of any 
Sort ef Body B moving in a right Line, and reſiſted as 
the n Power of the Velocity ;it's done inthe ſame Man- 
yer. Let the Reſiſtance of B moving with Velocity 
1, be = Weight of the Body w. Then 1:w:: 
© : wy" = the Reſiſtance it meets, with Velocity v. 


Then (ſee Prob. I.) —vv oc RM and in the Caſe of 


falling Bodies, vg ab, and d , F=w =b. And 
in the Caſe of Reſiſtance F=ww”, OB. Therefore 


* 00 * ' wo"; . 
2hs ; —— 22 ww UV 2. Therefore — vv => 
W B 
| 2bhwv"5 


Ccca2 3 


280 De -DocTRINE 
ha — 5 e and tht Fluent is 
— — — 5. 
2— 'B 


Alſo — . and in the Caſe of lin Bodies 


20 8 
v bl, whence 2bt : 2 : . And 


N 1—7 I, 


— 


1— 


9 Po = =, and the Fluent is 


2w_, | 
2 
Aud bence when v =0, or all the Fm is deftraged, 


2-—1 


and » leſs than 2, then is . = 3s, or if # l. 


Iofs than 1, 5 - 2he ,, thence the wphole Spar 


B 
and Time s and t will be known. But in all other Caſes 


sand t will be infinite, and u being leſs than 2, the whole 
Space S , for any the ſame Value of u. 


SCHOLIUM. | 
It is here laid down as a Principle that the Reſiſtance 


of a Globe moving in a reſiſting Medium, is to the 


Force by waich its Motion may be generated in the 


Time of deſcribing 3 its Diameter; as the Denſity 


of the Medium to the Denſity of the Globe: Vet have 
found by fome Experiments that in ſwift Motions, 
the Reſiſtance has been greater ſometimes by a. third 

or fourth Part. Theſe Experiments I tried in a River, 
with a Globe of equal Denſity with the Water, by 
faſtning a Thread to the Globe and to an Index in- 
cloſed in a Tube with a ſpiral Spring : For by the 
Diviſions of the Index, as it was drawa out more or 


leſs, 1 could meaſure the Reſiſtance, 


The 


Pune 


Tbe Reaſon of this —_— Reſiſtance ſeems to be, F I a 


that the Globe near the Surface of the Water, 
and the Motion of the Water being very ſwift, the 
Water had not Liberty to diverge upwards from the 
Globe, and upon this Account made the Reſiſtance 
reater than it the Globe had been deeply immerſed z 
4 then the Water could have diverged freely from 
ods roi and on & Sides. 


p ROB. XIV. 
＋ a Body in a dern Medium, being uniformly ated 


en by the Force of Gravity, aſcends or deſcends in 6 


bt Line; To find the Times, Fane, and Spaces 
Hebel. | 


— Cuppoſe as before W= Wright of the Globe. 
A in Diameter. 
q = its Denſity. 
p = Denſity of the Medium. 
$ = 16y; Feet the Space through which a 
INE deſcends by Gravity in a Se- 


x = Space deſcribed from the beginning of the 
Motion. 

t = Time of deſcribing x. 

v Velocity at the End of the Time i. 

$ = Velocity the Body is projetied upwards or 
downwards. with. Here I meaſure the 
Velocity by the Space uniformly deſcribed 
in a Second. 


The comparative Weight of the Globe in the Me- 
dium will be . And we ſhall find, as in the 


ing 2 it N or deſcends; call this F orcęe y. Now 
= Moment of Velocity generated by Gravity in 


the Time /: And the Moment of Velocity being az 
the Force and Moment of Time univerſally — 


fore 25 : Wi: 49 95 ＋ 205 whence t = 
- Wo = FS 
164, D 
" Again, ev falling Badydeſcribe any ſmall Se ; 


E at che End of 1 Second; then'it-will be, 25 (Space 
TO deſcribed with Velocity $8) 21 Second : : , 


27 = Timeof deſcribig weich Velocity 25. And 
G ſince the Moment of Space c W X Moment 


4 1 


| of Time utiverlally : therefore 2 ar x — 2:8: of 


2 Uf. Whence e 
a 164 + 3 


| _F/ 
Caſe 1. When he Body alcends, 128 7 5 
| fe ? 9=PX 16ds+3pvv 
4 and {by: Form 5. Dede Fluent 2 — — 
1 Vp 48dsp 
5 : — Tangent is 32% 
4 iet 


But When = 0,v =b; andthe Fluent corrected ! is 
2 


. 
— 

\ 
an 
de 


Cie a. Whenche Globedeſcends/ et 


$68.10, of PLVXIONS, = 
r= EEE * 


347 tos 


and 
* 16 7 


„ e OY - 3 therefor when'v=0z the whole 
x 16ds In 


Time of lüb. » ee pe A WY 


the Arches Leerer. are 2 7 


0 


1 
* 


. g 
the 4*) te Fluent ou: DELLS Las TX 


10 er — 
10. £2 ie 3pbb 
16 o+ 3 . 


1 N16 
and (by Form the 6) Ae x Log 
$ 2 rn 
Ex 2 5 . . 
16d —  V/ 3pvv V 13-164 ahh 


and this laſt Term vaniſhes when 4.is'o, or © 08 pay 
deſcends: from Reſt, 


Alſo x = a= <=? boy. * —3 2 the 
1 x 688 5 
Fluent 


257 


IG 


— 


The Docrainz 


eee where i 1s =, when te 


8 Globe deſcends fro m Reſt. r 
2 Cor. 1. . Habt Pelocity "the Chl can 


"20 134 


acquire by an infiite Deſcent i JILL 164: 
For when or 2 i infuie the Denner Fr 


16ds — 3pvv = . 
e r 5.90 
| y RN EE | 
| 85 N= : Nunder 7 the Ta. 84298 
5 1 - 


. Then 8 = — 2.30258 x Tag: 5 er N 2 
i which 7 elured gives v = | 
arſernds. L278 a og 2 

Con. 3- #=2900385 x "3p Log. 


K ce" 2 „ 


G and. F 


l . b , e the ny at Space mo 
be found from the Time when the Globe — 


% 227 CHO LIU M. 

If e had ſuppoſed the Reſiſtance to be as any 
Power of the Velocity v', then we ſhould find (a 
: | | In 


54 Sos £©O fas 


Ee 1 


= 


"6 : 
8 / 


best II. 7 FLUXIONS.. 
i Cor. 3. 1 the laſt Prob.) —— =: K 
one of the Globe with Velocity v : and coltfquencly 


. Fi 
FX SET] LES EN 
+8dgb*—* v0 
— — . And the Fluents will 
2 T wi 
ve t and . 


Note, the Denſity 4 mut always exceed Pp, geber 
wiſe the Globe will not 9 e to che 


Soppolicign, 
R 
To find the Velocity and Reſiſtance of @ Globe oſcillating 
— aid, in @ rofiting Medium. 


Let Ba be the Arch deſcribed in one entire Oſeil- 218. 
lation, C the loweſt Point, and CZ half the whole - 
Cyclojdal' Arch equal to tie Length of the Penhilatm 
Let the Globe deſcend from B, and put CZ=a, CB 
, BD=x, the reſt as in the laſt Problem. 


Then we ſhall find ny — TY = comparative 
Weight of Fes Globe i in the Medi jum, an and ap 


= Reſiſtance of the Globe moving . with-the Velocity 
v, in the Point D; as in the former Problems. Now 


it is known that CZ is to CD, as the Weighs of the 


Globe ad. to its accelerating Gravity at D, 


which therefore is 1 * an. 5 Therefore 
| D d d the 


* 


- 7 
»  & 


* 
- 
— — — — — , .. 


4 
— - — — — ＋—— — 
—— — — — — — — — - — — * 
Tia) \ = 
5 = — \ bs Lb ol d as k a ma 
= \ : l d 


Ul _ * 
— he = 
b LY : b 
N 4 9 r - . p 
I coals ei I” OR — N — 22 
—— — v — —U— LEE U—]2D—— ˙ — : 6 — — 
. 


, 


po 2 he Wird 


7 2 the whole Force by which the Pendulum is urged i in 
215. Di , . i, a 3 


-W =y. 
aq 

And therefore we ſhall find (the ſame as in Prob. XIV. ) 
I. . « = =) 5 . Put F= 


eee 00 ih 


and then f 2 5 1 x Ss} * = = F= SD 
And the Fluents will give and * 
„ v 
1. Since x = = — 
| . "TARA 


„finding the F 1 


(by the Help of Form the 4th and Rule 8. Prop. X.) 


we have x = . — Log: bf—fx—gvv + 475 


but when x=0; v=0; therefore the Fluent corrected 


4 
15 x= 2:302585 Log: Br g's 28 ; 
28. . 
3 bf + £ —fs —gow 
1. Number belonging ro the F 2 75 x 
and then 8. = —— 3 7 | — „ Which 
2 | 
26g +1 — 2px — ; 
034 85 4 
1—1 2—1 
- reduced gives vv =: = b + In xf. 


v2. Let 4 e. W the Reſiſtance in D, then 
1645 


vv = 26g Tp , and vv = . erpenge v and 
v out * the Value of x, Lf we ſhall have x = 


25 — — age? andthe Fluent x = — 1 8 Log: bb— 
bx 


— 
"© 


th 


Seck. II. / FLUXIONsò. 


: . aq when duly conected * = 
. £ 
5 hh N ; 8 
) = 25 ie Drin Tos 
: 3 L 1 
= ma ae 7 2 
A2 * 4&9 
© 2 b of the Li e ; _ 
will a — — which redurdl gives 
8 * 
nt 2g 5 
; 1—1 —1 
3 233 WR X into 2 · 
D Cor. 1. In the foweſt Point C, "i belong 
6 300 _ 
RR 
8 a = A. bow x7 —þ: * into Ls and the 
) 
Refiſtance = x4 _, xinto Ov, 


$5 Cor. 2. Aut the na and Refiſtance are > Bo greateſt, 
when z or 25 —bx— 2g2 ** = ©, and thence 2 = 


lich 
— 5 = Er Ly. 


aq 
Tom. 3. And therefore the Velocity and Reſiſtance ar ar? 
7 8 "20> 
tbe greateſt when x = — 3 NOR: x Log: 5 +1; 
For han & == xt = ” 


2.30258 * 
D d d 2 SCHO- 


4 33-75 8. 2g 
＋ which reduced gives n=26bg +1, and Log. u 
ar the Number —- Log: of 2bg+1. 


* 
1 


en ene Gu. 


De Doecrxins 


If the oſcillating, Body is not a Globe, his ts 
Proportion of its Refiſtance to that of an equal Globe 
whole Diameter is d, muſt- either be calculated from 
Prob. XXII. Sect. II. of found by N let 


i 2 1 28 1 5 m: — And chen we muſt take 5 Inſtead 


of g. or [a inſtead of Fn che — Cal. 


th 


b M re "Denfity of the Atmoſphere at any Height; 
ſuppoſing the Foree of Gravity to be -as any Power of 


abe Diſtance from the Earth's Center, and the Denjiy 
of the * as the Compreſſion. 


Let += Radius of the 1 
4 = Any Diſtance from the 3 


0 Wies 5; Penllty of the Acmaſphere at the Earth's 


Surface. 

2 = Atmoſphere's Denfity at the- Diſtance x. 

# = Exponent of the Law of Gravity. 
Since the Denſicy is as the Preſſure therefore the Mo- 
ment of the Denſity oe Moment of Preſſure, that 
is oe Moment 6f Matter % Force of Gravity: But 
Moment of Matter. Denſity x Moment of Space. 
Therefore the Moment of Denſity & Denſity and 


e of Space and Force of n ; that is 


# 


2 & N univerſally. 4 
Now it. is collectee from * PE, the 


| — of 1 Foot high of On: at the EY Surface 


1 


> = © & © 


va, R LUMH Ns. 
is to the Weight or Preſſure of the Atmoſphere, as F 1 G. 


1 to 29725 =P, at a. mean Denſity; therefore, let 


x be any ſmall Height, and it isp:d::x: 2 = 


Moment of Denſi at the eee, Whence 


4 


hom We foregoing . Prapartion Fl n 
FOE 5 charefore- 2 ==, and 3 — 
1 And (by Form the it and. ach the 2 


Ei 
- iG r n 
is 2. _ Log: 2 r And duly cor- 
0 9351 92 — 121 verde N 
ries, 
ba II oy 


pie? — x n-+1 
therefofe dune ofthe Tags 


reted, 2. moet” X Log: 7 


£55 9970 1 Bas W 


OI e 1 ＋ EY * 
=#Nuibtr beldjiging tothe Log; — 
1 Se 
Con. 1. Fe be amy ſmall. Height above the Earth's: 
Surface, thin z=d x Number of the Log. 1 7 | 
Cor. 2. Vn, then 2 =d x Number of the Laga- 
abe p 27 


7 
Con. 3. ＋ #=0, 2=0 x Number on the lau. 
„ 
68444 * 
Cor. 4. 1f — X Nander belenging.to the: 


Logarithm - * —. Þ all <bich e, r and x are 


— 


— 


6844 


d to be taken iu Peet, 
ny Pp ROB. 


o 14 
a 2 1 s 
9 _ > 4 % , ip 7 
\ | ba #4 al. 2 0 91 1 / : . : : 1 
9 . th ** o 0 g 9 a = 4 , ” 
* # *® — =" - * * ® : 1 — 
he 1 = wt % : nou 
. * , . i * 4 F4 : * # {FF » N 
8 9 0 . 6 „ 9 32 * * oh w N =... we” o 
x 


a . A 5 £ 
4 ad = 14 * * * 1 
- — * 
* 
b . -,. e , a 
4 ” * * \ 1 , : = £ » 
"—» . 8 : 8 4 * „33 


To find the Denſity of Hei meh: at any Height; 
Suppoſe the Joby 2 Gravity to be as any Power of 
5 Daly, the Compreſſion as any Power. le 


Let y = Radius of the Earth. ay 
d = Denſity at the:Earth's ;Surfce, 


* 


W of no nes 


* S any Diſtance. . ” — 
z = Denſity at the Diſtance x, fromthe Center 
pa Length of 29725 Feet... ER 
2 Mens > wn ä 
n = Index of the Denſity. | 


"= = compreſling Force at the Diſtance . 
Now by the Hypotheſis v œ , and Force oc ] 


and 1212 & Moment of Preſſure, that is as the 
e of 7 and Denſity and Force of Gravity: 


that is 212 oe * Or N , univerſally. 
To find the Moment of Denſity at the Earth's Sur- 


face, we have v mz” 23 therefore (by Prop. II.) 
v: v:: 22: 1 2 :: K: : MZ, therefore 2 -— 
but at the Earth's Surface, Z=d; and (raking any very 


ſmall * * it will be, 2 v 242 4, 


and -— = LAY whence & = _— Fluxion. of 
Denſity at the Earth's Surface: Therefore from the 


* . = AE 6A . —Y b 
univerſal 3 4 7 Fs: 22 2: 


- 2, 2 a 3 — 


* 
gen. m. of + FLUX1ONS. 


"Fs and de Fluen (oy Form che 20 is 


9 
4 +1 
— — - 


And by Redufionz*”" = „ 


| m— X ot 


H-þ1 i 


ROB. XVIII. 


2 o find the Diameters of the Earth. 


Suppoſe the Earth to be in the Form of the Sphe- 
roid, APBQ; AB the Equinoctial, PQ the Axis; 
and let its mean Radius CR=1, AC=1+v=a. And 
PC=1—=e, let Cõ be the Conjugate to RC, and 
RT perpendicular to CS, then by Conics CS= 


r =1-+vv=, and RT — Si- 


Here I reje& the Powers of v above vv as being 
— inconſiderable. N 
In the mean Place R a beavy Body falls about 
16,0917 Feet in 1 Second; and the verſed Sine of 
the Arch deſcribed by R in 1 Second by the Earth's 


| Revolution is , O4, (it RC = 21000000 Feet); alſo 


286 1: H:: ,04:,0283.= to the centrifugal Force 
in R, as 16 ,0917 repreſents the Force of Gravity; 
therefore 


8 e eee 


391 


l Whence g G. 


227. 


\ 


TOTS III. 2:3 
ab 


c cel 8. — — 


N r = = : + v 9708, G the Siven 

Quantities in that Corollary. © Alfothe Foreeof The 
Farth at A is nearly the Tame as a Spheroid whoſe 
Axis is AB and Radius of the Baſe V, Wat 2 Hat is (by 


ca a. 
the ſame Cor.) 24 — 490 + — — 2 
3a S 


ae 
＋ v +3vv. Likewiſe the Force of the Earth at P 


lee 200 &a -e ö 


is 2— 72 — 5a nn 


For the centrifugal Force at the EquinoRtial, it 
is as Hr: I 2,04: ,05657 KI =b +bv (by 
Subſtitution) = centrifugal Force at A: Alſo 3+4v 


For 
. — 3000: Se OC” TY: : 1—39+10,0300 


x d for the gravitating Force at A, if the Earth flood 
ſtill: from this take &+bv the centrifugal Foce, and 
wr get 14 +10,0g0v - u for the Force of 
Gravity at Chen the Earth is in Motion 

— Let Drx, CEA. Since the Gravity and alſo the 
centrifugal Force (which is as the Decreafe of Gravity) 


in A and D, are as@or 1 ＋ to x, therefore the fa 
vitating Force of tlit Earth in D, when che Larth is 


in Motion will be 1 v 11.2397 X b,, 5 
Laſtly, ++ 40 vo: 4:: 1 0 + foo: 


— —— — 
TT. Ig. 2 xd the Force of Gravity at T, And 
ſince the i 


abereſore ine Force at E is PI —— ech. 


5 C1 s e 


+ 5 n 

Jug T 
2101972 N Nov 
9 4 v 


orces in P and E are as . or 19.10 4, 


G11 wo T9 1 


6d. Il. f*FLUXIONS. 595 
E 11 the Weights of the Columns x and y F I G. 


z therefore their Moments or Fluxions 225, 
Aueh dd into the gravitating Forces at D and E, 


will be equal; that is 1—39V+11.23vv X d — bxX 
= 1+3v+16. 4700 x dy. and taking the _Fluents, 
and dividing by 4. and 1 — 1+v and 1 for 


4A ts A * n — — 


andy, there comes out 1—fo+ix. a= * 


r * 


* 1 


T0 = Ii. N i= eee. 


I aL EL I «87; . N 1 (3,15 4 


1— v 5 — K =1 roi gere. 


Or vu 0639 = . when 21 

and CAC = ,00426 EE 25 | 
Radius of the Earth de e then C 
28940 Feet or 17 iſh Miles nearly: 
AC=2104475 30, and | =20955270, 88d. 


'SCHOLIUM. 


This Computation ſuppoſes the Parth every TT, 
od of equal Denſity : But ſince that is not certainly 
od Bf known, nor with what Force a Sphervid accurately 
ar tracts a Body when. firuated out of the Axis ; nor 
WU whether the Earth itſelf is exactly a Spheroid: Theſe 
che Things may render this Solution a little incorrect. If 
wy) the Earth be more rare towards the Equinocti al than 
ra- wowards the Poles ; its Height at the * will 
TY be Increaſed | in that Proportion. "ag 


7 


» 4 +4 0 WP 
. 


bnd . K * 


* 
= 
* 
. 
* 1 . 
1 2 * * 2 
4 * * 
* - = ” 
Qz? - d # 
* 


Now Eee 


te Space deſctibed in Time 1; += Space deſcendet 


Spaces * deſcribed ; we have, x 


ſiſtance is equal to the Weigh 


"hs e cc (Vel): 1 (Rel.) ): 


Gravity alone; and j is the Space it delcends thro, 
in the Time of deſcribing & with Velocity / ; and 


De DocitTrINE 
* * - * * 
a. i p 4 F * . 


R Ob. XIX. 


_ The Velocity * Direction of a Projefi being, given; to 
Ind the Path it deſcribes in a refiſting Medium, 


Let AC be the Direction of the Projectile, 435 
the Curve deſcribed; draw 4 parallel, and CBD 
rpendicular to the Horizon, and cO infinitely near 
ns draw Bm ny *to Ce, and Zn parallel 
Call AC, x; CB, 91 AB, 23 and let im and x be 
the Sine and Coſine of DA Velocity at A, or 


thro” in the Time 1, by the Gravity 1, acquiring the 
Velocity 2b, in Vacuo z © = Velocity when the Re. 
t in the Fluid, (ſee Cor, 
1. Prob. 14. 3 Velocity at C in —_ Line OY © 


v = the velocity at B in a the Curve = ==, » by Re- 


ſolution of Motion. Bur. 
Since the Reſiſtance i is as the Square of the Velo WM a 
vv 
v: 6 
vv 


— c 


Reſiſtance in Direction bo, and 2 5 3 


CE 2” 
42 a- 20 
= : = — Redlance in Direction u. by the 


Reſolution of Forces. 
The-Body is drawn from the Tangent at B by iu 


twice that Space, or 7, would be deſcribed uniform 
in the ſame Time ; and the Velocities being as tit 
n 

h 


— 


correct Fluent, 2 = 2 * Log: 7. 


Seck. III. of FLUXIONS. 
2 = Velocity generated by Gravity in that Time. 


Now ſince Gravity does not affect the Motion along 


AC, the Retardation therein is wholly owing to the 
Reſiſtance; therefore being. the Velocity deſtroyed 


by the Reſiſtance alone; and E the Velocity gene- 


rated by the Gravity alone ; and the Velocities gene- 
rated or deſtroyed being as the Forces, it will be, 1 
Vi 


N 70 (el) : . (Reſ.): (vel. ); | 


0 


whence - = = 


ccxx 


Put y=5#, ſuppoſing & given, then 5 = 5x, there- 


« © 


fore "Fr. = ens? But #* = * + 7 — 2 8 


» - o - P . 


+ $x* — am, whence —7F— = — V l-2ms +55; 
. WV cc 
I —mm 
pe L 
2 


and (by Form 27.) the Fluent is . = 
we: IF — on 


2c 
and cortefted, yy y = = LX Log: 
i—m+vV1=2m + 

Im = 


x Log: Lie: + 


+ —V 12m + 
2 ; | | | 
43 for in 4, 5=0. 


Again, Velocity x Flux. Velocity oe Force x Flux. 
Space, (ſee Prob. I.) ;and if 2+ repreſents the Velocity 
generated by Gravity, in deſcribing any Space S; then 
5 will repreſent the Fluxion of the Velocity; there- 


fore, 25 K 5 (Vel. x Fl. Vel.) : 1x (Grav. x Space) 


= IS: N , 2 
:: -: ——X&, whence x 2 a and the 


cc 


b 


E e e 2 Now 
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247 


| The Me > Yr. 


168. . —y y 
FI G. | Now ines Fm === e = Bo 


the latter be divided by the former, we have 77 = 


W o or bee 2 i * A ; Fluxions, wy +075 


=o, or = = 4. =: <> MN TE 2 0 


Eguacos Ry or 9 Ä Ip —2 
an Equation between x and * * 
i / 8. OBm 
| Now fince 5 = . = 7p J , andfince the Angle 
: at mis given; * if we aſſume any Angle for 
2 B, then L O will be given, and conſequently 3, and 
trom thence /; and from , z is known. | 


Ter 2 x Log: — IT 
I—Mm 


4 


4 


= 
See, + 1 then y = 1 1 
L 


x Ls 72 = x Log: 1 +bbE: and 3 


———..- og IA 


and VV gg. Alle 25. x Log: 5-= 


Hence 


br: D 4b xX1+04E 8 1 „and * = 

JESS up mas} Alſo 242 

25 I Likewiſe 2 . rer TED 
e 


ha to 


2 


nce 


— 


ged. Il. gf FLUX ION SWG. 


o 


metic Progreſſion, and the Value of E be found in a 
Series; and ſo proceed by Rule g, Prob. X. you will 
get-all the Parts of x and y. | EN 

An * 


cc 


x Log : SES: +=. Therefore put 1 Le; 


1. cc 


Catan. of dalf the 4 ACD—10, as found in the Tables z 


nm LT +m** © 
then E ore = — — and = » 
a | cc ; V1 -+bbe 


- 


cL 


RR = 25 X Log : Vie: 


For by Trigonometry, if 7 = Cotan. C, the Co- 
fine of its double, (that is the Sine of A) will be 
wo] MIL 1＋ | 
—.— = mM, reduced T= if — = Cotan. 40. 
Con. 2. If the Projectile be a Cannon Ball, and if 8 
be the Diameter, and * the Denſity of another ſmall light 
Ball, which projected at the ſame Elevation, with the 


Velocity B = b *. 2 (fee Prob. XIV.) "This 


Ball will deſcribe a Gee in the. Air fimilar to the otber 
Curve deſcribed by the Cannon Ball; and whoſe Height or 
Baſe will be to that of the other reſpetiively ; as dg to . 
To prove this, let /; be the Element of the Curve, 
the Tangent at /, yt perpendicular to the Horizon, 
Since this Figure is ſimilar to the correſpondent Ele- 
ment of the other Curve, therefore the Lines I, rs, rt, 
are in given Ratio's to one another. Now the Line 
rt (5) is generated by the Gravity, and yr (2) de- 
ſtroyed by the Reſiſtance, both in the Time () where- 
in /r (2) is deſcribed with Velocity v. Therefore 5r or 


Reſiſtance - wodd VU Gravi 
Natter 


Matter ng]. * S Alſo . 8 
| A 
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Hence if you take 5=r +4, and 5 , and if + be FI G. 
taken ſucceſſively any given Quantities in Arith- 244, 


. The” Docrarks Hi Bak 
he xe And bring negra 


8 * 7 
Ratio to oi; i 2E 


ing the Velocity! in the other Curve); therefore 8=b 
= — r 
Again, Ti ime in +5 or, ” * 7 Fore dt ET 


0 ESL, an * Q vx Time d 


JEET, ; whence I. & Ir x dg, or $5 oc dg: But 
| if the Elements of two Curves be fimilar, the whole 
Curves- will be ſo, whence ir c whole Baſe of the 
Curve; therefore the Baſe is as 45 whence, 1 Baſe 
2: 2 Baſe: : dq : „. 

Con. 3. If the two Balls projetied with the Yelacities 
b and þ, were to move without any Reſiſtance in the Me- 
dium; they would deſcribe two Alla, Parabolas, whoſe 
- Baſes or Heights are reſpectively as thoſe of the other two 
Curves deſcribed in the reſiſting Medium; and 8 may be 


taken = VE as 4 10 vaſtly grader than p; or 


even e if = very much nc And if the Gre. 


vity of £ Balls was not at all diminiſhed in the Fluid; 
the Velocities would be exattly as v4 & and te 
That they would deſcribe Parabolas in a non: re- 
fiſting Medium, is plain from the Theory of Projec- 
tiles; which will be ſimilar, becauſe rojected at the 
ſame Angle of Elevation. -But che hori izontal Diſ- 
tance of ſuch a Projection, is as the Velocity Square 
directly, and the Gravity reciprocally, which in the 


| . . 
two Balls will be as 50 x — to gg X 7 


e & px, there- 
fore vv: VV: 8 Dr. : 4, ( be- 


r doi aw. oc. 


«AQ Dn 27 BY org on wm ada oo awis.cc old rw. 
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N + £20 FIG 
S 


7 . 4 to 3%, which, was 247. 
q—ÞX@.. 1: 15 


proved, to be the Ratio of the Baſes of * other two 
Curyes. Allo it was os, bs fore, that . E 7 


bu e the relative Gravity i in che F laid Z 


which i it was =1, then would'vo ot dm. 
Cox, 4. And hence we have a Method of Anemia 
th} Carve deſcribed by a'Cannon Ball in the Air, from the 
Phenomena. For it a,Cannon Ball whoſe: Diameter 
is d and ſpecific Gravity , is projected with Velocity 
5. Make a {mall Globe of Cork, or rather of Paper, 
Bladder, Cc. made hollow, and whoſe Diameter is 9, 

and ſpecißck Gravity *, and colour it red or black; 
if this be projected in the Air, with the Velocity gor 


ge and at the ſame Elevation ; ir will exhi- | 


bit to View, the very 'Curne deſcribed by the Can- 
non Ball, in Miniature. And if a Leaden Ball be | 
projected along with it, you will have all the Phæno- { 
mena of the Cannon Ball in the Air. And obſerving | 
where the two Globes fall, if the Diſtances, of 'the 

horizontal Projections be meaſured, you will have 

the Space that the Cannon. Ball falls mort, by Reaſon 

of the Reſiſtance of the Medium. But the Leaden | 

Ball ought rather to be projected with the Velocity R 


- or „en, becauſe the Meal Ball looſes 


no ſenſible Weight in the Air, and it ought to be 
projected as far with * Gravity 1, as the Cork Ball 


is with the Gravity ——, without Reſiſtance; But 


if a very ſlender Body ca can be made, like an Arrow, 

ſomething heavier before, and of the ſame ſpecifick 

9 in the whole, as the Cork Ball; then = 
an 


| 4⁰⁰ 5 Der fue 
FI G. and the Cork Ball may be projected 


with 
little reſiſted by the Air, as well as he! Leaden One, 
and Will ſhow how far the Ball a po yn 
without Reſiſtance, . And the e ds good 
ff the Balls be proje Necla upwards 
with the ſame Velocity; then it will a — how 
far the Cork Ball comes ſhort of the dt And 
inſtead of dg and du, you ma cake che Weh d 


vided by di and . ee 
N Vacuο $I | 
+77 "” — ren 199022 N 1 58 


* 842 40 *S & 


234 8 OLn. 


ge a ſux ppoſes the A. every WOO a 
equal Denſity ; but" in a Ball ſhat from one of 0 
greateſt Guns, to the Diſtance of four or five Mites 
the Height at the greateſt, horizontal, Diſtance, will 
be about a Mile, and there the Denſity of the Air is 
about a ſurth/Part leſs than that at th Surface; ſo 
that rhe Ball is leſs refifted there, and conſequ on 
flies further. Likewiſe the Depfity'of che Alf ia 
ferent at different Times, and uently che Re- 
fiſtance Wl ee different pporrthat Account. 
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Water or any Fluid aſcends and deſcends alternately F IG. 

- with d retiprocal Motion in the Legs KL, MN of & 248. = 
cylindrical Cana! or Pipe; to find the Time of one Ti- 

. bration or Reciprocation of the Mater. 


Let AD be the Level or horizontal Line in which 
the Surface of the Water ſtands when at "reſt; and 


- 


\ - 
* 


rere 


let the Water deſcend from F in the Leg KL, and E 
aſcend from C in the other Leg j and ſuppoſe it to be | 
in E and G at the ſame Time. Draw EB, DH per- 4B 
pendicular to the horizontal Lines BY, GH, ol ang , 


AF on. Db, AE or Gx, Sine of the Angles L, 
N=p, q; v Velotity in E, + = Time of: deſtending 
tbr FE; I Length of. the Canal AL ND; w = its 
Wight, 16 Feet: The Force with which the Mo- 
tion of the Water is accelerated and retarded alter - 

nately, is the perpendicular Height of the Water at | q 
FE above G. Then; becauſe EN pr, and \ DH=gqx, : 


che Preſſure of the tuo Columps £4, DG is Er, 


the accelerating Fore- By P rob. I d * rand 


c IO TOO "IT wx 


04s | or . . A WM WAN 
in falling Bo, when vg, v=s, whence 25x S: 
4 8 0 | | | — 7 N 
: ov : Ar 

rn err een 
— + : 92 De 
— — „ 25XX, and 72 — X 25xx, but in 
F. | 
is 


* * 
44 10 
. 
»  Wnence vo = 
by x _ '*\ 1 
* * 4. a4 þ % _ #S % . 


„ ” 
=o, and x=6, therefore the Fluent corrected 


4 
* 
vo x NN. Allo (Prob.1.); af. 


— o 


3, e and 


- 29h Db Unkins mz 
F I. G. 


8 * s » 
248. and in falling Bodies f = e 


„ , == 
91 ES M 08: 2 vi __r A unn 

> - ad b 0 Im 1 75 

88 Fx =o r W br. AA, Th 


8 * ye 2 T7 $ II y. * ? mT 


75 == - x Arch; ho Radius — Sine 
PX * | | 
FEY TEE { 292 ny . 


7 , and when x=0, cha "Arch = —— —_— A whenee 
Bus oth 371. 9] at 301416 59 thee? Va 
: * A the Time oi deſeend- 


i 2 e N A 4 unn 303 3h 35 
Tei) fro 5 to 4, and E. 1416 ach, 
Wy? RE IT 


a ob 


the Time 6f one Libanon of the Water N 
„ Odnt 1 br Valub of l. ib bat in Prob. 
VIE. 2 2 appeavs; that the Time of- one Li. 


nee e Grit ee ir fl 10h Time 
18 499K 210? 19 737 503 


e Pindulome whoſy Lengeb b =; 


5 e e ane Angles, 
* 15 r\ 2. Al] the Nene Nee eons, g 


#be Heikb. aſcend, and deſcended be = or Jeſs. © 
— 1 4 ho what Tere be Pibe is of 
below the Level of C, provided the ts. above C be 
wage DUR thr ae, tht Wat wig. Cf 
Cos. 4, The Water in one Libration will ag. ud t6 1, 
J bat. . For Obes * * nd 
1 e 


1 . 22 
IF MHIG 4 1 5 : SN 


| 8 1 1 0 LA: U M. 5 
ws; the © ig 10% be wider than KL, and its Sec- 


tion to that of KL as 70 Tz we ſhall LN 


$6.1, of PLUXIONS: — 4g 


4 | F 1 G. 
| 2 + = 248, 
— — — 25X%, And if c Flo infinite, (or : 
| 2 8 
which is 5 — the End M immers'd in ſtagnant - 
Den 
Witney # WES Vas 7 * win 014 


\ There i is dest Anal 12 the L3bration 
of the Water in the Canal KLMN, and the Waves 
of. the Sea, Ce. Therefore if a Pendulum be ke 

write Length i is the Breadth of a Wave from T 
to Lops nt in the Time that it periorms one Ofcit- 
av 


lation, es will advance forward a Space jual 
4 eo their Breadth. de "IS 
For (by Cor. I 51 ih the Time t chat 505 Pendel 


(2) vibrates once, the Water in the Canal will make 
one Libration ; and (the Length of the Canal being 
N ſuppoſed '= 3 the Breadth of a Wave,) in the ſame : | 
þ Time, the Water in the Hollow, or loweſt Place  -< |} 
e berween two Waves, will became the higheſt, chat 
is, the Wave will move forward half 'its Breadth, 


3 And in two Vibrations (or one Vibration of the Pen- : 
. dulum 27) will advance a Space arty to Ys whole 

id Breadeh, | W * 

if 172 

e ® ; 

, 

4 2 


Pre „ 
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F 8 G. Let a . of Steel Gerfefth elaſtic) be ſupported at both 
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ROB. XXI. 


Ends; and allowing that 10 Hundred Weight Avoir. 
Apo hanging in the Migdle, will juſt break the ſaid 
Bar; it is required to ind the- Wes bt of a Globe, 
Ae perpendicular 185 Feet an t Wes the 
Bar, to ee abe fame Hall. 1 1 


Le DBE be the Bar of Steel, mad, at 8 


Ends D, E. Now before this Prob; can be ſolved, 


ſomething more muſt be aſſumed than is here ex- 
ſſed. Suppoſe then, that the Space BA is known, 


rc which the Bar is bent before it breaks; and let 


the Bar, from the Poſition DBE, be put into the 
Poſition DAE, or very near it, and then the 10 C. 


Weight laid ſoftly upon A, which juſt breaks it. Now 


the Weight falling upon it in the Direction FB, is to 


bend the Bar jult thro? the e BA, to 4, where it 


breaks... 2 
Let c= the Weigh (1 10 C. ) capable to break 5 it n 
ſuſpended at A. 
pin, ſought, which is to break it by falling. 
4 = 16g; Feet. 
d = FB the Height that w falls = 185 Feet. 
þ = BA, the Space the Bar is bent through when 


it breaks. 


then 21/77= Velocity of wo at the Point B. (the Velo 


city "ng meaſured by the Feet deſcribed in 4 
Second 5 


BC X. Cc = x: 
Now by the Principles of; Mechanics, when the 


Bar | is bent i into the Poſition DCE, it exerts a Force 


which 


S IS &@ 


Seck. UI. . of FLUXIONS. "Jag 
mbich is as the. Diſtance BC. ' Therefore BA (3) : F I G. 


Force at A eit N . =Force x C. Then . 


fore the Force that wi afted on at Ci Fe. 


Alſo by Mechanics, vd oc E fee Prob. I. ln 


the Caſe of falling Bodies, if 23 is the Velocity 
gained in 3 Second, x is the Velocity gained in moyv- 


ing over x atthe End of 1 Second. And the Weights 
of Bodies being as the Quantities of Matter, there- 
fore (from the general Proportion) a r Fl. Vel.) 


„ WeightxFl. Space —— _ 
1 "= q :. _ Ns 


hence — vv = " * 268, ard the Fluent is 


* 
== ar = 
2 — 
WW. S _ 


—_——— 


© 
CE ee eee. ——— —— Uœò CES 
nd W _ - ww. — — - . — — — — — Li * 
Lg 0 nns 8 * 4 3 PSF nz a+ =- 
l =) 9 1 
_ = _ _=) A Y . 


ov Lext——brox 


9 "bw * 24, but at B, v = 2d, 
and x=0, therefor the Fluent corrected is 444 | 
e but in 4 v = o, and »= 6, 
therefore 44d = = 7 X aa, or 2d = =, 
A. «6a? | 3 5 
and 20W = bc— abu, whence S or w | 
be | 55 
_ 57 nearly. ET % 


Cor. 1. Half the Weight that will break the Bar a 
4; 11 break it when laid . For when d So, 


6 — 3 — 10 „ 

Con. 2. The Weight, that by falling a given Height 
will break any Bar, is very nearly as the Space (b) thro 
which the Bar will bend before it breaks. Hence the 
Reaſon wwhy brittle Bodies break ſooner by Percuſſion, than 
others of equal Strength. Con. 


250. 


= WP Doorhing, alt. Ho 


a 
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s HOL IU M. 


7. 


des no Notifck ib taken "of the ** of che 
Bar itſelf. If inſtead of deſcending, e the Weight 
| ad was fuppoled to be-projectet hniuotally, with a 

 $6754o. Velocity * the Bar DRE, 06 "the Forgy 


f gen — S £ al $19 | 


in 9179 2: A 


855 


, 


(. 4 A Ty 14 va nv nt MOT WH, 
aud —— PE = = 26, 6 wü 2 aa 
where Gravity has 50 nr | 


. 1 
(AL 


— nnen , 1 © I» * — — 
+ 5 1 4, bow, $1 : * , ——— £ + a © "» * 


— 4 


. 


| Sa * X OG 


-- wa 2 * R 0 B Nu. 
an amber hen Bal of as Tuch Diamerer be 


Aulbended in a right Line, and the firft A let fa'l from 


any Height upon the next; 3 tbe 
Motion Fropagated thro? them.” 


© Here 2 : that the Balls are patcaly* 12 
tic, and laced as juſt to touch each ather, or 4.4 


near it. But before this Problem can be ſolved, ſuc 

an Experiment as this muſt he made; black the firſt 
Ball- over with Ink, and det it fall upon the ſecond 

in an Arch of a Circle from the Height deſign'd, or 


with the given Velocity; this will Staake a: black 


Spot on che other; take its Diameter, and from 


verſed Sine of half \that 
which. this Aden is eee! n . | 


thence. find the. Altitude-of the or the 
Spot... Now the Force by 


4 


* 


= Sw ui H?aoc if » a 


18 


888 


2 | : 


See. II. uni ON s, 


againſt the other Ball by Way of a 


and this Force is as the Height of the Segment, drove 


in by the Sto N. in wo Balls theeting aach 
other, there are two Segments ſtruck in, doch which 


112 >. . Forde in epa cin Balls We, 


Let — N GC 3654 i. 

id 5 =4 Wei e rual Con- 
TH Glabey ns te di 01 20 

phe ont bara ſents the verſed Sine of t the 

Ch 


. = Os — ll as A. 
LES 1525 e eee n. 22 


9590 * 1 21 

"Ns ED. | 

7 on 2. a 07 T) onto: L. don 
5 Tine of deſcribing CD, or why in which 
n e Ke, Er, D. Y nk. 


Now it js the ſame Thing | Shather we ſuppoſe one 
"mOwhg« With ig # nk anpkher & 
_ or two Globes moving contrary Ways againſt 
| in re lg __ the Velbelty zes of >witeth& 
e ſuppoſe one Globe moving agus. « an im e 
With Vb ir... * 
By Mech when... the Body is. iven, 
Tres: +. Nair ech Prob. 100, bur in 4 falling B 
is che. Velocity, Ad * its Flux. 2 be 
liſion of che Balla, the Force 1 Di thetefore 
0 1902. 211 + * 2 10 27 Nt NM 121 
25X ü ]:: — 9: . a0 = —— 
was. 4 + . e 710 
the Fluent - * A bas at C, l 
3 cCorrected 


in like 
* Madner as is teſcribed'in Ex: 8. Prob. alk. Jed. & 


eing. 17 * ft: AW 


1 
to another, is the Elaſtieity of the ſmall Segment 
«Heh is r by (ib Sete en ROOT | 


* 


\ 


Ko 


. oo, and 4. w 


I Docrzing UL. W 
1990952. int 50 10 ee 
6. nies key = - "And at aſt when 0 


Re 10 VE.) —4 4. 


e 7 


ore. 2 * therefore, fnce 85 cd c c. 


71 
WW + 22 +1930 


given, nd Lig given Ratio, er WF, or iti 


_ Ratio. Alſo by'R ReduGtion 7 * e 3 hich 
4 18 | 2 — a es 2 gur * Z VE | \ % tex 


aas by ry e 5 1 
1 x Arch, wha Se in 2 ed rad = 1 


* Fo; - 


Bu when x = that Arch =90"s Land 1 = = Ex 


JOE 45 , after this Time, the Globes a are relatively 


at reſt ;' pe er Time the Globes are ſeps- 
rated again. Therefore 2. r ——x 4. 1416 =Time 


ol the Contact of the two firſt Globes; during this 
Time the Motion is propagated the Length of 1 Dia- 


dc 
17 205g. 1416 


meter; ;whence (a) * 1416: d:: 
e of. the "Motion otion in a Second. 


50 2 7 
— 9 2 
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Set. III. of FLUXIONS. 


of Globe 4 upon the Second, is over before it affects 
the third Ball. But if at the ſame Time the ſecond 
alſo acts upon the third, and the third upon the fourth, 
Sc. then the Motion will be propagated further, but 
then the Time will be longer, which comes to the 
fame Thing. But the Time of Contact of any two 


Balls is fo very ſmall, chat the Action of the firſt. 


upon the ſecond is over, or very near over, before it 
reaches the third. If the firſt Ball acted ſenſibly upon 
ſeveral at once, it would be reflected, which is con- 
trary to Experience, 5 | 
Con. 1. Hence the Velocity of the Motion is the ſumo, 
whatever be the Velocity of the firſt Globe impinging upon 
the ſecond. | | 75 


For d is given, and — is a given Ratio. 
Cor, 2. Hence alſo, ceteris paribus, the Velocity of 


the Pulſes is as the Diameters of the Globes. 
Con. 3 In Globes of different Matter, the Value of 


the Velacity of the Pulſes is had. 


PROB. XXIIL 


T0 find the Velocity of Sound, | 

Sound is cauſed by the vibrating Motion of a tre- 
mulous Body, which excites a Motion in the Parts of 
the Air that lie next, and theſe excite the. like Mo- 
tions in the Parts that lie next to them, and ſo on. 
For the Parts of the ſonorous Body alternately goin 
and returning, do in going drive before them thoſe 
Parts of the Medium that lie neareſt, and by that 


Impulſe, compreſs and condenſe them, and in return- 


Gge ing 


4 
It is here ſuppoſed that the Action of the firſt BallF I G. 
250. 


2 muſt be found, and then the conſtant Ratio 4 ; whence 


2514 
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F 1 G. ing, ſuffer them again to recede and expand . 


ſelves. Therefore the Parts of the Medium are con- 
denſed and expanded» by Turns at. each Vibration 


and move to and fro, in like Manner as the Parts of 
the vibrating Body do; and conſequently the Parti- 


cles of the Medium have the ſame Motion ſucceſſive- 
ly communicated to them, and the ſame Laws of 


Motion, that the tremulous Body has. Now it is a 


known Property of the Motion of a vibrating Body, 
that the Force it exerts in vibrating, is as the Diſtance 
from the middle Point of the Vibration, ſee Prob. II. 
and in any elaſtic Body, the Force is as the Diſtance 
it is ſtretch'd to. Therefore each Particle of the 


Air is acted on with a Force which is alſo as its Diſ- 
| tance from the middle Point of its Vibration, this 


being premiſed, 
Let ſome certain Space BC be he Diſtance of two 


ſucceeding Pulſes, Ee the Space thro” which a Parti- 
cle vibrates; O its middle Point. EG a very mall 


linear Part of the Medium, ſucceſſively transfer'd 
into the Places ey, eg, and back again. Then, 
Put BC, EO or Oe a, EG=7, t = Time of 


deſcribing Ze, + = Time of deſcribing Gy, v=Ve- 


locity of E at t, » = Force acting at E when it be- 


gins firſt to move, O: x, the Diſtance of : from its 
Center; and y = Diſtance of from its Center at 


the ſame Time; Ar height of a uniform Atmoſphere, 
g. 1416, 4210 Feet. 


By the Law of Vibration a:n:: x: = Force 


at e, and by Mechanics (ſee Prob. 1. ) vv oc Fx, and 
in a falling Body v=25, and F =p, therelore. 25x: 
ux ; 2 


px : : vv 2 N-, and vv = a Bun 
A=ntæx 2 
> , and corretted vd = "ap X a-, and 


Again 


> \ 
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1 1 3 . 
Again 1 , and in falling Bodies, 24 = &, 281. 


ä „ — os 
therefore : „ : n t, and (by 
Arch 


Form 10) . = » whoſe Radius is a, and Sine 
x; and by Correction (when xa, that Arch = a 
| Arch | 


Quadrant, then) . = 72 whoſe Coline 1 x, let 


2 = that Arch, then 7 = YH and for the ſame Rea- 


1 h | 
ſon r = EE, whoſe Coſine is 5. Therefore 


diff. Arches * 


= — —, -whoſe Coſjnes are x and v. Let x 


a 


= diff. Arches, and x = diff. Coſines; and by the 


| ; Es. 
Nature of the Circle, z = — , therefore # 
- Vaa— a 
— = — 2 — hs 
36G*4- 2108 VV aa—xx- 

As the Particles E, & are ſucceſſivelyagitated with 
like Motions, the Pulſe in paſſing from B to C, ar- 
rives at E before it comes to G; and the Spaces p, 


- 


5, paſſed over by the Pulſe, are as the Times, that 


F 


. 55 2 2c 0 
is (as has been ſhe wn), as PF and therefore 
7 = 5 But E. —Gy or EG—ty =y—x SA, 


and ey = þ— x. No ſince the elaſtic Force of the 
Air is as the Denſity, and the Denſity rec iprocally as 


the Space taken up; if d = the mean Denſity, then 


Ggg2. I 


7 4 - . T = =d4 + —— 


De DocTtring © 


1 


dz 
— ms 1 by 

* prays =d + 77 * r, the Denſity at ey. 

But the mean elaſtic IE is top (the Weight of 


the Lineola p):: 4:95 therefore the mean elaſtic 


pA 2cd 


| Force = == 4. And d: A::d + Ne 


p 
2cA 


| ; A x IT Va ae — the elaſtic F orce in the Place 


| 24A 

| its Fluxion is — X — =, the 
7 and is Fluxion 1 — X — 1 
N of the Force at : correſponding to & and 


* 2 | 4 "T | 30: 
2 — * 42. 


— ; 


Force correſponding to of at the ſame Moment of 


Time : that is, _ or 232 is the Exceſs of 


the Force at « above that at y: and this is the Force 
by which 2 is accelerated, and therefore that Force 


4ccap A 


is as x; and when æ , that Force is 7 


2 ap S2 


ee 2m. © Trad 
N ca 
— — And when » a, then z = — 
24 254 a 2 ? 
and = —— C TORRE 20 


4cav 2.4 ' Tad? vV24s 


the Time of vibrating from E to e, and back again, 
or the Time of the Pulſe running thro? BC. There- 
fore, 


as oe e 


Sect, II. of FLUXIONsò. 
1 MW N h "MWg > 1h LJ. 9 
fore, (Time) : 5 (Space) : 1 = 


V, the Velocity of the Pulſes in a Second. 
At a mean Gravity of the Air, when the Quick- 
filyer ſtands at 30 Inches, the ſpecific Gravity of Air 
to Quickſilver is about as 1 to 11890, therefore the 
Height of a uniform Atmoſphere muſt then be 29725 
Feet = 4. Therefore VT = V/323 x 29725, = 
978 Feet, the Velocity per Second.  .. _ - 
But the Velocity of ſound is really greater; for 
here is no Allowance made for the Diameters of the 
Particles of Air and Vapour, which are unknown. 
For as theſe ſolid Particles themſelves are incompreſ- 
fible, ' the Velocity is 1 5 inſtantaneouſly 
thro” them; and therefore the Space found before 
ſhould be augmented by a Quattity Which is to that 
Space, as the Diameters of the Particles to their 
iſtances: And ſo we find by Experience, that Sound 
moves at the Rate of about 1140 Feet in a Second, 
at à mean Denſity of the Air. | 5 
Con. 1. Hence the Velocity of Sound is always the 
fame in the ſame Medium, whether it be more or leſs in- 
tenſe | for the Velocity is V 2 As, in which à is not con- 
. 3 * | Wo 
Cox. 2. Hence alſo the Diſtances of the Pulſes, are 
known, by dividing 1140 by the Number of double Vi- 
brations made in a Second. Thus by Schol. Prob. II. 
in a String that makes 300 Vibrations in a Second, 1 
= 74 Feet, the Breadth of one Pulſe. \ _.. | 
OR. 3. The Velocity of Sound (ceteris paribus), is 
the ſame on the Top of a Mauntain, as in a deep Valley. 
Far if the incumbent Weight of the Atmoſphere 
be increaſed or decreaſed in any Ratio; its Denſity 
(and the Height -of the Mercury) will be increaſed 
or decreaſed in the ſame Ratio, and the Height 4, 
of a uniform Atmoſphere of that Denſity, will con- 
tinue the ſame, And therefore, 


Cox. 


85 £14 We Docratny 1 
IG. Cos. 4. The Temper of the Air remaining the /ame, 
441 to beat andcold;the Velocity of Sound will be the ſame, 
bow much ſocver. the Air be condenſed or rarified.. 


| 2 S8 CHOLIU M. 0 
252. To explain more particularly the Motion of the 
Particles of Air, when condenſed and expanded ag 
| the Pulſes move thro* them; let B, C, &c. be cer- 
a tain Waves or Pulſes of the Air moving from B to- 
wards C; draw the Line XF, and ST parallel to it, 
and at any Place Q, erect Q, for the Denſity of the 
Medium at Qor r, Or being the mean Denſity. And 
ſuppoſe O a fixt Point at the Place F, and p a Parti- 
cle of the Air exceeding near it; and let the Pulſes 
of Air, move ſucceffively thro' the Points O, p, &c. 
or rather (for the more eaſy conceiving it) jet O be 
ſuppoſed to move with a uniform Motion along the 
Line FR, thro' the Waves C, B, &c. at reſt. It is 
plain the Particle p, going with it, cannot move with 
à uniform Motion, by Reaſon of the alternate Con- 
traction and Dilatation of the Air, but will move 
ſometimes to one Side, ſometimes. to the other Side | 
of O, if Op be of a due Quantity. Now whilſt © 
moves from F towards C, the Medium growing den- 
ſer, p will approach nearer to O, and at C where the 6 
Denſity is greateſt, 5 coincide ; and pro- 
ceeding forward from C to D, the Denſity ſtill being 
greater than the Mean, p will ſtill loſe Ground, and 
at D, the Place of mean Denſity, p will be the fur- 
theſt behind O; and in paſſing from D to H, into a 
rarer Medium, the Air expanding towards H, p will 
move fafter than O; and at H, (the Place of leaſt 


= = — =_ 1 = 
= Jail” 4. a a 14 - 2 


Denſity), they will coincide. In proceeding to I, the 
Medium ſtill continuing rarer, p will ſtill move faſter 
than O; and at 7 {where the mean Denſity is,) p will 
be then the furtheſt before O, the ſame as it was at F. 
And after this Manner the Points O, p, will go thro' 


all the Waves or Pulſes; the Particle p vibrating firſt 
8 a to 
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to one Side of O, and then to the other. And the F I G., 

Phenomena will be the ſame, if O ſtands till, and 2623. 

the Waves. move. The Points O and p, or the Syſſ. 

tem Op repreſents OE (in Fig. 231.) Now we may 

obſerve that when the Syſtem is at 7, it is in a den- 

ſer Part of the Wave than it was at F, where it be- 4 
to move, that is (Fig. 251.) the Denſity at e is 

greater than at EG; for the ſame Particles of Air are 

in EG and ey at different Times, and in different 

Parts of the Wave F, and r. But e, y, being con- 

temporary Poſitions of the Points, E, G; the Den- 

ity at : is greater than at , as is plain, by Fig. 252. 

T —_— the greater Denſity at « will move ey to- 

War . : 8 


And to conſtruct the Curve of Denſity FCD; with 
the Radius OE or Oe Sa, deſcribe the Circle Ne, 
take Os.= x, and erect the Ordinate / . Let 
Arch EY =z, mean Denſity =1, FI=b, Then in 
FR, take Fr = 2. and at 7 erect ye = . and 
the Point : is in the Curve, and : is the Exceſs (or 
DefeR) of Denſity at r. And for the Nature of the 


Curve; put Fr A, re, then — — — - 7 


whence Zu, a mechanical Curve. 
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FIG. A Ord ſal Rape being foxt at ae End, and ar- 


253. 


by Means of a Weight at the ather Eud; if 
the Rape be ſtruck near one End, the Strate will ex: 


cite 4 Motion in it, which will run along the Rope in 


Fun e @ Wove. e of the My- 


Fon. 
We will ſuppoſe the Cord to be exceeding len- 


der, or rather a heavy” — 5 E fe flexible; let 
ſe t 


AB be the Line, and ſup Point D to be im- 

elled as far as to 4 by 0 4A ſtroke ;. draw adb paral- 

el to ADR, As ſoon as the Point D arrives at d, 
the Line DE will be found in the Pofition dSE, For 
the Force being impreſſed upon the Particles of the 
Curve at D, and theſe put into Motion, they will 
exert their Force upon the Parts next to them, and 
they upon the next, and ſo on; fo that the firſt Motion 
will be fueceſſively communicarel to all the. Parts of 
the Cord, and they will all, one after another, be 
carry'd over to the Line ab; where all their Motion 
will be deſtroyed ; and they will remain there, if D 
remains at d. In the mean Time the Curve Line 
(or Wave) dSE, will be carried along to gCF, and 


ſo forward. 


As none of the Parts of the Curve beſides thoſe 


at D, received any ſtroke ; it is plain they are all 


moved by means of the Cord, communicating D's 
Motion to all the reſt in order. And fince the Force 
which the Cord exerts on any Particle (by Cor. Ex. 
16. Prop. XIII.) is as the Curvature there; there- 


ſore the Curve near F is convex towards GF. Like. 


wiſe 


Seat. III. f FLUXIONS, — A 
wiſe fince the Particles of the Cord, after they have FI G. © i 
received their Motion, are not carried beyond the 233. | 
Line ab, but ſtop at it; it is plain that near g, the yy 
Curve is convex towards gb. It is alſo evident that at 
any two Points (u, o) of the Curve g CF, that are equal- 
ly diſtant from the Lines AB, ab; the Curvature will 
be the ſame. For as the Motion of any Particle is 
generated gradually as it moves from the Line AB; 
it muſt be gradually retarded in approaching ab, ſo 
as to loſe all its Motion there ; therefore the Forces, - 
and conſequently the Curvature at o and u, are equal 
and contrary, and at the Middle C is nothing: And 
ſo each Particle is accelerated as far as C, and after- 
wards retarded.” Moreover the Parts of the Rope as 
they are drawn from F towards C, will be drawn 
nearer into a right Line as they approach to C; ſo 
the Curvature will continually decreaſe to C, the 
Point of contrary Flexure, and therefore the Force 
will likewiſe decreaſe towards C; and hence the 
Parts of the Curve, gC, FC are exactly ſimilar and 
equal. This being premiſed, the Time is to be found 
wherein the Wave is carried from G to F, or. which 
is the ſame, wherein a Particle at G is tranſlated 
to g. IEC FG? 2x8 YI CADE 
Let Fk or kf=a, km x, mn=y, Fn=z, Ck=d, 
r= Radius of Curvature in F. c=3.1416, and let 
the Force at » be as x. By Prob. V. Sect. II. If 2 


be given, the Radius of Curvature at u is * 


* _ FP * — 


"*T » 4 = @. i £4 e cm. toe rn Sa. tos 


7 (becauſe x decreaſes). Then (by Cor. Ex. 16. g 


1 Prop. XIII.) «: 42 2:7: . and ary = 2x, and 
| FF. . . 4 A 
the Fluent is 2 xx, but at E, Y, and x ga, 


e — 8 ; 
x. therefore ar x y—2 ='3Z K - ; and 2ary =: 
e- zar +x#—48 X , and 4aarry* = 2ar -H  X 


Ir ahd 4or x ad X j* = 2ar Fane X | 
1 OY"! WS. „ 


| 
| 
| 
| 
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(by Ex. 16. Prop XIII.) 2 


wWhoſe Radius is a, and Sine * 3 and by CorreQtion, 


* 


The DocrrinE 
FSG. = zarr A nearly, becauſe g is extreamly ſmall in 
223. 


ar 


reſpect to 7; therefore N = e and (by 
a — - 


Form 10) % x Arch, whoſe Radius is a, 
and Sine x but Son xc, yo, that Arch is a 


Quadrant; whence y = Yu * Arch whoſe Coſine 


is x, and 15 1 x becomes = o, that Arch i is a Qua- 


drant = , and * therefore d= 10 ar, whence 


2 


7 — e 3 cherefore the Rad. Curvature in u is 24 
cca c 


To find the Time of moving from From. Let 
t = the Time, v = Velocity in n, Y = 16z; Feet, 
= Legs a * Cord, w = its Weight, p S its 


Tenſion ; ; then —— Weight of the Particle 2. Then 
4dd peccræ 


a ut 


| 44d 
Force at m or u. And by Mechanics (ſee Prob, I.) 


as : ; 7 ; 
vv o Fx5; that is, 25 : N:: vv: 


| ; 
c ESC x 
2 2 * —x, and vv = ——— =- xx (by 


| 44a 
Subſtitution), and vv = — Pxx, and by Correction, 


VU = B X aa—xx. 


12 * — 


A 5 N % 5 hl N 3 ” & 
Again, 7 Q CET, (t) : 2b 7, i 1 „ 
or = == And tm nn — 
e vB a 


12 


— — 1282 — 2 
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4 VE? Xx , whole Coſine is x; and when 4; * 
ca "xg" 
#=O, that Arch is 2 therefore == 2 


| add W 
2 Wan: * 2bpcct 4 A the 
Time of a Particle moving thro? Fk, or of the Wave 
N from C to &, or thro' 20 or d; whence 


5⁰ 
* "bp - (Time) : 4 (Space) : : 17 Sn the 7 


Velocity bf the Wave in a * 


And ſince 7 and y are each of them as the Arch 


of the Coſine x; therefore 7 is as y; and y increaſes 


uniformly, as it ought ; ; for any Point of the Curve. 


advances forward: equal Spaces in equal Times. 
Therefore the Force is as x, as was ſuppoſed and all 
the Requiſites are cruly found, and the Problem right · 
ly ſolved, and the Curve is ſuch as 1s here deſcribed. 
Cor. 1. Hence in the ſame Cord and Tenſion, the 
Motion will, be equally ſwift, whether the impreſſed Force 
at D be greater or leſſer ; that is, greater Waves and leſſer 
ones have the ſame Velocity. 

Cos. 2. The Pulſe. is ſwifter when the Ten/ion is 
greater, and that as the ſquare Root of the tending Force. 

Con. 3. When the Pulſe has run from one End to the 
other, it will be returned back again in an equal Time: 
And thus it will run back and forward, till the Moticn 
be ſpent. 

For the fixt Point at the End cannot obey the Mo- 
tion of the Wave; and by its Reſiſtance it is equiva- 
lent to a new Impulſe. 

Cor. 4. If the Cord is not perfectly flexible, but rigid 
and ftiff ; the Velocity will be greater in the ſub-duplicate 
Ratio of the Dogree of Stiffneſs. 

For the greater Stiffneſs ſupplies the Place of a 
greater Tenſion. 


H h h 2 ; Cor. 


420 


De DocrRINI 


FIG. Con. 5 V ſeveral Strokes be made ſucceſſroely at D; 
253. Er, which is the ſame Thing, i the End A be ſhaken 


backward and forward ; there will be generated ſo many 
Waves gradually ſucceeding one another, as P, Q, R, $ 
and the Diſtance of two Waves will be known by Avid. 


ing . by the Number of ON or Shakes in a 


Second. 


Con. 6. The Wave or paß will run thro the Length 
of any Part of the Cord, in the ſame Time as that Part 


would Goof one Vibration. 
This appears from Prob. II. yn gr this. 


SCHOLIUM. 


And to conſtruct the Curve or Figure of the Wave, 


With the Radius F% (or a) deſcribe the Quadrant of 


a Circle, N; make iin x. draw the Ordinate mT, 


and erect the Ordinate mn = 2 „ the Arch FT, 


or, which is the ſame, mn = 2 Arch FT. And 
hence it appears, that this“ funivolant Curve is the 


ſame as the harmonical Curve, conſtructed in Schol. 


= 


3 Prob. II. = (Fig. 218.) AE = = Fo and AZ = 


- 3X Quadeane, and AZ—AE or-ZE = 17 * Arch, 


| ke Coſine is 5. And both theſe Curves are of the 


ſame Nature as the Curve of Denſity, conſtructed in 


the Scholium of the laſt Problem; and all of them 


are related to the Figure of Sines. 
* Scœnobatical. 
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d To find the Height of the Tiles. 10 


N | 254. 
Let R-= Rudis of the EartV's Orbit; or the Diſtance 8 
be perturbating Body, C. 

" Þ = Periodical Time of the Earth round the Sus, 


| in Sec 
25 = Gravity of any Parcel of Mater, as 1 Foot. 


=16.1 Feet, the Space deſcended i in 1 1 by Gravity. | 
7 = 3-1416. 
27R - 


+: By uniform Motion, P:1::2nR: _ A, 
the Arch deſcribed in 1 Second by the Earth; and 
aF. 9 = verſed Sine of that Arch. And 


(che — orces being as the Spaces deſcended thereby, 
. 2 — 


4 £ Do 2 


in a given Time; therefore) 5: 3 : 


the centripetal Force of the Sun, or the hes vox 
Body at C. But by the Theory of Gravity, the Ra- 
dius R is to 300; as the centripetal Force at C, to 
the perturbating Force at Mor D; that is, R 2305: 42 


6 
„ XCD or 7 * CD = the diſturbing 


ppb * ppb . 
Force of the Sun, &c. at D; putting f = - ==} 
Or thus, 

Lt a = Radius of the Earth: 
e ils Denſity. 


* 8 of the perturbating Body. at at ry 


Mz 


2 —_— — Pay * . 


0 
] * 


FI G. 
254. 


Force of the ling Body at C. And by the 


The DocTRINE 
s = Sine of its apparent Semmi-diamater. 
d = its Denſity. | 
Then the Forces of Bodies being as the Quantities 
of Matter divided by the Squares por the Diſtances ; 
and the Matter, as the Denſity * 4 by the Cube of 


F Ag 
the Radius, we have : g: * RR N 


bid 
Theory of Gravity, R A 30D: A 


* h, the p Force at H or M. But by 

Trigonometry K F therefore . x CD or 

7 XCD = : perturbating Force of the Body a at M or D, 
— It 

putting f = —— 


Loet 4PB9 be the Earth, 8 CÞ=3, CD=y, 
CE = =x, then the diſturbing Force at D = fy ; and 


| the Force of Gravity at D = 5 =, and at E = = *. ; 


8 the Gravity or Force i D towards C = 


2 5. Now the whole Columns AC, PC, being 
of: ual Preſſure at C; their Fluxions multiply'd by 


the g —_ Forces — be equal; that is, * 
2 = ET, and the Fluent . — 2 = FE. 


| 2 206” 
* = - = * „and when y a, and x =6b, 


f 


then o—+ aa = b, and a—b= 7 44. 


In Caſe of the Sun, a 2 1000000, þ=31557600, 


. === = I, 6 Ken = 197 


4 
Inches the Height of the Solar Tide. 


In 


1 
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In Caſe of the Moon, 5=S. 15 11, e 9. f FI G. 


2 5 
4b = La = 2 . = 7.28 Feet, the Height 


of the lunar Tide. And the Height by their joint 
Force, when in Conjunction, is 8.91 Feet. 
And the ſame. Forms will ſerve for finding the 


| Height of the Tides on any other Planet, or celeſtial 


Body; mutatis mutandis. 


s HOL TU. 


The Height of the Tides here given is ſuppoſed to 
be at ſuch Places where the Sun and Moon are ver- 
tical, and alſo in the Equinoctial. In Places at a 
Diſtance from the, Equator, the Height will be leſs, 
as the Latitude is greater; their Height will alſo be 
leſs, apoveding & to the Sun or Moon! s Declination from 
the . | 227 — 


b R O B. XXV. 
To find the Preceſon of the Enie. 5 


Let E repreſen the Earth, erthagraphically 
projected upon the Plain of the ſolſtitial Colure, ,PCp 
the equinoctial Colure ; P, p the Poles, AE the Equi- 
noCtial, IK a parallel of Latitude, BCD the Eeliptic; 
let G be the Sun at an immenſe Diſtance, and vertical 
to D, in the Tropic, draw QCg LD. 

The Earth being an oblate Spheroid or nearly ſuch, 
the Sphere Pap is encompaſſed with a ſolid Cruſt, 
this Cruſt is ſpread all over the Sphere, and goes 
round the Equator in Manner of a Ring, whoſe 
Thickneſs there is Aa or Ee; in Places at a Diſtance 
from the Equator, as at 7, it is thinner. Now the 


Preceſſion 


254. 


255. 


* = 
a 
* 
. 
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* 
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of the Sun and Moon, upon this Cruſt or exterior 
Part of the Earth; the Part Pana being artrafted 
toward them, in Lines as AG parallel to Co; and 
the other Side PEpe acted on the contrafy Way, or 
in the Direction FE; and both conſpiring to turn the 
Earth about, in the order of the Letters BND; 


Waile che inner Sphere is acted an all Sides alike, 


Now the Effect of theſe Forces. upon this Cruſt, and 
the Motion communicated thereby to the whole Body 
of the Earth, is what we are now to enquire after; 


- 


and we ſhall Hirlt begin with the Sun's Force. 


I. Take Arch XL. 2 N. and draw LM, XY, in 


arallel to DB; and AN, in parallel to g; and put 
= periodical Time of the Earth about the Sun; 
S Gravity of any Parcel of Matter, as 1 Foot; 
bg 16. 1 Feet, the Space deſcended in a" Second by 
Gravity, 1 = 3.1416; then, by what was demon- 
ſtrated in the laſt Problem, we have the diſturbing 


Force of the Sun = fx LM = * X LM ; alſo 


let the mean Radius of the Earth = a, Aa == n, 


. JIX=r,-CX=v,,S.L DCA=s, Coſ. DCA; Arch 
or M, Sine XN or My, then will VX 9, 


NL=cy, XY =5v, and CY'=cv. Therefore LM=«y 
+30, CMSv—y, Im=r0—ry, On=oog. 

No the Force of two Parcels'of Matter at L and, 
to wheel the Earth about the Center C, is = CM x# 
XLM + Cm xf x In; the former acting by the Power 


of the Lever CM; the other by that of On: that is, 


the Force of thefe two Parcels of Matter is = 
-- K I +9 +,V+Y X -: x.. = 2f x 
n. -; therefore the Fluxion of the Force of all the 
Matter in the Circumference IK is = 4c5fZ x vv—y, 
this Force is directed from ꝗ towards , D; therefore 
tie Flux. of the Force the contrary Way, or in Di- 
noi : R rection 


* 
— PIES = 


„ — R — Ii 


rr 


„ r = a» 


bed Il. of FLUxXLIONS. 
e 


ace whoſe Fluent (by Wem 10 and 11) is 


— = cirrſx crſy rr rr—yy — 2c5foyz, and when yr, 
and doubled, the Force of the Circumference M is 


— reift X 11—2vv = fr x aa— zvv.- 7 berefore if 


v = = Ja, the Force of the Annulus IK is nothing. | 
* 


2. By the Nature of the Ellipſis, ar: m:1—— 


= Height of the Matter at the Circumference i ; 


therefore the Fluxion of the Force in the Annulus 


mr rem 4 


| Kis = anf x= X = = TI Xx 


W_—_ 


= Ds = = Ave gv+, and 


n " 44493 "I 
"= * r 2 3 


the Fluent = 


5 
and when v=a, and doubled, the Force of the y whole 


Cruſt = rome 289 * , ; therefore the 
Farce 7 as the Thickneſs of the Cruſt ; and this is equal 


1673 5mas 


Key 
reftion FAD is = cf -v = = af x —— FIG. 


255˙ 


io the Hemple Force ppb T. acting at the Dic. 


tance ay? from-the Center C, or by the Power of the 
Leaver I. And this is the Force with which the 
Sun diſturbs the Earth, when in the Tropic at D; 


call this ſimple Force Frs. 


3. But we muſt find what this Force will be when 
the Sun is in any other Point of the Ecliptie as at H. 


Draw the great Circle pHRP, and 1 Rad. =1, 
e Spherical 


let Arch CH=z, Sine CH=y, then in 


Triangle CHR, right angled at R, Rad. (1): S. CH 
(9): : &C (2): S.HR=y ; therefore ſince F conſiſts 
only of given Quantities, the Force of the Sun at Z 


is Enw1—59y ; for it was found in the laſt Ar- 
ticle to be = F * by the Rectangle of the * bus 
Iii oſine 


: 126 
hy I: 1 0 

255. 

2 CORE in che Plane PRAp, theretore we muſt 


FIT 4) 2 . 


F 
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Cofine' of the. Sun's Height above the Plane of. the 


uinoctial. But this very ſmall Force Fo Tow 


A which. we want; the other in the Plane PCp, 
rpendicular to the other; this latter Force is de- 
Rroyed by an equal and contrary Force, hen the 


Sun is equidiſtant on the other Side of the Tropic; 


but the other Force actingalways one way; istheanly one 


| ths Earth is annually affected with. Ihe T an, = = 


7 

— — . and by Sph: Trig 10: i T.AC (- ): 
2 : 92 
*% 58 2 

— — css, and 8.RC = — 
S e 
3 a ede oy 1 
3 ee eee Vi ö a 
— 2 , then to find the Part of the Force acting 
V i= 


(whole Force): : S. Rc ( 


in the Plane PNA, it will be, * ( 1) FRV 1—55y 


Fe, the Force 
I—SSYY 


in Direction P: 7. erg this Foret is as the Square 
of the Sun's Diſtance from the Equinox. From hence to 
find the mean annual Force, we muſt. firſt find the 
Sum of all the Feqy in the Circle, or the Fluent of 


Feyys = WV; — — and che Fluent (by Form 10, 


FT) = 9 py * and whin þ 


| the whole Fl. = — * and i in the whole Circle = —— 


i Parr his divided by the whole Creeps 2, 


the 


Ty 


he 
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the mean Force is = Fes, which is but half thegreateſt FI Gr 


Force, when the Sun was in the Tropic. 
4. Put = Time of the Earth's diurnal Rotation, 


and ſuppoſing it of uniform Denſity, its Solidity is 


4 


. And by Ex. 6. Prob. XXIII. Seck. Il 


259 


the Diſtance of the Center of Gyration, from the 


Center C of the Earth is = , and by the Pro- 
perty of the Center of Gyration, if the whole Mat- 


ter of the Earth was ſuppoſed to be collected into 


that Point, any Force apply'd to move. it about the 
Center C, would generate the ſame angular Velocity 
in it, and in the ſame Time, as it would do in the 


Earth itſelf. And ſince this Force Frs, acts at the 


ſame Diſtance , therefore it is the ſame Thing 
as if that Force was directly apply'd to the Body to 
move it: Now to find the Motion generated herein, 
By Mechanics the Space deſcribed or generated in a 
given Time, is as the, Force directly, and Matter 


2 : 7.7. ² 3 
reciprocally; therefore: ==: b:: Fer: F 


= Space deſcribed in I, by the Matter of the Earth 
in the Center of Gyration. And a2 (circumf.) 
„ ZFesb n 30 | 
: 360 :: ror T5 * 360 = Zapp x 360, 
the Angle deſcribed about the Earth's Center, by the 
Center of -Gyration, which is equal 'to the angular 


Motion of the Earth in 1. h 
5. In the Equator AE, make 4b = _ » and 
perpendicular to it make t Earth's angular Motion 


juſt found. Now ſince in i of Time any Point A, 
is carry'd from A to þ by the Earth's Rotation; and 
in the ſame Time the Point & of the Equinoctial is 
moved to 7, by the Sun's diſturbing Force ; its plain, 


112 | any_ 


1 


4 


| os in 11 and 


efore the Priviifien i# bs the periodic Time, of the 
227 's perry about its Axis. 


3 PR Backing 11 
> FD G. any Point bm purſue the Tract Arr that la the 


255+ Equinoctial Point will be moved from 2 to n in n 1. 
| To find which, ih the Triangle Ar, Ab or At = 


— 5 


Rad. a): che (Ln x 360) 8 8.4 


Wy or Arch ro; and in the Triangle rod, S. C (s) : 
2emmn 


See (HE : Rad. (a): : 85G = Ina = Sine 
| of che Preceſſion of the Syquinues, by the Sun's 


£ road =. Preceſſion i in a Year: 


6. Laſtly (by Prop. 37. L. III. Newton's Principia) 
the Sun's Force is in lt ue 8, as 1 to 71 


and the Sum of both is 1 55 4 555 f , therefore rhe Sine 
of the Preceſſion in a Te t Sun and Moon is 


— „where c=. 91706, m=89460 Feet, by 


1 


Prob. xvim. 1 86160, a= 1000000, and p = 


; 31557600 3 whence Sgt _ ins But 
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40002909 is el Sine of 1 min. or 60 therefore 2909 : 


. Ws 2755 5b. 82, the annual Preceſſion of the 


Equinoxes. Which being more than it is found to 


| be-by Obſervation, makes it probable, that the Earth - 


is more denſe towards the Center; or perhaps, tht 
the Moon's Force to the Sun's is not rightly adjuſted, 


being only collected from the riſing of the Tides, 


But that the Earth is rarer at the Surface appears from 
this, that the moſt Part of the Surface is Water. 


CoR. 1. N the Earth had no Rotation about its Avis, 


| oe be e of the Equator 1 to the Ecliptic would de- 


creaſe 


ww oy = Www LEP 
v 


oy 9 


| Quantity of this Nutation will not amount to 4 fingle 


at all other Times ſhe will have a greater or leſſer 


Sect. III. FF FLUXIONS. _ 
creaſe above twb Degrers and a half in one Year : And f I Gi 
canſequeAlLy in a few Years, the Equinofial would fall 255. 
into the Ecliptic. ES: 2 

for f:: g x 366 B „ 36% = 
2.681 Degrees in one Tear. 
Con. 2. Tur other Force afting in Direts « 
tion PC perpendicular to PQ A, (which was uſeleſa in 
finding the Motion of the Equinoxes) changes its 
Direction four Times in one periodical Revolution. And 
this generates # Motion, which compounded with the 
Earth's diurnal Motion, cauſes @ Vibration er nodding 
of the Earth's Axis, to and from the Ecliptic ict 
in a Year., But becauſe the Moon does hot accom- 
pany the Sun thro? a Quadrant of the Ecliptic, we 
cannot conſider their joint Force; therefore if we re- : 
7 only the Force of the Sun {for the Effect of the 

oon's Force alone will be far leſs) ; then 1be whole © 


Second. | 17 | | & i: 3G, 54461859 

Cor. 3. But there is a Nutation in the Earth's Axis, 
cauſed by the Moon's being out of the Ecliptic. For in 

the foregoing Computations, we ſuppoſed her always. 

in it; bur the Moon's Orbit being inclined to the 
Ediptic, in an Angle of about 5 Degrees, the will 
obly be in the Ecliptic when ſhe's in the Nodes; and 


Force to move the Earth, according as her Declina- 
tion is greater or leſſer. And this Force (as was 
ſhewn Art. 4.) is as the Rectangle of the Sine and 
Coſine of Declination, that is, as the Sine of twice 
the Declination : And from hence ariſes a Perturba- 
tion of all the former Motions, which will be greateſt 
when ſhe is furtheſt from the Ecliptic, or go from 
the Node. And as the Nodes make a Revolution in 
about 18.6 Years, therefore this Force will be direct- 
ed all manner of Ways during one Period of the 
Nodes, and will therefore cauſe the Poles of the oo 
GEL * | 
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be Docbr River AN. 


FIG. boſtial eo wander: dboatche:mean; ole, | deſcribing a 
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circular Figure in the Heavens, in che ſaid Nack. of 


Time. 


Now to compute the. Quantity.of this Evogation of 
the Poles ; the Arch rc or 56.33 3 was meaſured along 


the Ecliptic ; but N 56. 83, or 22.66 = ro = L 4, 
which-meaſures the Motion of the Pole, and that by 
the joint Forces of both Sun and Moon. Therefore 


be ro 18 52, the Effect of the. Moon's 


Force alone in a Year; and this Force of the Moon 
in the®Ecliptic is as S. 454 = 7313; and at 5 deg. 
Lat. when the Nodes are at the Equinoxes, as S. 370 


S. 9386; the diſturbing Force then will be . 8386 


. 313. 1073, chis is the 8 78 1 Force; 

and the greateſt is as &. 100 =. 1 or chereabouts, 
when the Nodes are iti the Soiftices.- And in other 
Poſitions this perturbating Force is different; but 
we cannot be far wrong if we take a Mean between 
che greateſt and Rl which is. 1404, z whence this 


Proportion, 7313: 8.62 3-55, the annual 


Efe& of the Moon 5 JT Force. And 3.55 X 
18.6 = 66.“ 17 3 which, as the Motion is directed all 
Ways, muft be laid 15 in the Circumference of a Cir- 


| 66.1 
ele ʒ and wen- 41g. = 21. "06; the Diameter of 


the Cirele of —.— ; which would appear diſtinct 
in the Heavens, if the other Forces and Motions 
were away. But we muſt obſerve, that if the Earth 


is denſer within, and more rare at the Surface, the 


Diameter of this Circle will come out leſs than is 


here determined. 


To find the Direction of this Motion. It was ſhewn 
pA 5. that when the Solſtice is at D or B, the 
zuinoctial Circle is moved by the Forces of the Sun 


and 


* 


r _—— 


gect. III. of FLUXIONS. 


ſequently the Pole P is moved from P towards C; 
and the Caſe is the ſame with this diſturbing Force 
of the Moon. For ſuppoſe vt td be the Moon's 
Orbit, w the nonageſſimal Degree, or higheſt Point 
of the Orbit elevated above the Plane of the Ecliptie 


DB, towards the Pole P; then v and being ſituated 


at D and B, the Force of the Moon, being now 
er, will alſo move the Pole P towards C. And 

or the ſame Reaſon, when (by the retrograde Mo- 
tion of the Nodes) u js got to 5, P will be moving 
towards R; when ui is at C, P moves towards A, fo 
that P always moves the ſame Way, or in the ſame 
Direction that w does. Therefore about 2, deſcribe 
the ſmall Circle ag Y:; and let à be the Place of the 
Pole when w is at B: Then whilſt w paſſes ſuc- 
ceſſively thro* BS, SC, CH, HD; the Pole P (moy- 
ing the ſame Way) will paſs thro* g, By, ys, de; the 
contemporary Poſitions of w and P being B and a; 


8,6; C, y; Hd; Dye, Sc. and therefore the Circle 


deſcribed ay: muſt of :Conſequence include the mean 
Pole ns. And from hence it is plain, that the moving 
Pole is in every Place (as ſuppoſe at a) nearer to w the 
bigheſs Point of the Orbit (at B), than the mean Pole x, 
by the Radius of the little Circle xa or 10 Seconds. 

I need ſcarce mention that this perturbating Force, 
and its Effect, is greateſt in the Moon's Perigee, being 
nearly in the reciprocal triplicate Ratio of the Moon's 
Diſtance, as is well enough known. 


SCHOLIUM. . 


By a like Method (but by a Proceſs much more 
eaſy) the Motion of the Moons Nodes may be com- 
puted. And I might now proceed to the Calculation 
thereof, and of the Motion of the Apſides, and other 
Things belonging to the Moon's Motion, and other 
difficult Problems, ſuch as finding the Curves de- 

| ſcribed 


6 


and Moon, from the Place AC, to the Place A con- 5 G. 
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ty, 4 mouing in reit, a. 
Powers. of tbe Velocity; and ue like.'- But ſince 
theſe cannot be difpatched in a few Words, hut often 
run into long and tedious Calculations, and require 
a great deal of room, I ſhall not trouble the Reader 
with them; eſpecially fince the Method of purſuing 
and managing theſe, is the very ſameè as in thoſe' Pro. 
blems here delivered. And therefore I ſuppoſe, if 


Reader underſtands what has been before laid down; 


he will be able of himſelf to apply this Doctrine, to the 
Solution of any other Problem that happens to fall in 
his Way, ene more N er withour Wy further 
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